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Superfluid helium-4 (He II) is a widely adopted coolant in scientific and engineering applications owing to its
exceptional heat transfer capabilities. However, boiling can spontaneously occur on a heating surface in He II
when the heat flux exceeds a threshold value q∗, referred to as the peak heat flux. While the parameter q∗ holds
paramount importance in the design of He II based cooling systems, extensive research has primarily focused on
its behavior in steady homogeneous heat transfer from a flat heating surface. For inhomogeneous heat transfer
from curved surfaces, q∗ exhibits intricate dependence on parameters such as the He II bath temperature Tb, the
immersion depth h, and the curvature radius R0 of the heating surface. A comprehensive understanding on how
q∗ depends on these parameters remains elusive. In this paper, we report our systematic study on q∗ for steady
heat transfer from cylindrical and spherical heaters in He II. We compute q∗ for a wide range of parameter
combinations (Tb, h, R0 ) by solving the He II two-fluid equations of motion. The generated data have allowed us
to develop a robust correlation that accurately reproduces q∗ for all the parameter combinations we explored. Our
findings, particularly the establishment of the correlation, carry valuable implications for emergent applications
that involve steady inhomogeneous heat transfer in He II systems.
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I. INTRODUCTION

Saturated liquid 4He becomes a superfluid at temperatures
below about 2.17 K [1]. In the superfluid phase (known as
He II), the liquid can be considered phenomenologically as a
mixture of two miscible fluid components: an inviscid super-
fluid that carries no entropy and a viscous normal fluid that
consists of thermal quasiparticles (i.e., phonons and rotons)
[2]. Heat transfer in this two-fluid system is via a unique in-
ternal convection process known as thermal counterflow. In a
counterflow, the normal fluid carries the heat and moves away
from a heating surface at a velocity vn = q/ρsT , where q is
the heat flux, T is the He II temperature, and ρ and s are the
He II density and specific entropy, respectively; the superfluid
moves in the opposite direction at a velocity vs = −vnρn/ρs

so that the net mass flow remains zero (here ρn and ρs are the
densities of the normal fluid and the superfluid, respectively).
This counterflow mode is extremely effective, which renders
He II a valuable coolant in a wide array of scientific and
engineering applications, such as for cooling superconducting
particle accelerator cavities, superconducting magnets, medi-
cal instruments, and even satellites [3].

When the relative velocity of the two fluids in counterflow
exceeds a small critical value [4], a chaotic tangle of quan-
tized vortex lines can develop spontaneously in the superfluid.
These quantized vortices are filamentary topological defects,
each carrying a quantized circulation κ � 10−3 cm2/s around
its angstrom-sized core [5]. A mutual friction force between
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the two fluids then emerges due to thermal quasiparticles scat-
tering off the quantized vortices [6]. This mutual friction can
lead to novel flow characteristics in both fluids [7–11]. When
the heat flux is further increased to above a threshold value
q∗, referred to as the peak heat flux, boiling on the heating
surface can occur. This boiling action leads to the formation
of vapor bubbles and these bubbles can act as effective insu-
lators between the heating surface and the surrounding He II,
which impairs the heat transfer and results in the potential for
overheating and damage to the cooled devices.

Developing a reliable correlation for assessing q∗ is of
great importance in the design of He II based cooling systems.
The value of q∗ can depend on many parameters, such as the
heating duration �t , the temperature of the He II bath Tb,
the immersion depth h, and the curvature radius R0 of the
heating surface. In this paper, we shall focus on q∗ in steady
heat transfer where �t → ∞, since this knowledge lays the
groundwork for future explorations of q∗ within transient heat
transfer scenarios.

There have been extensive studies on q∗ in the context of
steady, homogeneous heat transfer of He II within uniform
channels driven by planar heaters [12–16]. The relationship
between q∗ and the parameters Tb and h has been reasonably
well understood [3]. However, when it comes to inhomoge-
neous heat transfer from curved surfaces such as cylindrical
and spherical surfaces, q∗ displays intricate dependencies
on the parameter combination (Tb, h, R0). Despite some past
studies on q∗ for these nonuniform geometries [17–22], a
systematic understanding on how q∗ varies with the param-
eter combination (Tb, h, R0) remains absent. Nevertheless,
establishing the capability to reliably predict q∗ values in
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these nonuniform geometries holds significant importance for
specific applications, such as cooling superconducting trans-
mission lines and magnet coils [23,24], detecting pointlike
quench spots on superconducting accelerator cavities [25,26],
and emerging applications like the development of hot-wire
anemometry for studying quantum turbulence in He II [27].

In this paper, we present a comprehensive numerical inves-
tigation of q∗ in steady, nonhomogeneous heat transfer from
both cylindrical and spherical heating surfaces submerged in
He II. We employ the He II two-fluid equations of motion
to compute q∗ over a wide range of parameter combina-
tions (Tb, h, R0). Furthermore, we demonstrate that the data
we generate can facilitate the development of a robust cor-
relation capable of accurately reproducing q∗ across all the
parameter combinations we explore. The paper is structured
as follows: we begin by outlining our theoretical model in
Sec. II. In Sec. III, we conduct a comparative analysis of the
calculated q∗ values for heat transfer from cylindrical heaters
against available experimental data to calibrate our model. In
Sec. IV A, we present a systematic computation of q∗ using
the fine-tuned model for cylindrical heaters under varying
parameter combinations (Tb, h, R0) and establish a reliable
correlation linking q∗ with these parameters. In Sec. IV B, we
provide a similar analysis and correlation for q∗ concerning
heat transfer from spherical heaters. We conclude with a sum-
mary in Sec. V.

II. THEORETICAL MODEL

We employ the two-fluid hydrodynamic model in our cur-
rent research, which was also utilized in our prior work to
analyze transient heat transfer in He II [28,29]. A comprehen-
sive description of this model is available in Refs. [30,31]. In
brief, this model is based on the conservation laws governing
He II mass, momentum, and entropy. It comprises four evo-
lution equations for He II’s total density ρ, total momentum
density ρv = ρsvs + ρnvn, superfluid velocity vs, and entropy
s, as follows:

∂ρ

∂t
+ ∇ · (ρv) = 0, (1)

∂ (ρv)

∂t
+ ∇(

ρsv
2
s + ρnv

2
n

) + ∇P = 0, (2)

∂vs

∂t
+ vs · ∇vs + ∇μ = Fns

ρs
, (3)

∂ (ρs)

∂t
+ ∇ · (ρsvn) = Fns · vns

T
, (4)

where P is the pressure, μ is the chemical potential of He
II, vns = vn − vs is the relative velocity between two fluids,
and Fns is the Gorter–Mellink mutual friction between the two
fluids per unit volume of He II [3].

Fns can be expressed in terms of vns and the vortex-line
density L as [32,33]

Fns = κ

3

ρsρn

ρ
BLLvns, (5)

where BL is a temperature dependent mutual friction coeffi-
cient [34]. The calculation of Fns requires the evolution of

L(r, t ), for which we employ Vinen’s equation [6]

∂L

∂t
+ ∇ · (vLL) = αV|vns|L 3

2 − βVL2 + γV|vns| 5
2 , (6)

where αV , βV , and γV are temperature-dependent empirical
coefficients [6] and vL represents the vortex-tangle drift ve-
locity, which is often approximated as equal to the local
superfluid velocity vs [35,36].

Similar to the previous works [28,29], we include cor-
rection terms that depend on v2

ns for He II’s thermodynamic
properties, as suggested by Landau [2,37], to account for the
large vns values under high heat flux conditions in the current
research:

μ(P, T, vns) = μ(s)(P, T ) − 1

2

ρn

ρ
v2

ns, (7)

s(P, T, vns) = s(s)(P, T ) + 1

2
v2

ns

∂ (ρn/ρ)

∂T
, (8)

ρ(P, T, vns) = ρ (s)(P, T ) + 1

2
ρ2v2

ns

∂ (ρn/ρ)

∂P
, (9)

where the quantities with the superscript “(s)” represent static
values, which can be obtained from the HEPAK dynamic
library [38]. The two-fluid model outlined above provides a
coarse-grained description of the He II hydrodynamics, since
it does not resolve the interaction between individual vortices
and the normal fluid [39–41]. Nonetheless, prior research has
shown that this model describes nonisothermal flows in the He
II well when L is reasonably high [28,42].

Since our current research focuses on the steady-state heat
transfer, we drop the terms that involve the time derivative
in the governing equations and reformulate them in a manner
convenient for numerical solutions. For instance, Eq. (1) leads
to

ρsvs = −ρnvn. (10)

Moreover, by integrating Eq. (2), we can derive an expression
for P(r) as

P(r) = Pb − ρsv
2
s − ρnv

2
n . (11)

Here the bath pressure Pb = PS (Tb) + ρgh, where PS (Tb) rep-
resents the saturation pressure at the bath temperature Tb, g
stands for gravitational acceleration, and h denotes the im-
mersion depth of the heating surface. The last two terms in
Eq. (11) account for the Bernoulli pressures associated with
the flows in the two fluids. Now, assuming axial symmetry
and recognizing the identity dμ = 1

ρ
dP − sdT [2], we can

express Eq. (3) in the following form, utilizing Eqs. (2) and
(10):

ρvs
∂vn

∂r
+ ∂r (ρvnvs) = ρs

∂T

∂r
+ ρ

ρs
Fns. (12)

The temperature T (r) at location r can be obtained by inte-
grating the above equation as

T (r) = Tb +
∫ ∞

r
dr′G(r′), (13)

where

G(r) := 1

ρss
Fns − vs

s
∂rvn − 1

ρs
∂r (ρvnvs). (14)
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FIG. 1. (a) Schematic diagram of a long cylindrical heater of radius R0 with a constant surface heat flux q0. (b) Simulated profiles of
temperature T (r) (top), vortex-line density L(r) (middle), and normal-fluid velocity vn(r) (bottom) at q0 close to 9.39 W/cm2 with Tb = 1.78 K,
R0 = 0.2 cm, and h = 50 cm. (c) The calculated state parameter (P0, T0 ) of the He II on the heater surface at various applied q0, indicated by
the solid circles, squares, and stars.

Next, we integrate Eq. (4) from the heater surface R0 to r to
obtain vn(r) as

vn(r) = RN
0 ρ0s0

rNρs
vn0 + 1

rNρs
I (r), (15)

where

I (r) :=
∫ r

R0

dr′r′N Fns(r′)vns(r′)
T (r′)

. (16)

The quantities with the subscript “0” in the above equa-
tions indicate their values at r = R0 and the parameter N
assumes values of 1 or 2, corresponding to cylindrical and
spherical coordinates, respectively. Note that vn0 is related to
the surface heat flux q0 as vn0 = q0/ρ0s0T0, which transforms
Eq. (15) into

vn(r) = q0

ρsT0

(
R0

r

)N

+ I (r)

rNρs
. (17)

Finally, within the parameter ranges explored in our current
research, it becomes evident that the drift term ∇ · (vLL) and
the term γV|vns| 5

2 in Eq. (6) are orders of magnitude smaller
than the remaining terms. By omitting these two terms, we
can deduce that L(r) = γ 2vns(r)2, where γ is related to the
empirical coefficients αV and βV introduced in Eq. (6) as γ =
αV /βV . Therefore, Fns can be calculated as

Fns = κ

3

ρsρn

ρ
BLγ 2v3

ns. (18)

We must emphasize that Eq. (6) was originally proposed for
homogeneous and isotropic counterflow. There are ongoing
discussions regarding potential modifications of this equa-
tion for nonuniform flows [43–45]. In our present research, we
will maintain the use of Eq. (18). However, we will adapt the
γ values, originally derived for uniform counterflow [46–48],
to best fit the available data under nonuniform counterflow
conditions. The relevant details are provided in Sec. III.

Equations (10), (11), (13), (17), and (18) now form the
base of our iterative numerical approach for solving the
steady-state heat transfer problems involving cylindrical and
spherical heaters. The iteration starts with constant He II
properties P(0) = Pb, T (0) = Tb, and a prescribed normal-fluid

velocity profile v(0)
n (r) = q0

ρ (0)s(0)T0
( R0

r )N . Here, the superscript
(i=0,1,2,...) denotes the iteration number. Utilizing the initial
fields (P(0), T (0), v(0)

n ), we can calculate all relevant He II
thermodynamic variables and other needed parameters, such
as v(0)

s , ρ (0), s(0), F (0)
ns , etc. These results allow us to iteratively

update (P, T, vn) as

Pi+1 = Pb − ρ i
sv

i
s(r)2 − ρ i

nv
i
n(r)2 (19)

T (i+1)(r) = Tb +
∫ r

∞
dr′G(i)(r′), (20)

v(i+1)
n (r) = q0

ρ (0)s(0)T0

(
R0

r

)N

+ I (i)(r)

rNρ (i)s(i)
. (21)

The iteration is terminated once the relative change in the
temperature field between consecutive iterations, defined as
|T (i) − T (i−1)|/T (i), becomes less than 10−5 at all r. In the
simulation, the integrals are performed using Simpson’s rule
with a step size of �r = 10 µm [49].

As an example, we consider a cylindrical heater with a
radius R0 = 0.2 cm, subject to a constant surface heat flux q0,
as depicted in Fig. 1(a). We set Tb = 1.78 K and h = 50 cm
and compute the steady-state profiles of T (r), L(r), and vn(r)
using the iterative method outlined earlier. The results for
q0 close to 9.39 W/cm2 are shown in Fig. 1(b). It is clear
that approaching the heater, T (r), L(r), and vn(r) all increase
rapidly towards their maximum values at r = R0. In Fig. 1(c),
we show the state parameters (T0, P0) of the He II on the
heater surface at various q0. The blue dot represents the state
(T0 = Tb, P0 = Pb) at q0 = 0. As q0 increases, the state ap-
proaches the saturation line of He II. The slight reduction in
pressure is due to the Bernoulli effect incorporated in Eq. (11).
At the peak heat flux q∗ ≈ 9.39 W/cm2, the He II state on the
heater surface reaches the saturation line. Beyond this point,
vapor bubbles can be nucleated on the heater surface, which
eventually leads to the formation of a vapor film covering the
heater surface. The dynamics of the boiling process is beyond
the scope of this paper. We shall treat q∗ as the heat flux at
which boiling occurs spontaneously.
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FIG. 2. (a) Comparison of simulated peak heat flux q∗ at different
He II bath temperature Tb with experimental data from Ref. [21] for
a cylindrical heater with R0 = 0.66 cm. The heater immersion depth
h (dashed curve) varied with Tb in the experiment. (b) Simulated
dependence of q∗ on heater radius R0 at h = 10 cm and Tb = 1.78 K,
compared with experimental data from Refs. [3,52]. γC = 1.2γ was
adopted in these simulations.

III. MODEL CALIBRATION

To calibrate our model, we have looked into existing
experimental research on q∗ associated with steady-state
nonuniform heat transfer in He II. There were several ex-
perimental studies on q∗ for cylindrical heaters [17–21,50].
As for spherical heaters, research has been limited, primar-
ily focusing on transient heat transfer scenarios or heat flux
magnitudes considerably lower than q∗ [22,51]. Among the
available studies on q∗ for cylindrical heaters, several stud-
ies employed thin-wire heaters with radii in the range of
1–102 µm [17–19], which is comparable to the mean vortex-
line spacing 	 = L−1/2 observed in such experiments. We
choose to avoid those particular data sets in our study, since
our coarse-grained model is applicable only at length scales
much greater than 	. In subsequent analyses, we will focus on
comparing our numerical simulation results with the data re-
ported in Refs. [3,21,52], where cylindrical heaters of notable
diameters were used.

Figure 2(a) presents the measured q∗ values at different
He II bath temperatures Tb for a cylindrical heater with R0 =
0.66 cm [21]. In the referenced experiment, the immersion
depth h declined as the bath was pumped to achieve lower Tb.
Consequently, distinct Tb values correspond to varying h lev-

FIG. 3. Optimized γC as a function of T . Measured γ values
in uniform counterflow in various experiments [8,53–56] are also
shown.

els, as illustrated by the dotted curve in Fig. 2(a). Our model
simulations have taken this variation into account. Figure 2(b)
displays the measured q∗ values for heaters with different radii
R0 at Tb = 1.78 K and h = 10 cm [3,52]. To compare with
these data, we have calculated q∗ under identical conditions
using our iterative method. In our calculations, we adopted the
γ coefficient derived from the He II heat conductivity function
f (T ) under saturated vapor pressure, defined as [3]

f (T ) = AGMρn

ρ3
s s4T 3

, (22)

where AGM ≈ 1
3

ρn

ρ
BLκγ 2 is the Gorter–Melink mutual friction

coefficient [5]. The expressions of f and AGM lead to the
following identity for γ :

γ =
√

3ρ3
s ρs4T 3 f

ρnκBL
. (23)

Experimentally, the temperature dependence of f (T ) in uni-
form counterflow has been studied thoroughly and its values
are compiled in Ref. [3]. Therefore, the value of γ for uniform
counterflow can be easily calculated. However, when it comes
to nonuniform counterflow, there is little knowledge on how
γ may change. In this context, we opt to scale the γ values
deduced from Eq. (23) by a factor C, yielding γC = Cγ . We
treat C as an adjustable parameter. Remarkably, with C = 1.2,
our simulation results (illustrated as solid curves in Fig. 2)
exhibit excellent agreement with the experimental data. The
optimized γC as a function of T is shown in Fig. 3 together
with some γ values obtained in uniform counterflow experi-
ments. In the subsequent sections, we will apply the optimized
γC in our systematic analysis of q∗.

IV. PEAK HEAT FLUX ANALYSIS

In this section, we present the simulated q∗ values for
steady-state counterflow produced by both cylindrical and
spherical heaters, considering a variety of parameter com-
binations (Tb, h, R0). We further demonstrate that q∗ can be
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FIG. 4. Simulated peak heat flux q∗ for cylindrical heaters with
various Tb, h, and R0.

calculated using an integral formula that involves the tempera-
ture difference between the heater surface and the bath. Using
our simulation data, we can devise a correlation to evaluate
this temperature difference, which in turn leads to a robust
correlation for q∗.

A. Cylindrical heater case

Following the same procedures as illustrated in Fig. 1,
we determined q∗ as a function of Tb for cylindrical heaters
of various R0 and h values. These results are compiled in
Fig. 4. It is evident that, at fixed R0 and h values, q∗ exhibits
a nonmonotonic dependence on Tb, with a peak observed
between 1.8 K and 1.9 K. On the other hand, at a fixed Tb,
q∗ consistently increases with an increase in h or a decrease in
R0.

To understand the behavior of q∗, we can refer to Eq. (12).
For the parameter combinations (Tb, h, R0) that we studied,
we found that the terms on the left-hand side of Eq. (12) are
typically more than two orders of magnitude smaller than the
other terms across all values of r. If we dismiss these minor
terms and utilize Eqs. (18) and (23), while noting that vns(r) =
q(r)/ρssT , the following equation can be derived:

dT

dr
= −C2 f (T )q3(r). (24)

In steady-state counterflow, q(r) is given by q(r) = q0(R0/r)N

(recall that N = 1 for cylindrical heaters and N = 2 for spher-
ical heaters). When the heater surface heat flux q0 reaches
q∗, the above equation can be rearranged and integrated to
produce an expression for q∗:

q∗ =
(

3N − 1

C2R0

∫ Tb+�T

Tb

dT

f (T )

)1/3

, (25)

where �T denotes the temperature increase on the heater
surface relative to the He II bath at q0 = q∗. This equation was
introduced in Ref. [3]. However, due to the lack of information
on how �T depends on (Tb, h, R0), this equation was not
employed to evaluate q∗.

Tb (K)

h (cm)

R
0
 (cm)

ΔT(Tb)·Tb
4=CT

CT=0.241±0.003 K5

Fit: ΔT(h)=Ch h
Ch=(2.26±0.02)×10-3 K/cm
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Fit: ΔT(R0)=CRR
0
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CR=(2.49±0.01)×10-2 K/cm0.09

ΔT
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5
)

ΔT
(h

) 
 (

K
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 = 0.73 cm

Tb = 1.78 K

R
0
 = 0.73 cm

Tb = 1.78 K

h = 10 cm

(a)

(b)

(c)

Simulation

Simulation

Fit:

FIG. 5. (a) Simulated temperature rise �T on the heater surface
as a function of Tb for a cylindrical heater with fixed h and R0.
(b) Dependence of �T on the immersion depth h at fixed Tb and
R0. (c) Dependence of �T on the heater radius R0 at fixed Tb and h.

To facilitate the development of a practical correlation for
q∗, we have computed �T values for all the cases depicted in
Fig. 5. Some results showing the relationship of �T with Tb,
h, R0 are presented in panels (a), (b), and (c) of Fig. 5. From
Fig. 5(a), we can see that, at fixed h and R0, �T largely scales
as T −4

b across the entire bath temperature range we explored.
Figure 5(b) demonstrates a rather good linear dependence of
�T on h for given Tb and R0. Lastly, Fig. 5(c) reveals a
somewhat mild power-law dependence, �T ∝ Rα

0 , when Tb

and h are fixed. This power exponent α varies with h and Tb,
as listed in Table I, and is generally small. Combining all these
insights, we can propose the following simple correlation
between �T and the parameters Tb, h, and R0:

�T (Tb, h, R0) = D
hRα

0

T 4
b

, (26)

TABLE I. Fitted exponent α for cylindrical heaters.

h (cm)/Tb (K) 1.7 1.8 1.9 2.0

1 0.12 0.11 0.09 0.07
5 0.08 0.07 0.06 0.04
20 0.05 0.04 0.03 0.02
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b

T'  (K)b
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2

ΔT
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2
R 0
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/3
  

(W
/c

m
5
/3
)

FIG. 6. Simulated q∗/(2�T/C2R0)1/3 as a function of T ′
b = Tb +

�T/2 for cylindrical heaters at all the parameter combinations
(Tb, h, R0) we studied. The black curve represents f −1/3(T ′

b ), where
f is the known He II heat conductivity function [3]. The simulated
data collapse nicely onto the f −1/3 curve.

where D is a numerical factor derivable from the scaling
coefficients shown in Figs. 5(a)–5(c). To evaluate D in a more
systematic manner, we compute it as D = �T/(hRα

0 /T 4
b ) for

each parameter combination (Tb, h, R0). Notably, within our
chosen parameter range, all deduced values for D fall within
the range D = 0.024 ± 0.002 K5/cm1+α . More details regard-
ing the derivation of D is provided in the Appendix.

With the obtained expression for �T , we can now derive
a convenient correlation to evaluate q∗. Given that �T is
typically much smaller than Tb (i.e., see Fig. 5), the inte-
gral in Eq. (25) can be approximated by evaluating f (T ) at
T = Tb + 1

2�T , resulting in

q∗ ≈ [(3N − 1)�T/C2R0]1/3 · f (Tb + �T/2)−1/3. (27)

To verify the accuracy of this expression for cylindrical
heaters, we plot the simulated q∗/(2�T/C2R0)1/3 in Fig. 6 as
a function of T ′

b = Tb + �T/2 for all the parameter combina-
tions we studied. Impressively, all the simulated data collapse
onto a single curve, which agrees precisely with f (T ′

b )−1/3.
In order to derive a convenient correlation for q∗ that ex-

plicitly depends on Tb, h, and R0, one can perform a Taylor
expansion of Eq. (27) as

q∗ ≈ (2�T/C2R0)1/3

[
1

f (Tb)
− �T

2

f ′(Tb)

f (Tb)2

]1/3

. (28)

Using the expression for �T from Eq. (26), we can substitute
it into Eq. (28) to yield the following final correlation:

q∗ ≈
[

2Dh

C2R1−α
0 T 4

b f (Tb)

(
1 − DhRα

0

2T 4
b

f ′(Tb)

f (Tb)

)] 1
3

. (29)

With this correlation, evaluating q∗ becomes straightforward
given a specific set of parameters (Tb, h, R0). It is worth
noting from Eq. (29) that the dependence of q∗ on R0 can

be expressed as q∗ ∝ R
− 1

m
0 , where m ≈ 3/(1 − α). For the

parameter ranges explored in our simulations, m varies from
3.06 to 3.4. The deviation of m from 3 is entirely due to the

q*  
(W

/c
m

2
)

Tb (K)

Immersion

depth h:

40 cm:

20 cm:

6 cm:

2 cm:

FIG. 7. Simulated peak heat flux q∗ for spherical heaters with
various Tb, h, and R0.

weak dependence of �T on R0, i.e., �T ∝ Rα
0 as shown in

Eq. (26). It is worth highlighting that such a deviation from
m = 3 has indeed been reported experimentally [3].

B. Spherical heater case

In the case of spherical heaters, we follow a similar proce-
dure to that for the cylindrical heaters. We consider a spherical
heater of radius R0 immersed at depth h in He II held at a bath
temperature Tb and then conduct numerical simulations across
various Tb, h, and R0 values. The obtained q∗ data are dis-
played in Fig. 7. From the data, it is evident that the variation
of q∗ with respect to Tb, h, and R0 for spherical heaters shows
similar trends observed for cylindrical heaters. Moreover, for
a given parameter set (Tb, h, R0), the q∗ value for spherical
heaters is consistently higher than that for cylindrical heaters.

The behavior of �T for spherical heaters closely mirrors
what we observed for cylindrical heaters. In Figs. 8(a), 8(b),
and 8(c), we display representative results showing the de-
pendencies of �T on Tb, h, and R0. These results lead us to
a correlation for �T which strikingly takes the same form as
Eq. (26) for cylindrical heaters, namely �T = D(hRα

0 /T 4
b ).

The fitted values of α (as shown in Table II) are approxi-
mately double that of cylindrical heaters. The similarity of
these expressions underscores the robustness of the correla-
tion across different heater geometries. As before, the factor
D for each parameter set (Tb, h, R0) can be computed as D =
�T/(hRα

0 /T 4
b ). The resulting values of D for all studied cases

fall within D = 0.024 ± 0.002 K5/cm1+α , matching precisely
with those derived for cylindrical heaters. Further details on
the derivation of D are provided in the Appendix.

TABLE II. Fitted exponent α for spherical heaters.

h (cm)/Tb (K) 1.7 1.8 1.9 2.0

1 0.20 0.18 0.15 0.11
5 0.13 0.11 0.10 0.07
20 0.08 0.07 0.06 0.04
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)
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(h
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 (
K

)
ΔT

(R
0
) 

 (
K

)

ΔT(Tb)·Tb
4=CT

CT=0.237±0.003 K5

Simulation
Fit:

ΔT(h)=Ch h
Ch=(2.24±0.02)×10-3 K/cm

ΔT(R0)=CRR
0

0.09

CR=(2.47±0.01)×10-2 K/cm0.09

h = 10 cm

R
0
 = 0.73 cm

Tb = 1.78 K

R
0
 = 0.73 cm

Tb = 1.78 K

h = 10 cm

(a)

(b)

(c)

Simulation

Fit:
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FIG. 8. (a) Dependence of �T on the bath temperature Tb for a
spherical heater of fixed h and R0. (b) Dependence of �T on the
immersion depth h at fixed Tb and R0. (c) Dependence of �T on the
heater radius R0 at fixed Tb and h.

To demonstrate the precision of Eq. (27) for spherical
heaters, we again plot q∗/(5�T/C2R0)1/3 against T ′

b = Tb +
1
2�T . As shown in Fig. 9, data points for all parameter com-
binations (Tb, h, R0) collapse onto a single curve described by

T'  (K)b

q* /(
2
ΔT

/C
2
R 0

)1
/3
  
(W

/c
m

5
/3
)

f(T' )-1/3

FIG. 9. Simulated q∗/(2�T/C2R0)1/3 as a function of T ′
b =

Tb + �T/2 for spherical heaters at all the parameter combinations
(Tb, h, R0) we studied. The black curve represents f −1/3(T ′

b ), where
f is the known He II heat conductivity function [3].

T'  (K)b

D
 (

K
5
/c

m
1
+

α
)

T'  (K)b

D
 (

K
5
/c

m
1
+

α
)

0.00

0.02

0.01

0.03

0.00

0.02

0.01

0.03

D = 0.024

D
min

= 0.023

D
max

= 0.026

D = 0.024

D
min

= 0.023

D
max

= 0.026

(a)

(b)

1.7 1.8 1.9 2.0 2.1

1.7 1.8 1.9 2.0 2.1

FIG. 10. Correlation factor D for (a) cylindrical and (b) spherical
heaters, respectively, calculated under all the parameter combinations
(Tb, h, R0) we explored.

f (T ′
b )−1/3. Finally, using a similar approach, we can express

q∗ for spherical heaters explicitly in terms of Tb, h, and R0 by
incorporating the expression for �T :

q∗ ≈
[

5Dh

C2R1−α
0 T 4

b f (Tb)

(
1 − DhRα

0

2T 4
b

f ′(Tb)

f (Tb)

)] 1
3

. (30)

Compared to Eq. (29), apart from the variance in α, the main
difference lies in the numerical factor 3N − 1 = 5 for the
spherical geometry.

V. SUMMARY

We have conducted a comprehensive numerical analysis
of the boiling peak heat flux q∗ for steady-state heat transfer
in He II from both cylindrical and spherical heaters. The q∗
value was calculated using the He II two-fluid equations of
motion for given bath temperature Tb, heater immersion depth
h, and heater radius R0. We calibrated our model by com-
paring the simulated q∗ values with available experimental
data under the same parameter combinations (Tb, h, R0). The
optimized model was then utilized to generate q∗ values across
a wide parameter range. Based on the obtained data, we devel-
oped convenient correlations of q∗ that explicitly depend on
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(Tb, h, R0) for both cylindrical and spherical heaters. Notably,
while spherical heaters generally exhibit higher q∗ values than
their cylindrical counterparts under identical parameters, the
derived correlations share a structural resemblance. These
correlations are valuable in the design of cooling systems
that involve steady but inhomogeneous heat transfer in He II.
Looking ahead, we plan to extend the current work to evaluate
q∗ in transient heat transfer of He II in nonhomogeneous
geometries. For such transient heat transfer, the correlation of
q∗ is expected to be more complicated, since it will depend
not only on (Tb, h, R0) but also the heating duration �t . The
insights obtained in the current research will form the founda-
tion for our future transient heat transfer analysis.
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APPENDIX: DETERMINATION OF D FACTOR

In the main text, we discussed that the temperature rise
�T = T0 − Tb at the peak heat flux q∗ can be expressed in
terms of the bath temperature Tb, the hydrostatic head h, and
the heater radius R0 as given by Eq. (26). To determine D in
a systematic manner, we calculate it as D = �T/(hRα

0 /T 4
b )

for each parameter combination (Tb, h, R0). Figures 10(a) and
10(b) show the results for cylindrical and spherical heaters,
respectively. The data cover a wide range of Tb, h, and R0

and are indicated by distinct marker shapes and colors. It
is clear that D remains roughly constant across all the pa-
rameter combinations. In each figure, two colored bands are
shown. The narrow band shown in orange represents the re-
gion bounded by D = D̄ ± σD, where D̄ = 0.024 K5/cm1+α

is the mean value of D averaged over all the data points and
σD denotes the standard deviation. The wide band shown in
blue is bounded by the maximum Dmax = 0.026 K5/cm1+α

and the minimum Dmin = 0.023 K5/cm1+α among all the data
points. It is clear that all the D values fall within the range
D = 0.024 ± 0.002 K5/cm1+α across the parameter ranges
considered in the paper, for both cylindrical and spherical
heaters.
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