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High-temperature superconductivity emerges in many different quantum materials, often in regions of
the phase diagram where the electronic kinetic energy is comparable to the electron-electron repulsion.
Describing such intermediate-coupling regimes has proven challenging as standard perturbative
approaches are inapplicable. Here, we employ quantum Monte Carlo methods to solve a multiband
Hubbard model that does not suffer from the sign problem and in which only repulsive interband
interactions are present. In contrast to previous sign-problem-free studies, we treat magnetic, super-
conducting, and charge degrees of freedom on an equal footing. We find an antiferromagnetic dome
accompanied by a metal-to-insulator crossover line in the intermediate-coupling regime, with a smaller
superconducting dome appearing in the metallic region. Across the antiferromagnetic dome, the magnetic
fluctuations change from overdamped in the metallic region to propagating in the insulating region. Our
findings shed new light on the intertwining between superconductivity, magnetism, and charge correlations

in quantum materials.
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Introduction.—While the problem of interacting
electrons is well-understood in the regimes where the
electron-electron repulsion is much smaller or much larger
than the kinetic energy, the regime where both energy
scales are comparable has remained elusive. It is precisely
in this regime that several unique electronic collective
phenomena are observed, high-temperature superconduc-
tivity being their poster child. In the cuprates, for example,
the highest superconducting (SC) transition temperatures
take place as the system moves from a Mott insulating to a
Fermi liquid behavior [1]. In superconducting iron pnic-
tides, although electronic interactions do not seem strong
enough to localize the electrons, they can significantly
reduce the coherence of the electronic quasiparticles [2—4].
Notwithstanding the appeal of constructing materials-
specific models that can quantitatively describe and predict
the properties of a moderately correlated compound, the
challenges in describing this regime and its prevalence in
several materials of interest warrant the investigation of
minimal models that focus on key ingredients of the
problem.

The Hubbard model is perhaps the most famous such
minimal model, in which electrons hopping on a lattice are
subject to an on-site repulsion that mimics a strongly
screened Coulomb interaction. In the face of the difficulties
in analyzing the intermediate-coupling regime analytically,
numerical methods such as dynamical mean-field theory
[5-8], density matrix renormalization group [9-11], or
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quantum Monte Carlo (QMC) [12-19] have been exten-
sively applied. The main advantage of the latter is that it is
an exact and unbiased method and that it is not limited to a
one-dimensional geometry. However, it is intrinsically
subject to the fermionic sign problem [20,21], which
restricts the electronic occupation and temperature ranges
that can be efficiently simulated. Another popular minimal
model is the so-called spin-fermion model [22]. In this
case, the electron-electron interaction is substituted in lieu
of a collective bosonic antiferromagnetic (AFM) order
parameter that can be fine-tuned to quantum criticality.
This is motivated by the fact that AFM order is often
observed in moderately coupled quantum materials in
proximity to unconventional superconductivity. It was
recently realized that versions of the spin-fermion model
with two electronic flavors (such as two bands) possess a
symmetry that eliminates the sign problem [23]. This has
led to a flurry of QMC studies of spin-fermion and related
boson-fermion models, which revealed a nearly universal
enhancement of superconductivity at the bosonic quantum
critical point [24-30]. However, in these models, the AFM
order is introduced ad hoc rather than being treated on an
equal footing with SC and other electronic orders.

In this Letter, we construct a model free of the fermionic
sign problem in which we can treat all degrees of freedom
on an equal footing. As a function of the strength of the
electronic repulsion, we find an AFM dome intercepted
by a metal-to-insulator crossover line at high temperatures.

© 2020 American Physical Society
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As temperature is lowered, this crossover line eventually
becomes a first-order phase transition as it merges with the
magnetic dome. Crucially, a superconducting dome only
emerges near one edge of the AFM dome, providing
valuable information about the nature of the pairing
mechanism. We attribute this to the overdamped nature
of the spin fluctuations in this region. In contrast, in the
region where no SC emerges, spin fluctuations propagate
ballistically and cannot mediate sufficient pairing
attractions.

Microscopic interacting model.—Motivated by the
insight that led to the elimination of the sign problem
from spin-fermion models [21,23], we consider a simple
extension of the square-lattice Hubbard model to two
bands. Starting from the two-orbital Hubbard—Kanamori
Hamiltonian [4,31] and projecting onto states near
the Fermi level, one generally obtains five distinct
electron-electron interactions, U; [32,33]. Physically, they
correspond to intraband (U4, Us) and interband (U;)
repulsion, spin-exchange coupling (U,), and pair-exchange
coupling (U;). Specifically, the Hamiltonian is given by
H = HO + Hint’ with

HO = Zec(k)cl-«tacka + Zed(k)dladka (1)
ka ka

Hu =3 [Ulc:aciad:ﬂd,-ﬁ + Usclydlyeipdss
iap

Us, ¢
+ 7 (c}ac}ﬂdiﬂdi(z + HC)

+ Usclyelycipcin + Usdiydlydipdyy | (2)

where the operators ¢ and d refer to the two bands, @ and f§
are spin indices, and i and k are, respectively, real- and
momentum-space indices. The square-lattice band disper-
sions €“4(k) = =2(t + ) cos kya — 2(t F 8) cosk,a F u
are parameterized by the nearest-neighbor hopping coef-
ficient ¢, a hopping anisotropy 6, and the chemical potential
u (see inset in Fig. 1). Here we set 6 = 0.4¢, u = 21,
and the lattice parameter to a = 1. As we show in the
Supplemental Material [34], this Hamiltonian is amenable
to sign-problem-free QMC simulations if we consider only
interband interactions, ie., Uy = Us =0, impose the
relations U,/4 = U,/2 =U;/2=U > 0, and constrain
the spin indices in the U; term to f = a. This latter
constraint can be interpreted as a ‘“single-ion” spin
anisotropy, which, in addition to allowing sign-problem-
free QMC simulations to be carried out, also allows for
magnetic order to be stabilized at finite temperatures.
Under these conditions, the Hamiltonian can be rewritten as

H=Hy—-U> S, (3)
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FIG. 1. Phase diagram obtained from thermodynamic observ-
ables. In the vicinity of U/r ~ 1, the phase diagram shows a
variety of electronic phases, including AFM, SC, and a transition
between metallic and insulating behaviors. No other ordered
phases were observed for 0 < U < 4t. The dark red full circles
mark the magnetic transitions determined from a scaling analysis.
Near U/tr~0.75 for T/t < 0.1, we find that the transition
becomes first order (see Supplemental Material [34]), which is
indicated by empty squares and a dashed red line. The color scale
is logarithmic and corresponds to the compressibility y. [see
Fig. 2(c)], while the black dashed line marks the contour
¥ =0.01. We interpret this near complete suppression of the
compressibility as a sign of insulating behavior. The green
triangles mark the superconducting critical temperatures obtained
from the Berezinskii—Kosterlitz—Thouless criterion for the system
size L = 12; the green dashed line is an interpolation. The inset
shows the simulated band structure, exhibiting one electron
pocket centered at (0,0) and one hole pocket centered at (z, 7).

where

S = cly0%ydis + He. (4)
Note that the above constraints are much less severe than
the particle-hole symmetry that has to be imposed on the
single-band Hubbard model to avoid the sign problem. In
contrast, here there are no restrictions on the electron filling
of each band or on their dispersions. Importantly, as we
show below, the interband interactions alone are sufficient
to drive a plethora of ordered phases typically seen in
quantum materials of interest, such as insulating behavior,
magnetism, and superconductivity.

The inset in Fig. 1 depicts the specific band structure
used in this work, consisting of elliptical electronlike
and holelike bands at the center and at the corner of
the Brillouin zone. This dispersion was chosen so that
the Hamiltonian is invariant under fourfold rotations
followed by particle-hole exchange and a (7, 7) translation
in momentum space. The choice of parameters implies
(n§ +ndy =2 but n§ # n¢, where n¢ is the electronic
density of ¢ (d) electrons at site i. The elliptical shape of the
Fermi surfaces was selected to suppress nesting that would
otherwise favor AFM. While we performed extensive
QMC simulations only for this set of band parameters,
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FIG. 2. Thermodynamic observables in the vicinity of U/t ~ 1. (a) AFM spin, (b) pair, and (c) charge susceptibilities (denoted by y,
Zp» and g, respectively) for different temperatures as a function of U/r. The pair susceptibility peaks in the immediate vicinity of the
AFM transition. At low temperatures, within our resolution, we cannot separate the transition to the AFM phase from the crossover to

the insulating phase.

simulations over narrower parameter ranges were also
performed for modified band parameters, yielding similar
phase diagrams.

Phase diagram.—The phase diagram of the microscopic
model shown in Fig. 1 was obtained from determinant
QMC simulations on L x L lattices with L = 8§, 10, 12, 14
and for temperatures 7/t > 0.025. Additional details of the
simulation are presented in the Supplemental Material [34].
The salient feature of the phase diagram is an antiferro-
magnetic dome (red curve) in the intermediate coupling
regime U ~ t. Indeed, as shown in Fig. 2(a), the AFM
spin susceptibility at the wave vector Q = (7, 7x),
x5 = 4U( [ drS7(Q.7)S7(-Q, 7 = 0)) +2U, displays a
sharp enhancement at low temperatures above a critical
interaction strength U/t ~0.75, followed by a smoother
suppression near U/t ~ 1.5. The AFM phase boundary in
Fig. 1 was determined using standard finite-size scaling
analysis appropriate for an Ising-type transition considering
the pairs of system sizes L = (8,12) and L = (10, 14)
[43]. For T/t < 0.1, we find evidence that the magnetic
transition becomes first order near U/t~ 0.75 (see
Supplemental Material [34]). At higher temperatures and
interaction strengths, the magnetic transition appears con-
tinuous. For U/t > 1.5, no AFM transition was observed
down to the lowest temperature probed. We verified that
even in the nonmagnetic state, the magnetic susceptibility
remains peaked at the AFM wave vector Q = (r, 7).

In addition to the AFM dome, we also found a
much narrower SC dome in the vicinity of U/t = 0.75,
i.e., near one of the putative AFM quantum phase tran-
sitions. The green triangles and green dashed line denote
the SC transition temperatures 7, as determined by the
Berezinskii-Kosterlitz—Thouless criterion, p,(T,.) =2T./x
for L =12, interpolated between neighboring points.
Importantly, this is an unconventional SC state with
gaps of opposite signs in the two bands. Figure 2(b)
shows the behavior of the corresponding pair susceptibility,

Xy =L Jde(PL(2)P.;(0)),  where  P.;=
2(cipc;p —dpd;)) as a function of U and T. Its main
features are the sharp peak observed slightly below
U/t = 0.75, where the AFM dome begins, and the absence
of any enhancement near U/t = 1.5, where the AFM dome
ends. Within our resolution, the transition between the SC
and AFM states appears first order. The sharp suppression
in the pair susceptibility indicates that any coexistence of
the two phases is limited to a narrow range of U/t in the
vicinity of U/t~ 0.75, although we observe no such
coexistence within our resolution.

To shed light on the behavior of the charge degrees of
freedom across the phase diagram, we extracted the charge
compressibility, y, = L™ [dz)_,; (6p;(7)8p;(0)), where
op; = ni + nf’ — 2. As shown in Fig. 2(c), for U/t ~ 0.75,
when AFM order sets in, y. displays a sudden drop at low
temperatures from a finite value, indicative of a metal, to a
vanishingly small value, which is indicative of an insulator.
In Fig. 1, the color scale corresponds to the logarithm of y,.,
clearly demonstrating a sharp transition from a metallic to
an insulating phase around U/t = 0.75 at low temperatures
and a smoother crossover at higher temperatures. The black
dashed line denotes the contour y,. = 0.01. The fact that the
compressibility jumps sharply at low temperatures but
decreases smoothly at higher temperatures supports the
presence of a first-order transition between the SC phase
and the AFM insulating phase, ending in a critical endpoint
followed by a Widom crossover line, as is expected for a
Mott transition at finite temperatures [44]. The precise
location of the endpoint cannot be pinpointed with our
available resolution.

Electronic and magnetic spectra.—To further probe the
impact of the metal-to-insulator crossover in the phase
diagram of Fig. 1, we extracted the electronic Green’s
function G at long imaginary time z, G, (7 = f3/2). Here,
p=1/T is the inverse temperature. At zero temperature
and on the Fermi surface, the quantity Z, = 2G, (r = /2)
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FIG. 3. Evolution of the quasiparticle spectral weight proxy, Zy,
with interaction strength. In the upper right half (lower left half) of
the panels, we plot Z, for T/t = 0.05 in a color scale (gray scale)
from 0 to Z,,,, (0 to 1). Note that the two halves are identical; we
use two different color schemes only to highlight the loss of spectral
weight across the magnetic transition. Here (a) and (b) correspond
to the region prior to the AFM transition, while (c) and (d) are after.
For small values of the interaction, the quasiparticle spectral weight
matches the noninteracting Fermi surface shown in Fig. 1. For
larger values, the Fermi surface shrinks and, beyond U/t = 0.75, is
reconstructed, signaling the onset of AFM order with wave vector
Q = (7, m). To produce these figures, we combined simulations
from 16 different twisted boundary conditions.

is a proxy for the quasiparticle spectral weight [26,45],
being equal to 1 for a noninteracting system and O for an
insulator. Figure 3 presents Z; for representative values of
the interaction U and for a low temperature 7/t = 0.05. In
each panel, the upper right half shows the relative spectral
weight and the color scale extends to Z,,,, whereas the
lower left half shows the absolute spectral weight and the
color scale extends to 1.

Focusing first on the upper half of the panels, we note
two effects upon increasing U. At U/t = 0.7, we see a
shrinking of the Fermi surface areas, reminiscent of the
so-called s*-Pomeranchuk effect in multiband systems
approaching an AFM instability [46,47]. At U/t =0.8
and U/t = 1.0, we observe a Fermi surface reconstruction
typical of long-range AFM order, as resulting from the
folding of the Brillouin zone by the AFM wave vector
(7, ). Focusing now on the lower half of the panels, we see
a strong reduction of the intensity of Z; as U increases,
signaling a sharp suppression of the quasiparticle spectral
weight. In particular, for U/t = 1.0, the spectral weight has
decreased to the point of almost vanishing, such that, for
higher values of U/, a Fermi surface can be barely defined.
This loss of quasiparticle coherence is consistent with the
suppression in the charge compressibility seen in Fig. 2(c).

The reduction of the quasiparticle spectral weight has a
drastic effect on the magnetic fluctuation spectrum in
the paramagnetic state. Prior to the onset of AFM order,
the electrons are reasonably coherent, as shown in Fig. 3(a),
(b). The corresponding dynamic magnetic susceptibility at
the AFM wave vector y;'(Q,), is shown in Fig. 4(a) as a
function of the Matsubara frequency Q, = 2nzaT. In this
regime, corresponding to the left of the AFM dome, the spin
dynamics is overdamped, as indicated by the linear depend-
ence y;'(Q,) ~ |Q,|. This is the expected behavior arising

(a) (b)
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FIG. 4. Inverse dynamical spin susceptibility y;!(Q,) in the

metallic and insulating paramagnetic regions. (a) In the regime
U/t £0.7 (i.e., to the left of the AFM dome), where the system is
metallic, the dependence on &, is roughly linear, y ™' (Q,) x Q,,
indicating that the magnetic fluctuations are overdamped. (b) In
the regime U/t > 1.5 (i.e., to the right of the AFM dome), where
the system is insulating, the magnetic fluctuations propagate
ballistically, y~'(Q,,) « Q2.

from the decay of AFM fluctuations into collective particle-
hole excitations near the Fermi surface, called Landau
damping. Note that we do not expect signatures of the
superconducting gap to appear here, as even the first nonzero
Matsubara frequency is comparable to 7'... On the other hand,
for U/t > 1.5, to the right of the AFM dome, the quadratic
behavior y7!(Q,) ~ Q2 shown in Fig. 4(b) is typical of
ballistic spin dynamics, with AFM fluctuations propagating
without damping. The fact that the quasiparticle spectral
weight is strongly reduced for U/t > 0.75 suggests that this
absence of damping is a consequence of the suppression of
the decay channel of an AFM excitation into quasiparticles.

Discussion.—Having completely characterized the phase
diagram of the electronic two-band model shown in Fig. 1,
we now discuss its implications for our understanding of
the intertwining between AFM and SC in the intermediate
coupling regime. The appearance of an AFM dome can be
rationalized by interpolating the expected behaviors in the
metallic and insulating sides of the phase diagram. From a
weak-coupling perspective, because the electronlike and
holelike bands are not nested, the interaction strength must
overcome a threshold value for AFM order to onset. From a
strong-coupling perspective, the two-band model maps
onto an Ising model with a strong transverse field (see
Supplemental Material [34]), and as a result the ground
state is a featureless, insulating quantum paramagnet. What
is surprising, however, is the fact that the threshold value
for U/t at the lowest temperature probed coincides (within
our resolution) with the value that triggers a metal-to-
insulator transition, characterized by vanishing compress-
ibility and quasiparticle spectral weight. Additionally, we
note that the onset of AFM order is not due to Fermi surface
nesting, as numerical simulations of two electronlike band
dispersions (not shown) also reveal a magnetic dome at
similar values of U/t.
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The numerical results suggest the presence of two
putative AFM quantum phase transitions near U/f=
0.75 and U/t ~ 1.5. Of course, the AFM transition temper-
ature could remain nonzero beyond this range, since the
lowest temperature that we probe is 7/t = 0.025. Although
this makes it difficult to locate a possible quantum critical
point, the fact that the AFM susceptibility is strongly
suppressed for these two values of the interaction strength
[as shown in Fig. 2(a)] allows us to make a meaningful
comparison between them. The main difference is that
long-range superconductivity appears near U/t = 0.75,
while not even weak SC fluctuations are observed near
U/t = 1.5. Thus, while this result supports the point of
view that AFM fluctuations play an important role in
promoting high-temperature superconductivity—the high-
est T in our system is a few percent of /—it also makes it
clear that proximity to an AFM transition is by no means
enough for superconductivity to be triggered. On the
contrary, our analysis of the spin dynamics in Fig. 4 reveals
that overdamped (i.e., “slow”) fluctuations are much better
at promoting Cooper pairing than ballistic (i.e., “fast”)
fluctuations. This change in the character of the spin
dynamics, in turn, can be attributed to the strong suppres-
sion of the quasiparticle spectral weight shown in Fig. 3,
which effectively eliminates Landau damping. It is impor-
tant to note that, despite the quasiparticle spectral weight
being heavily suppressed, as long as it remains finite at
nonzero temperatures, superconductivity could in principle
still arise [48].

Conclusion.—In conclusion, we demonstrated that a
suitable two-band version of the Hubbard model can be
efficiently simulated via QMC without the fermionic sign
problem. The resulting phase diagram showcases various
ordered states typically found in quantum materials, such
as AFM, SC, and a correlated insulating phase. More
importantly, our results offer an unbiased view of the rich
interplay between these different degrees of freedom, dem-
onstrating that both AFM and SC are enhanced near the
metal-to-insulator transition in the intermediate-coupling
regime. Future investigations of this type of model would
be desirable to shed light on the fermionic properties near the
onset of the AFM order, particularly to elucidate whether
non-Fermi liquid behavior or pseudogap behavior is also
triggered by interband repulsive interactions.
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