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Abstract
The screening current and its relaxation cause the variation of the self- and mutual inductances
of REBCO coils—REBCO is one of the high-temperature superconductors. However, most
studies of coil voltage analysis on a REBCO magnet, a stack of coils, have reported simulation
results assuming invariant self- and mutual inductances so far. Although the conventional
assumption of invariant inductances is still acceptable for fundamental coil voltage analyses, it
can cause misleading conclusions due to inductive voltage errors when a precise coil voltage
analysis is demanded. Hence, here we report a numerical method to calculate screening-
current-dependent self- and mutual inductances of REBCO coils for advanced studies based on
a lumped-circuit analysis model. In this work, we aim to investigate the inductance variation
due to the screening current with a case study and discuss its effects on the coil voltage. We
assume that there is a stack of 12 REBCO single-pancake coils. No transverse current in each
coil is considered for simplicity. A numerical simulation of the current density in the magnet is
performed, and then the inductances are calculated by considering the spatially non-uniform
current density due to the screening current. From this case study, we confirm that the self- and
mutual inductances are changed by up to 110% and 30% each. It is also confirmed that the
discrepancy is notable at the beginning of the charge while marginal at the end. Finally, we
discuss the effect of inductance variation on the quench voltage analysis.

Keywords: coil voltage analysis, high-temperature superconductor magnet,
lumped circuit simulation, no-insulation, self and mutual inductances, screening current
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1. Introduction

The aftermath of the discovery that observed mechanical dam-
age on a REBCO-coated conductor (hereafter REBCO wire)
in a high-temperature superconductor (HTS) insert magnet
named ‘Little Big Coil’ [1] has indeed motivated researchers
to investigate screening currents and the consequent effects. So
far, it has been revealed that the screening current, the intrinsic
induced current to dispel a penetrating magnetic field to every
superconducting material, is a dominant source of the created
non-uniform current density. Furthermore, through relevant
research, it has also been confirmed that the screening current
can have pernicious effects on the magnetic force and field
distributions, i.e. screening-current-induced stress (SCS) [1]
and field (SCF) [2], as they are concentrated at a particular
location in a wire. Meanwhile, the pernicious effects are prac-
tically mitigated by making a multi-filament structure; there-
fore, some selected superconductor materials, e.g. Nb3Sn and
Bi2212, are resolved from the relevant issue by making multi-
filament wire. However, mainly due to the material properties,
the technique is impractical for REBCO wires. As a result, the
screening current in REBCO wire has become a key concern
when building an HTS magnet wound with REBCO wire.

According to the relevant research of the screening current
in an HTS coil or magnet wound with REBCO wire (here-
after REBCO coil or magnet), it is widely reported that the
screening current causes non-uniform current density, usu-
ally concentrated at both edges of a REBCO wire, and thus
induces a change in the magnetic flux and magnetic force dis-
tribution. Fortunately, the changes can be measured as phys-
ical quantities, i.e. magnetic field, voltage, and strain, using
an instrumentation system. Among them, the quantities of
magnetic field and strain changed by the screening current,
i.e. SCF [2–8] and SCS [9–13], have been actively studied.
However, there is a need for additional research on the mag-
netic inductive component change between REBCO coils and
thus coil voltage behavior. As a representative example, it is
widely agreed that the self- and mutual inductances of mul-
tiple REBCO coils in a magnet are changed depending on
the operating current due to the screening current and its
relaxation. However, most studies adopting the lumped-circuit
model have provided calculation results that assume invariant
inductances, although a previous study has raised the relev-
ant issue of transport current-dependent coil inductance [14].
This may be because the inductance calculation method that
considers the screening current has not yet been developed.

Hence, this paper aims to propose an inductance calcula-
tion method with the screening current considered, investig-
ates inductance variation due to the screening current via a
case study, and discusses its effect on coil voltage. This study
employs a stack of 12 REBCO single-pancake (SP) coils.
For simplicity, no transverse current in each coil is assumed.
In addition, the field-dependent critical current is not con-
sidered. Meanwhile, we consider the various matrices in the
wire material, including REBCO, as one bulk and assume
its permeability to be the vacuum permeability (µ0). Then, a

numerical simulation of the current density in the magnet is
performed, and the inductances are calculated by considering
the spatially non-uniform and temporally non-linear current
densities due to the screening current. Limited to this case
study, we confirm that the self- and mutual inductances are
changed up to 110% and 30% each. It is also confirmed that
the discrepancy is notable at the beginning of the charge while
marginal at the end. Finally, we will discuss the effect of
inductance variation on the quench voltage analysis.

2. Method

A REBCO magnet is a spatially non-uniform and temporally
non-linear current density system due to a screening current.
Hence, it is barely possible to employ the conventional meth-
ods of self- and mutual inductance calculation, which were
developed based on the direct integration of Neumann for-
mulae or a magnetic vector potential assuming the linear and
homogeneous current density system [15–17]. In this work, we
thus propose a numerical technique to calculate the inductance
using the finite element method (FEM) simulation approach
based on the so-called energy method.

The current density of a REBCOmagnet with the screening
current included can be obtained using time-dependent FEM
simulation, as shown in figure 1. It presents an example of the
non-uniform current density in two arbitrarily selected coils
(REBCO-Coil1 and Coil2) in a magnet, i.e. a stack of multiple
REBCO coils. Here, all the coils in a magnet are assumed to be
connected in series and charged up to a designated current (I)
at a certain time (t) with a constant ramp rate. Using the FEM
simulation results, the total magnetic stored energy of the two
REBCO coils (Em) is calculated using equation (1):

Em = Em1 +Em2 +Em1,2, (1)

where Em1, Em2, and Em1,2 are magnetic stored ener-
gies induced by REBCO-Coil1 itself, REBCO-Coil2 itself,
and REBCO-Coil1 and Coil2 magnetic coupling, respect-
ively. Here, Em1, Em2, and Em1,2 are calculated using
equations (2)–(6) in reference to figure 2:

Em1 =
µ0

2

ˆ
V
H1 ·H1 dv, (2)

Em2 =
µ0

2

ˆ
V
H2 ·H2 dv, (3)

E+
1,2 =

µ0

2

ˆ
V
(H1 +H2) · (H1 +H2) dv, (4)

E−
1,2 =

µ0

2

ˆ
V
(−H1 +H2) · (−H1 +H2) dv, (5)

Em1,2 =
E+
1,2 −E−

1,2

2
, (6)

2
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Figure 1. An example of current density calculation results in two REBCO coils with the screening current included.

Figure 2. The current density setup to calculate magnetic stored energies in the axisymmetric domain: (a) for E+
1,2, (b) for Em1, (c) for Em2,

and (d) for E−
1,2.

whereH1 andH2 are induced magnetic fields by the REBCO-
Coil1 current density (Jϕ,1), and REBCO-Coil2 current dens-
ity (Jϕ,2) when I flows in both coils. Note that −H1 is cal-
culated using −Jϕ,1 in Coil1. This has reciprocity as we use
−Jϕ,2 in Coil2.

Meanwhile, the relationship between energy, magnetic
flux, and self- and mutual inductances should be defined dif-
ferently from the conventional relationship assuming the lin-
ear and homogeneous current density system. The results are
summarized below:

L1(I) = lim
∆I→0

λ1(I+∆I)−λ1(I)
∆I

=
∂λ1

∂I
̸= λ1

I
,

(7)

L2(I) = lim
∆I→0

λ2(I+∆I)−λ2(I)
∆I

=
∂λ2

∂I
̸= λ2

I
, (8)

M1,2(I) = lim
∆I→0

λ1,2(I+∆I)−λ1,2(I)
∆I

=
∂λ1,2

∂I
̸= λ1,2

I
, (9)

M2,1(I) = lim
∆I→0

λ2,1(I+∆I)−λ2,1(I)
∆I

=
∂λ2,1

∂I
̸= λ2,1

I
, (10)

λ1(I) = lim
∆I→0

Em1(I+∆I)−Em1(I)
∆I

=
∂Em1(I)

∂I
̸= 1

2
L1I

2,

(11)

3
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λ2(I) = lim
∆I→0

Em2(I+∆I)−Em2(I)
∆I

=
∂Em2(I)

∂I
̸= 1

2
L2I

2,

(12)

λ1,2(I) = lim
∆I→0

Em1,2(I+∆I)−Em1,2(I)
∆I

=
∂Em1,2(I)

∂I
̸= 1

2
M1,2I

2,

(13)

λ2,1(I) = lim
∆I→0

Em2,1(I+∆I)−Em2,1(I)
∆I

=
∂Em2,1(I)

∂I
̸= 1

2
M2,1I

2.

(14)

Here, L, M, λ, and I present, respectively, self-inductance,
mutual inductance, flux linkage, and the current in coils.
The subscripts indicate which coils are the sources of mag-
netic flux or flux linkage. Here, ∆I is the current incre-
ment corresponding to the time increment (∆t). The last term
of equations (7)–(14) is the definition of the conventional
relationship.

So far, we have proposed and explained the inductance
calculation method based on the energy method with two
arbitrarily selected REBCO coils in a magnet. From now on,
the entire computation process of the proposed method for a
stack of Ncoil REBCO module coils is discussed, by consider-
ing the time-dependent FEM simulation; note that the mod-
ule coil can be in the shape of an SP, double-pancake, etc.
The first stage is to calculate the current density by consid-
ering all the Ncoil REBCO module coils and magnet oper-
ation scenario. This step is performed with time-dependent
FEM simulation, adopting various electromagnetic formula-
tion approaches, e.g. H-formulation, T-A formulation, and
others [18–23]. One thing to note is that the time step for the
time-dependent simulation should be appropriately divided to
calculate self- and mutual inductances accurately. Here, it is
recommended to set the current increment according to the
time step not exceeding a maximum of 1 A. The second stage
is to select two module coils in the given coil stack and to cal-
culate magnetic stored energies caused by the selected coils by
considering every time step. If the number of time steps for the
time-dependent FEM simulation is Nstep, the number of com-
putations demanded in this second stage (Ncomp) is described
with equation (15):

Ncomp =
Nstep ×

(Ncoil
2

)
× 4

2
. (15)

The reason for multiplying by 4 and dividing by 2 is that a total
of four computation times are necessary for magnetic energy
calculation, and the matrix consisting of self- and mutual
inductances is symmetric. The last stage is to derive the self-
andmutual inductances of all theNcoil REBCOmodule coils at
the ith time step and the corresponding current, using the cal-
culation results of magnetic stored energies at (i− 1)th, ith,
(i+ 1)th time steps.

Table 1. The key parameters of a solenoid magnet.

Magnet parameters Unit

Conductor width, w (mm) 4.10
Conductor thickness, th (mm) 0.12
Inner radius, a1 (mm) 50
Outer radius, a2 (mm) 59.36
The number of module coils 12
The number of turns 80
Operating current, Iop (A) 100
Critical current, Ic (A) 100
Critical current density, Jc (Amm−2) 200
Index value for power law 21
Ramp rate (A s−1) 0.01
Time step for simulation (∆t) (s) 1

3. Results and discussion

Table 1 presents the key parameters of a REBCO solenoid
magnet chosen for a case study [24]. The magnet is a stack
of 12 module coils, and each module coil is in the shape of
an SP. In this case study, we utilized the FEM simulation with
H-formulation by adopting edge-element and domain homo-
genization techniques [18, 19]. A power-law model [25] was
used to consider the REBCO material properties of resistivity.
The field-dependent critical current properties were not con-
sidered. It was assumed that the magnet is charged up to its
operating current of 100 A—it is the same value as its critical
current—with a constant ramp rate of 0.01 A s−1. The calcu-
lation results of the current density with the screening current
included were saved at every time step; this time-step setup
corresponds to 0.01 A of coil current.

Figure 3 presents the calculation results for the non-uniform
current density in REBCO coils with the screening current
included. Here, ϵ is the ratio of the operating current to the
critical current ( IopIc ). It is found that the current density in each
coil is concentrated at both edges of each coil at the begin-
ning of the charge, but the distribution relaxes and penetrates
toward the center of each coil, depending on ϵ. Figure 4 shows
the total sum of self- and mutual inductances according to the
current density provided in figure 3 at the magnet level, while
figure 4 is at the module coil level; the lower half section of
the magnet is selected to display representatively, by consid-
ering the symmetric properties of the inductance matrix. They
provide three sets of calculation results: REF, UNI, and SC.
Graphs named ‘REF’ show the calculation results based on
the direct integration of Neumann formulae and assuming uni-
form current density, which is the reference result to compare
with other calculation results. Graphs named ‘UNI’ show the
calculation results based on FEM simulation with the screen-
ing current excluded while applying the proposed inductance
calculationmethod. Note that this simulation can be easily per-
formed with an electromagnetic simulation module embedded
in commercial numerical simulation software, without using
electromagnetic formulation approaches. Graphs named ‘SC’

4
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Figure 3. The calculation results of non-uniform current density in a REBCO magnet with the screening current considered (displayed in
the coil’s cross-section domain).

Figure 4. Magnet inductance: the sum of the self- and mutual inductances between all individual coils.

show the calculation results based on FEM simulation with
the screening current included and the proposed method used.
According to the current density variation depending on ϵ,

the non-linear inductance variation between REBCO coils is
confirmed. It is also confirmed that the notable variation shown
in figures 4 and 5 tends to increase, except for two coils at the

5
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Figure 5. The coil inductances of SP1–6. Coil inductance of a coil
in a REBCO magnet (a stack of REBCO coils) means the sum of the
self-inductance of a given coil and mutual inductances between a
given coil and the other coils.

top and bottom of the magnet, while it tends to decrease at
the top and bottom. Meanwhile, it is suggested that the pro-
posed method is validated by the comparison results between
the graphs named ‘REF’ and ‘UNI’.

Figures 6 and 7 provide the self- andmutual inductance cal-
culation results in detail and the errors between the calculated
results. Here, the error was calculated using:

error [%] =
MSC
i,j −MREF

i,j

MREF
i,j

× 100, (16)

whereMSC
i,j andM

REF
i,j stand for the mutual inductance between

the ith module coil and the jth module coil by considering the
non-uniform current density due to the screening current, and
that considering the uniform current density. As a result, we
confirm that the self- and mutual inductances are changed by
up to 110% and 30% each (limited to this case study).

From this study investigating the self- and mutual induct-
ances depending on the operating current and screening cur-
rent, we have found that the conventional lumped-circuit
model that considers invariant inductances may have limita-
tions when precisely simulating the coil voltage. Hence, in this
paper, we suggest a modified lumped circuit and the corres-
ponding governing equation. To investigate the general case of
solenoid REBCO coils or magnets, we consider not only the
azimuthal current path but also the radial current path that can
be induced by the so-called no-insulation (NI) feature. Figure 8
presents conventional and modified models of the most basic
example, i.e. one coil or magnet. The key difference between
the governing equations of the two models is the voltage

Figure 6. The numerical simulation results of the time-varying
‘equivalent’ inductance of each module coil in the given REBCO
magnet according to the operating current.

equation: equation (17) for figure 8(a), and equation (18) for
figure 8(b),

V= Lconv
dIϕ
dt

+RscIϕ, (17)

V∗ = δVλ

(
=

dλ
dt

)
+RscIϕ, (18)

where V, V∗, Lconv, Iϕ, Ir λ, Rsc, and Rc are, respectively,
voltage without consideration of the screening current, voltage

6
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Figure 7. Self- and mutual-inductance errors between the calculation results, with and without considering the screening current. It is
calculated using equation (16).

Figure 8. The lumped-circuit models of a REBCO module coil or magnet: (a) the conventional model; (b) the modified model (proposed).

with consideration of the screening current, inductance
without consideration of the screening current, the current
flowing in REBCO wire, the current flowing in the contact

layers between adjacent REBCO wires, current-dependent
non-linear magnetic flux linkage caused by a REBCO coil
or magnet, REBCO resistivity—in this study, the power-law

7
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Figure 9. Comparisons between the calculation results with equation (17) and those with equation (18): black lines and red lines,
respectively. The current, inductive voltage of the magnet, and inductive voltage of each coil are considered. A ‘smoothing’ technique is
applied at the beginning and end of the current charging so that the second derivative of the current profile is continuous.

model is considered—and the resistance along the contact
layers.

We have applied this proposed circuit model, figure 8(b),
to the case study, and the results are shown in figure 9. We

built a circuit network consisting of 12 modified lumped-
circuit models connected in series. Here,Rc =∞was assumed
so that the NI feature was not considered for simplicity.
The circuit simulation was performed to investigate voltage

8
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behavior differences when the screening current is considered
and when it is not. In figure 9, the black lines with sym-
bols are the calculated results considering equation (17) and
figure 8(a), and the red lines with symbols are the calculated
results considering equation (18) and figure 8(b). With this
study, we can conclude that the inductive voltage agrees well
with the inductance change shown in figure 5; for instance, the
top and bottom coil (SP1&12) voltages decrease as the operat-
ing current increases, while the central coil (SP6&7) voltages
increase as the operating current increases.

Finally, we would like to discuss the inductance variation
effect on the quench voltage simulation of an NI REBCOmag-
net using the lumped-circuit simulation model. A stack of NI
REBCO coils becomes a multiple-current system during the
coil quench since the transverse current flowing along the turn-
to-turn contact surface of each coil can no longer be negli-
gible. If the inductive voltage depending on self- and mutual
inductance variation is marginal (for instance, if the magnet
is charged with a slow ramp rate), the proposed method may
still be valid. However, assuming that each coil’s transport cur-
rent changes drastically like a quench, the screening-current-
dependent inductance should be calculated using our proposed
method together with an incremental energy method [26].
Revisiting the relevant literature, numerous studies investig-
ating voltage behavior during quench have been reported so
far. However, it is commonly concluded that the simulation
results agree reasonably well with the measurement results
but are somewhat different from the measured results. Based
on this investigation study, we suggest that the voltage dif-
ference between the simulation and measurement results is
a result of the fact that the invariant inductance has been
used.

4. Conclusion

This work has proposed a numerical method to calculate the
self- and mutual inductances of coils in a REBCO magnet by
varying the screening current and a modified circuit model that
considers inductive voltage variation by the screening current.
A case study was performed to validate the proposed induct-
ance calculation method and to discuss the effects of the vari-
ation of self- and mutual inductances on coil voltage analysis.
An additional study with a modified circuit model was per-
formed to investigate the effect of screening-current variation
and the consequent inductance change on coil voltage. From
these studies, it was confirmed that the self- andmutual induct-
ances of REBCO coils can be significantly changed during
a charging operation. Furthermore, it was deduced that the
inductance change of each coil and the consequent inductive
voltage change may be indicative of estimating the degree of
non-uniform current density in each coil, as calculated from
the aspect in which the inductance changes depending on the
coil location. Finally, we suggest a key concern regarding
the comparison results and some discrepancies in the quench
voltage analysis between the measurement and simulation: the
fact that the self- and mutual inductance variations might be

one of the dominant causes of the difference. We hope this
work motivates HTS magnet researchers to develop advanced
quench voltage simulations.
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