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Local magnetic moments due to loop currents in metals
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We present Hartree-Fock calculations on a simple model to obtain the conditions of formation of
local magnetic moments due to loop-currents L, and spin-loop currents Ls and compare them to
the conditions of formation of local spin-moments M which were given long ago in a similar approxi-
mation by Anderson. A model with three degenerate orbitals sitting on an equilateral triangle, with
on-site and nearest-neighbor repulsions U and V respectively, and inter-site kinetic energy, hybridiz-
ing with conduction electrons with a parameter A is investigated. L, and Ls are promoted by large
V/A and their magnitude is relatively unaffected by U/A. Spin-magnetic moments M promoted by
large U/A on the other hand are adversely affected by V/A. In this model, L, for V multiplied by
the number of neighbors is approximately the same as the M promoted by U in Anderson’s local
model for M. L, and Ls are degenerate if exchange interactions and Hund’s rule are neglected but
L, is favored when they are included. Many of the qualitative results are visible in an expression
for the Hartree-Fock ground state energy derived as a function of small L,, Ls and M. Numerical
minimization of the Hartree-Fock energy is presented for larger values. We also briefly discuss the
connection and differences of the interaction generated orbital currents and spin-currents discussed

here and generalized to a lattice with the topological states in metals and semi-conductors.

INTRODUCTION

A number of metallic compounds and some magnetic
insulators have presented evidence recently of broken
time-reversal and associated changes in lattice symmetry
associated with loop-currents. These include the cuprate
high temperature superconductors [1H4] in their so-called
pseudogap phase and some metallic kagome compounds
[5l 6]. The insulating state in cuprates has also shown
evidence for such states [3] as well as the closely related
insulating and conducting states in Sro(Ir-Rh)O4 [7, §].
For the cuprates, such states were predicted [9} [10] to oc-
cur at the boundary to the marginal Fermi-liquid [111 [12]
phase with its T-linear resistivity [I3] and singular Fermi-
liquid [I4] anomalies in other properties. Such states
have also been predicted for bi-layer graphene [I5] and a
closely related state has been suggested for twisted bi-
layer graphene [16, [I7]. The orbital moments due to
loop-currents are hard to detect experimentally. It is
quite likely that many other metals and correlated insu-
lators also have such moments. For example, the recently
discovered [I§] spontaneous vortex state in the supercon-
ducting state in layers of TaSy with field applied and
then removed below a specific temperature in the normal
state may be due to such a normal state. If described
by a time-reversal breaking vector order parameter such
states are expected to have mobile vortices in the vector
field generated by an applied magnetic field [19].

Much insight was gained in understanding metallic
spin-magnetism through first understanding the forma-
tion of local magnetic moments [20, 21I] on d-orbitals
with a large local on-site interaction compared to the hy-

bridization energy with non-interacting s-electrons. One
can then study long-range order and other phenomena
by considering interactions between the local moments.
This is a strong coupling approach, as distinct from the
Stoner-type weak-coupling theory. In this paper, we in-
vestigate the formation of magnetic moments through
loop-current order in the simplest system that can sup-
port such states: three degenerate states on a triangle
of sites with on-site and nearest neighbor interactions
hybridizing with a continuum of non-interacting states.
We do this by following the Hartree-Fock method used
by Anderson in the local spin-moment problem [2I]. Al-
though our calculation is instructive, there are several
other more subtle features in the correlations in the loop-
current states in a lattice. We refer the reader to the
results of a detailed variational Monte Carlo calculation
[22] for them.

It should be appreciated that the magnitude of the or-
bital moment can be considerable. Suppose there is an
electron going around in a circle of radius a and speed v.
Its classical magnetic moment is M = wa? T, where T is
the current going around the wire. If we take that there
are n electrons in the wire (i.e., in its volume (2ma) (773),
where ¢ is the radius of the cross-section of the wire),
M = (1/2)n(v/c) ea which for n = 1,a = 2A and v = 10°
cm/sec, the velocity in graphene, is about 1.5 x 10720
ergs/Gauss, i.e., close to 1.5 up. The velocity will often
be lower and the density of electrons in the loop-current
order may be much less than 1 per unit-cell. In polarized
neutron scattering experiments in cuprates [I], a magni-
tude of (staggered moment) of about 0.1up per unit-cell
is deduced. The orbital moments are generated by con-
densing part of the spatially dependent orbital magnetic



susceptibility. The integral of the spectral weight over
frequency and momenta of the orbital magnetic fluctua-
tions in the incoherent weight in a noninteracting model
of metals is comparable to a similar quantity for spin
fluctuations.

THE MODEL

We consider the model given by the Hamiltonian
H=H;+Hy+ H;_q4. (1)

H, is the Hamiltonian for free electrons
= o -

H, describes three orbitals with Kramers’ degeneracy on
three atoms sitting on an equilateral triangle immersed
in a metal of non-interacting electrons. It consists of the
noninteracting part H), and the part Hg with onsite and
nearest-neighbor interactions,

Hd =€d Z dzadlg +taa Z dzo i+1lo + h.C., (3)

cka Cko - (2)

1=1,2,3,0
Hd :U Z niTnu + V Z ning+1, (4)
where n; = ni +n,y and nye = d "~ dis. Hgq is the hy-
bridization
Hy =Y tudf oo + hec. (5)
iko

The problem is best discussed in the basis of the eigen-
states of angular momenta defined with respect to the
center of the triangle

1 )
DZJ = 7= dnaelwln' (6)
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where ¢ = 0,+1 and wy = 2{6. When an electron is
in the state £ = +1, the triangle carries a clockwise or
anticlockwise loop current. In the new basis

Hy =Y tDj cono+ hec. (7)
L

conserving both angular and spin momenta. ¢, are op-
erators for hole states with angular momenta ¢ = 0, £1
with respect to the center of the triangle. The Hamilto-
nian H) is diagonal in the angular momentum basis

H{i = Zedgnga. (8)
lo

The energy levels, including the shift due to the hy-
bridization with the Fermi-sea, are €4y = €4 + 2t4 cos wy.

Note that the relative positions of the singlet ¢ = 0 level
and the doublet / = +1 are given by the sign of t45. We
will assume that the doublet is below the singlet, as is
the case for t4 > 0.

Finally we write the interactions in the new basis. To
demonstrate the basic idea, we first consider spinless elec-
trons. In this case, the interactions in the angular mo-
mentum basis are

H) = Vng(nyr +n_1) +Vngin_g. 9)

The first term serves to shift the energy difference be-
tween the orbital singlet and the orbital doublet. The
last term introduces the repulsion between ¢ = +1 states
in the Hartree approximation. If this were the only in-
teraction term in the model, the problem would have
a one-to-one correspondence with the Hartree-Fock re-
pulsion between up- and down-spins due to the on-site
interactions in Anderson’s calculation [21].

We now go back to the spinful model, which is a bit
more involved. We must consider the Hartree-Fock en-
ergy Ey, of the states (¢ = 0,0 = £1); (¢ = £1,0 = £1).
Terms in E, , that are linear in ng, give the bare ener-
gies, and those due to interactions are quadratic in 7.
ng, are determined variationally from the Hartree-Fock
ground state energy Fo(ng,) which can be written as the
sum of a potential energy P(ny,) and a kinetic energy
K(’neg):

Ey(ngs) = P(nge) + K(ngy) - (10)

For a constant density of states of conduction electrons
v per spin, the kinetic energy is, just as in Anderson’s
calculations

K (ngo) = —Z%lnsm(m&,). (11)
Lo

Ay = 7|te]?v is the width of the levels due to hybridiza-
tion with the itinerant electrons.
The (coupled) variational equations are

(‘)P(mg)
an[d

(12)

Ay cot(mng,) =

The potential energy may be written as the part for ng,
and the part for ni,:

P(noe) = Y _ €aonos

g

U+2V U+2V
+ —; nOO'Nf + VnOO'NO' + +Tn00n070'a
(13)
P(n+10) Z €1 No
U+2V
+ %NUN_U +Viien_1o, (14)



where N, = (1, + n—15)-
We introduce ground state expectation values

n= Z (noo) m= Z (onos) (15)

[ea

as the occupation and total spin-moment of the state
with £ = 0. We also define

N = Z (Neg) s
Lo

Lo=Y l{ne)
Lo

M= ZO’ (neg)
Lo

Lo=> lo(nw) (16)
Lo

as, respectively, the total occupation, the total spin, the
total orbital moment and the total spin-current.

To simplify the analysis, let us consider the case where
the ¢ = 0 level is well above the chemical potential and
therefore ng, = 0. (Similar results pertain when it is
well below the chemical potential and is filled with both
spins.) The potential energy then is

P(Na Mv Loa Ls) = €d1N

1 {2U0+7V 204V
= LNQ — ;MQ —V(I2+LH|. (17
8 3 3 ‘

To get an idea of the different phases as a function of the
parameters, let us fix the total occupation N and expand
the kinetic energy as a function of small M, L, and L.
This gives

K
Z = Cp +C2(M2 +L§ +Lz) +cesMLoLg

teg(M* + L2+ L +6L2M? + 6L M? +6L2L?), (18)

where
11 TN T TN
=— —Insin — = — —_—
Co S 47 Co 8CSC 1 ,
2 tﬂ'N 9N
¢3 = — — cot — c¢sc® ——
s 8 4 4
1 73 1 cos?2 N
Cr=g o 2 A (19)
24 16 sint =N

Several noteworthy features are already apparent. Obvi-
ously the potential energy favors non-zero values of M, L,,
and L while the kinetic energy favors 0. In the potential
energy as well as the kinetic energy, one can interchange
L, and L. Potential energy allows both /L2 4+ L2 and
M to be non-zero. Since cq > 0, the kinetic energy fa-
vors either M or L, or Ls. The degeneracy between L,
and L, together with competition with non-zero M from
the cubic term proportional to ¢z, which has a positive
sign above for 2 < N < 4 introduces interesting features
in numerical calculations. The degeneracy is removed
as discussed below when we introduce exchange interac-
tions.

In the vicinity of empty, N =~ 0, and full, N =~ 4, ¢y
is very large and therefore M, L,, and L, are all 0. Near
half filling, N = 2, ¢y is near its minimum value 1/2. So
this is the most favorable value for all the polarizations.
Near this value of N, ¢4 ~ 1/10 and ¢3 =~ 0. Comparing
coefficients in Egs. and 7 one easily finds that
for V> oA, and (2U +V)/3 < coA, the bi-linear terms
favor non-zero loop-currents L,, L, while M = 0. At
precisely N = 2, where ¢3 = 0, we get L2 = Z(V/A —
¢2)/cq. Away from half filling, cubic terms allow “first-
order” changes in the values of M, L,, and Ls. Magnetic
moments enter linearly in the cubic terms and lead to
M x L.

For small values of ¢4, values of M, L,, and L, quickly
reach 1 with increasing U/A,V/A and the expansion
above becomes invalid. We therefore have performed a
numerical minimization of the Hartree-Fock energy for
fixed N and varying M, L,, and Ls;. The results are
shown in Figs. [[] and [

Orbital moment due to loop-current L, versus
spin-loop current L,

In the Hartree-Fock effective Hamiltonian of the model
with energy given by Eq. and subsequent equations
following from it, there is an “accidental” symmetry,
which is also manifest in the low order parameter expan-
sion for the energy, Egs. and . The accidental
character of this symmetry is obvious because the state
with finite L, has the same energy as the state with finite
L, despite the fact that these states have different sym-
metries — L, is odd in time reversal while L, is even.
The symmetry of the energy under the exchange of or-
bital and spin currents, L, and L is introduced due to
the de-couplings of the biquadratic operators of spin and
angular momentum in the Hartree-Fock approximation
which in an exact theory would not be allowed.

This matter is resolved by including exchange interac-
tions. In the limit of small inter-site repulsion and large
on-site repulsion, V' < t < U we can include the ex-
change Hamiltonian,

Hexen = J(S1-8S24+S2-8S3+S3-S1) (20)

where the subscripts are site indices. The value of the
exchange J ~ 2t2/(U — V). Neglecting the ¢ = 0 state,
the exchange Hamiltonian in the orbital states basis is

Hexen = —JS¢=—1-Sp=1 (21)

This includes the fact that when a pair of electrons are
in the same orbital, the Pauli principle ensures a spin-
singlet state and when they are in different orbitals,
Hund’s rule favors a triplet state. We lose the SU(2)
symmetry by the Hartree-Fock approximation on
and write it in terms of only z-components of spin as



done above for the rest of the interactions. This ex-
change energy shifts the expectation values of the energy
of the states described in terms of occupation numbers
Eq. (10), Hexennp = —J (M2 — L2), where J = J/4 and
Ly = (Sp=1) — (Se=—1), M = (Si=1) + (Se=—1). Equa-
tion applies only for V < ¢t < U where the formation
of orbital current is not favorable. In the opposite limit
of large inter-site repulsion V', the loop-orbital states ¢ =
41,0, rather than the localized site-states on the triangle
(Eq. , are a good starting point, as discussed above.
The local interaction Eq. contains non-Hartree-Fock
terms 0Hy = (V — U)/6 [Sg,—15z,+1 + Sy,—15y,+1] omit-
ted in the Hartree-Fock energy Eq. . These can be
rewritten as 5H2 = (V — U)/6 [S_18+1 — SZ7_1SZ7+1],
which can be estimated as §Ey = J [(1/4)M? + (1/4)J2].
The first term can be absorbed in the existing expression
for the energy, Eq. . The second term,

Hexch—HF = ng ; (22)

lifts the accidental degeneracy in the Hartree-Fock ap-
proximation between states with nonzero orbital loop
current or spin current states and it favors the orbital
magnetic moment over the spin-current moment. In the
limit of large V, parameter J has to be found from a
complete SU(2) analysis.

NUMERICAL RESULTS

The numerical calculations are also done with the ¢ = 0
level far above the chemical potential so that it is un-
occupied. In Fig. 7 €q/A = —5 is chosen so that the
non-interacting triangle would have both ¢ = 41 fully
occupied and the ground state has four electrons. The
panel on the left shows the ground state charge N as
a function of U/A and V/A. As expected, the number
goes down with these repulsions. The interesting thing
is the stability of N = 2 over a large range of the inter-
action parameters. This can be traced to the reduction
in energy due to the maximum possible development of
the spin moment or orbital moment for N = 2. The spin
moment M, the orbital moment L,, and the spin cur-
rent are shown in plots with varying U/A and V/A. The
spin-moment, shown by the figure in the top right using
a small V, follows Anderson’s result [21], except that the
value of M is twice larger because of the orbital degen-
eracy. The decrease in the local moment at large V' and
the “almost-steps” in the topography should be noted;
this may be attributed to lifting of the orbital degener-
acy by V and the consequent decrease in N noted in the
top left-hand panel. But for small U, a weak growth of
the spin moment with V is also noteworthy.

We first show the calculations for L, and L, without
including the exchange interaction parameterized by J.
As discussed in the previous section, the Hartree-Fock

4

approximation for J = 0 introduces an “accidental” de-
generacy between L, and Lg. This is seen in the nu-
merical results which give the state realized to be either
L, # 0 with L, = 0 or vice-versa depending on the nu-
merical noise. One or the other is favored due to the
repulsions seen already in the low moment expansions
of the energy above in Eq. due to the cubic term.
On the other hand we find no ambiguity when we plot
/L2 + L2. This is what is shown in the bottom left in
Fig. which is for J = 0. On the bottom right, we plot
the results for J with its value fixed by the other param-
eters as in Eq. . L, is favored, although numerical
noise appears to give also a much smaller value of L for
some range of parameters.

The figures at the bottom right in Fig. gives the
orbital magnetic moment with a maximum amplitude 1
at large V corresponding to the complete lifting of the
degeneracy of the ¢/ = +1 state. The value of V' required
for this is about 1/2 the value of U for a maximum spin
moment at small V', due to the fact that the effective
value of V' to generate the orbital moment gets multiplied
by the number of neighbors, two in this case. One finds
that the modest value of U does not decrease the orbital
moment. This is due to the fact that both a spin-loop-
current and a charge-loop-current are favored for large V.
At large values of U, the change of N is responsible for
the decrease of L,, in a step-like fashion. This is due to the
fact that a charge-loop-current is favored for large V. We
have already discussed following Eq. the competition
of L with M due to the fourth order repulsive terms
coupling L, and M proportional to c¢s. Further details of
the numerical results obtained are illustrated in Fig.

GENERAL REMARKS

For simplicity we considered atoms on an equilateral
triangle so that the unperturbed states could be labeled
by their angular momentum. Then one need only con-
sider interactions which lift the Kramers’ degeneracy be-
tween the +1 angular momentum so that if the chemical
potential is not above the newly diagonalized states, a
moment due to loop-current is realized. This also stresses
the connection of the sign of the product of the transfer
integral between the three atoms and the average density
of particles to have the orbital moment.

These considerations can be generalized to “molecules”
with different symmetries. For problems in the lattice,
the patterns which are realized must satisfy the condi-
tion that the currents are conserved at each site. In a
mean-field approximation, the local order parameter (C)
added to a real kinetic energy operator corresponds to
a complex hopping between i and j for (C) purely real
and therefore a current for ¢ = ¢’ and a spin-current
for ¢ # ¢'. For (C) purely imaginary, it represents an
excitonic charge transfer which would in general couple
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Figure 1. Top left: Total charge N as a function of interaction U/A and V/A for the orbitally degenerate non-interacting
levels with €/A such that N would be 4 for non-interacting electrons. Top right: Spin magnetic moment as a function of the
interaction parameters U/A and V/A for the same ¢/A as in the top left. The bottom left and right present /L2 + L2 for the
case where the exchange interaction J = 0. As explained in the text, numerical calculations give either Ls # 0 or L, # 0 due

to numerical noise but without any ambiguity for «/L2 + L2. Including J # 0 removes the degeneracy and favors L,. That
value is shown in the bottom right.
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Figure 2. Left: The top figure shows the total charge for a modest value of U/A in the €¢4/V and V/A plane, while the bottom
figure shows the same for a fixed modest V/A in the €¢4/U and U/A plane. Right: The top figure shows the result for J = 0
when Ls and L, are degenerate in our approximation. The bottom shows L, for finite J for which Ls = 0.

also to the lattice and lead to a structural transformation. proximation to look for all such instabilities. This was
The identity can be transformed to momentum space and  the procedure used in Ref. [I0] for cuprates.

one could do mean-field theory in the weak-coupling ap- The Hartree-Fock calculations, although revealing, are



hardly the complete story for the conditions of occurrence
of orbital moments in a lattice. These are considered in
more detail in Refs. [22 23]. A primary consideration is
that for a metallic state to exist requires charge fluctua-
tions and these cost energy due to repulsive interactions
which are usually ameliorated by screening, generally by
relatively un-correlated s —p electrons which in turn cost
kinetic energy for them. The s-p electrons are often not in
the models and sometimes, as in the cuprates and other
transition metals to the right of the periodic table, too far
in the majority of their density of states above the chemi-
cal potential to be effective. A loop-current ordered state
allows a coherent screening within the correlated states
reducing the kinetic energy to screen. A significant next
nearest neighbor interaction, necessary for loop-current
states, also requires the absence of significant effects of
s — p electrons in actual materials.

There are two other possible states in the triangle when
the total charge is 2: One is an in-homogeneous three-
fold degenerate state in which two of the sites are occu-
pied and the third is unoccupied. This should probably
be called a “Kekule” structure. With interactions elim-
inated to O(t/(U, V) this state is further stabilized by
the exchange energy so that a singlet bond is formed
on a pair of sites with the third site unoccupied. Such a
state would also persist for N close to 2. Consideration of
such inhomogeneous states requires considering the ¢ = 0
state which we have neglected. The spin-current state
discussed is also likely to be modified if exchange inter-
actions are considered. The state is one in which the
Kekule structure is a linear combination of spin-singlet
bonds in the three pairs of sites which should be ap-
propriately called a “resonating valence bond” state on a
triangle is related to the orbital current state investigated
here but for one important difference. Since SU(2) spin-
symmetry must be maintained for such a state, a simple
Hartree-Fock approximation which is the basis of the re-
sults in this paper is not appropriate. Retaining SU(2)
symmetry is also essential for a proper theory of the spin-
current state in a model including exchange interactions.

Finally, we discuss the connection of the loop-currents
generated by interactions in the lattice version [I3] of
the physical states such as discussed in this paper, with
the topological states with anomalous Hall effects [24], or
anomalous spin-Hall effects [25], 26]. Both kinds of effects
depend on having a lattice with a basis (whether in the
lattice already or after the symmetry breaking induced
by the interactions.) The latter depend crucially on the
topological effects of the periodicity of the Brillouin zone
in more than one dimension, and the former do not. The
Haldane state [24] on a hexagonal lattice can be realized
only through loop currents due to next nearest neighbor
interactions, as explained in Ref. [I5] but it has the addi-
tional feature that inversion is preserved. Alternate loop-
currents on the hexagonal lattice investigated in the same
paper are also promoted by interactions but they break

inversion. Then the anomalous Hall effect cannot occur.
The anomalous spin-Hall currents require spin-orbit cou-
pling which at least in non-relativistic physics should be
thought of as an intra-atomic interaction effect and some
specific conditions on symmetry at special points in the
zone of the conduction and valence band states. However,
the spin-currents discussed here together with spin-orbit
couplings lead to the same physics if those conditions are
satisfied [26]. In general, the role of electron-electron in-
teractions in stabilizing orbital magnetism is less obvious
in the topological arguments in momentum space than in
the real space analysis which has been the emphasis in
this paper.
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