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The behavior of three-dimensional semimetals under strong magnetic fields is a topic of recurring interest in
condensed matter physics. Recently, the advent of Weyl and Dirac semimetals has brought about an interesting
platform for potentially uncovering phases of matter that combine nontrivial band topology and interactions.
While electronic instabilities of such semimetals at strong magnetic fields have been explored theoretically and
experimentally, the role of electron-phonon interactions therein has been largely neglected. In this paper, we
study the interplay of electron-electron and electron-phonon interactions in a minimal two-node model of Weyl
semimetal. Using a Kadanoff-Wilson renormalization group approach, we analyze lattice (Peierls) instabilities
emerging from chiral and nonchiral Landau levels as a function of the magnetic field. We consider both the
adiabatic and nonadiabatic phonon regimes, in the presence or absence of improper symmetries that relate Weyl
nodes of opposite chirality. We find that (i) the Cooper channel, often neglected in recent studies, can prevent
purely electronic instabilities while enabling lattice instabilities that are not Bardeen-Cooper-Schrieffer-like;
(ii) breaking the improper symmetry that relates the two Weyl nodes suppresses the Cooper channel, thereby
increasing the critical temperature for the lattice instability; (iii) in the adiabatic phonon regime, lattice insta-
bilities can preempt purely electronic instabilities; and (iv) pseudoscalar phonons are more prone to undergo a
Peierls instability than scalar phonons. In short, our study emphasizes the importance of taking electron-phonon
interactions into account for a complete understanding of interacting phases of matter in Dirac and Weyl

semimetals at high magnetic fields.
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I. INTRODUCTION

Recently, the competing effects of electronic correlations
and strong spin-orbit coupling have generated considerable
interest in the condensed matter community [1-3]. Topolog-
ical materials [4—10] provide an excellent platform for the
potential realization of exotic electronic phases and novel
phenomena resulting from such an interplay.

A particular example is provided by Weyl semimetals
(WSMs) [11-13], which are topologically nontrivial gapless
systems featuring pairs of nondegenerate bands touching each
other at isolated points in the band structure, with a low-
energy description in terms of massless, linearly dispersing
Weyl fermions. Electronic interaction effects in these systems
have been extensively explored, using various approaches
[14-26].

More generally, the behavior of three-dimensional (3D)
semimetals under a large applied magnetic field has pre-
sented a problem of recurring interest for the community
[27-35]. For such systems, in the so-called quantum limit,
where the Fermi level intersects only the lowest Landau
band, the nesting of Fermi surfaces is greatly enhanced,
stabilizing field-induced symmetry-breaking phases, such as
density wave orders [27,31,34,35]. The quantum limit can
be achieved relatively easily in Dirac/WSMs, owing to their
low carrier density, and the extra valley or orbital degrees of
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freedom may further enrich the types of phases that can be
realized.

On the experimental side, high-field measurements of
Dirac/WSMs have also given rise to anomalous features
[36—40] that hint at the possibility of field-induced phase tran-
sitions in the quantum limit, thus contributing to the interest
in this area. Such anomalies are often attributed to interaction-
induced instabilities occurring at high fields [36,38,39]. In
addition, the high-field regime provides a setting that can be
useful for potentially isolating decisive experimental signa-
tures of Weyl fermions [39,41-46].

From a purely theoretical point of view, much of the
existing effort has been directed specifically toward examin-
ing the effect of electronic interactions in 3D semimetals at
high fields [34,47-53]. In this context, the appearance of a
chiral symmetry-breaking, fully gapped charge-density wave
(CDW) order, even for sufficiently weak repulsive electron-
electron interactions, for topological Dirac and WSMs has
been discussed in the literature [47,50-53]. Such studies have
employed both analytical and numerical approaches but have
generally focused their attention solely on the quantum limit.

On the other hand, while phonons in WSMs have gained
considerable attention [37,41,43,54-62] due to their inter-
play with the nontrivial electronic band topology, the role of
phonons in the magnetic-field-induced instabilities of Weyl
semimetals has barely been explored.

The need for including electron-phonon interactions in the-
oretical treatments of such systems has been raised in part by
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recent high-field measurements in the WSM TaAs [39], where
a strong increase in the ultrasonic attenuation at low tem-
peratures has been observed. Likewise, it has been recently
suggested that electron-phonon interactions can be important
for the field-induced ordered states reported in graphite [30]
and in the Dirac semimetal ZrTes [63,64], although the dis-
cussion on the presence or absence of order in ZrTes is still
ongoing [65-68].

In this paper, we aim to contribute along the preceding line
of research by studying possible instabilities of a WSM at
high magnetic fields through the interplay of electron-electron
and electron-phonon interactions. The primary objective is to
theoretically predict the high-field lattice instabilities for a
minimal (two-node) WSM model, as a function of the mag-
nitude and direction of the magnetic field, in the presence and
absence of improper symmetries relating the two Weyl nodes
and for both the adiabatic and nonadiabatic phonon regimes.

To that end, we adopt the Kadanoff-Wilson renormaliza-
tion group (RG) approach [69,70], which has the advantage of
treating different electronic and lattice instabilities on an equal
footing and allows us to include multiple energy scales with
ease. It follows from our analysis that electron-phonon inter-
actions tend to augment the CDW fluctuations in the system
and that, under certain conditions, lattice instabilities preempt
those of purely electronic origin. It is, therefore important to
take into account the effect of electron-phonon interactions
while studying potential instabilities in WSMs at high mag-
netic fields. Our analysis also evidences that particle-particle
scattering (aka the Cooper channel), which has been often
neglected before, plays an important role when the two Weyl
nodes are related by a mirror plane. Indeed, the Cooper chan-
nel interferes destructively with the particle-hole scattering
(aka the Peierls channel), thereby preventing purely electronic
instabilities while enabling lattice instabilities. Another im-
portant finding from our study is that breaking the mirror
symmetry (which can be done, for example, by rotating the ex-
ternal magnetic field) suppresses the Cooper channel, thereby
increasing the critical temperature for the lattice instability.

The paper is organized as follows. In Sec. II, we begin by
recalling the minimal model of two Weyl nodes in a quan-
tizing magnetic field and in the presence of electron-phonon
and electron-electron interactions. Then, we briefly review the
Kadanoff-Wilson RG method.

In Sec. III, we write the RG equations when the Fermi
level intersects only the chiral Landau levels. We derive the
condition for phonon softening from the renormalization of
the phonon part of the action and use it to obtain the Peierls
transition temperature in hitherto unexplored scenarios and
as a function of different tuning parameters. For instance,
we take into account the effect of an asymmetry in the po-
sition of the Weyl nodes of opposite chiralities, as well as
in their velocities. We also extend our analysis to the nona-
diabatic regime, where the bare phonon energy exceeds the
energy scale of the Peierls transition. We consider competing
logarithmic divergences in the Cooper and Peierls channels
whenever relevant, and find that the results are sensitively
dependent on the competition between the two contributions.

In Sec. IV, we describe the corresponding results for the
case when the Fermi level also intersects the first nonchiral
Landau level. Here, we distinguish between the behavior of

the scalar and pseudoscalar phonon modes, and we find that
the latter are qualitatively more prone to undergo an instabil-
ity.

In Sec. V, we briefly extrapolate our results to real WSMs
and comment on their applicability to Dirac semimetals. In
Sec. VI, we summarize our results and state the main con-
clusions. We also compare our paper with recent theories
[63,64] of lattice instabilities in ZrTes as well as with theories
of magnetic catalysis [48]. Finally, the Appendices contain
details of the RG calculation.

II. MODEL

For most of this paper, we limit ourselves to a minimal
model of two untilted Weyl nodes of opposite chirality. In
Sec. V, we discuss briefly how the results from our toy model
might extrapolate to models with various pairs of Weyl nodes,
with a tilt.

A. Free Weyl fermions in a magnetic field

We consider a WSM of spatial dimensions L, x Ly x L,
under a magnetic field B = Bz with periodic boundary condi-
tions in the z direction. The Landau levels originating from
a Weyl fermion of a given chirality t (with v = £1) are
characterized by the following good quantum numbers: the
Landau-level index n(n € Z, with n > 0 for conduction-band
Landau levels, n < 0 for valence-band Landau levels, n = 0
for the chiral Landau level), the guiding center X, and the
wave vector k along the direction of the external magnetic
field, measured from the position of the Weyl node. Note
that k is assumed to be bound by a cutoff, within which the
Weyl fermion approximation is valid. This cutoff is smaller
than the internodal distance. Below, we will often denote the
collection of good quantum numbers with the letter «, i.e.,
o = (n, X, k, 7). In addition, we disregard the Zeeman effect,
whose effect in our model is limited to a shift in the Weyl
nodes’ location.

The eigenenergies are independent of X and given by

(n#0)

thy + €,
€nXkr = { 0 ke (l’l — 0) (1)

thy + hv, Tk

where €, = hv,tsign(n),/k% + 2|n|/l%, v, is the node-
dependent magnitude of the Dirac velocity (not to be confused
with the v, coefficient below) and 2by is the energy shift
between the two nodes of opposite chirality. In the presence
of an improper symmetry that relates the two nodes (e.g., a
mirror plane), bg = 0 and v; = v_. Below we will study the
general case in which both by and v, — v_ may be nonzero.

The eigenspinors, written in the pseudospin basis {0} =
{1, |} that describes the two degenerate bands at the Weyl
node in the absence of magnetic fields, are

ei(k+k1 )z O (2)
VL. \Jox(x,y)

for the chiral (n = 0) Landau level and

0 x5, y)
VL. \ Unkehin x(x, )

(r|Woxe) =

<r|"IJnth> =

3
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for the nonchiral (n # 0) Landau levels, where k; is the pro-
jection of the momentum of the Weyl node of chirality t along
the magnetic field;

1 hv k
Upe = —=Tsign(n), |1+ , 4
=5 gn(n), | -~ 4)

LJ, vk )
Unkr = —= —
ke \/E €nkt

are position-independent coefficients of the Landau-level
spinors;

D" o
Bax (x,y) = %e”‘yﬂwﬂ(x - X), (©6)

1/4
) 1 1 H (x) ey D
W X) =\ —> —(FHuy\ )€

¢ nl; V2! lp

are Landau-level wave functions; and H,(x) are the Hermite
polynomials. It is useful to note that

Ay x |y x7) = /dxdy Rl i ix = 8xx 8w

uikl’ + Uﬁkr =1 (8)

Using the shorthand notation, the free fermion Hamiltonian
can be written as

7—[20) = Z eaclca, 9)
i |

gfxljx’,j(q) = gr‘:’,j(qxq}nX,k,r |eiq‘r | \pn’X’k’r’>

where cl = CZX 4 18 a (dimensionless) operator that creates an
electron in state |W,x/ ).

For the moment, we neglect the single-particle hybridiza-
tion gap due to magnetic tunneling between chiral Landau
levels of opposite chirality. This gap can become measurable
at high magnetic fields [39,71], provided that (i) the magnetic
field is perpendicular to the wave vector that separates Weyl
nodes in momentum space and (ii) the magnetic length is
comparable to or shorter than the inverse of the distance in
momentum space that separates two Weyl nodes at zero field.
The hybridization gap depends strongly on the orientation of
the magnetic field and it is believed to be relatively negligible
when the magnetic field is parallel to the wave vector connect-
ing the two Weyl nodes [42,72,73]. In Sec. V, we will briefly
comment on the implications of the hybridization gap in our
theory.

B. Electron-phonon interaction

The electron-phonon interaction in the band eigenstate ba-
sis is given by

Hep =D > &l (@)ciculal ;+aq)),  (10)

ad q,j

where ajl ; is a (dimensionless) operator that creates a phonon
mode j with momentum q, and

= 8o, (W8 +k, etk —gOx x 44,2 ke e (-1, x 1€V 21, x0) + Ve Vi (i x €™ g x0) ]

. i (X+X7)/2
= Zer'j (WSktk ) ktk —gOx7 X 14,12€ a:(X+XD/

is the electron-phonon matrix element (with dimensions of
energy) in the low-energy Hilbert space spanned by Weyl
fermions. For brevity, Eq. (11) has been written using the
eigenstates of the nonchiral Landau levels [Eq. (3)]. Yet, it can
be easily adapted to include chiral Landau levels via ug 4 ; —
0 and vg x ; — 1.In the numerical estimates performed below,
we will use [74,75]

hd?. .
°p.J (12)

Bov (@) ~ 5
! 2pVao, j(q)

for long-wavelength optical phonons, where V is the crystal
volume, p is the atomic mass density, dp, ; is the optical de-
formation potential (dimensions of energy divided by length),
and wo_ ;(q) is the unperturbed phonon frequency for mode j.
For the case of long-wavelength acoustic phonons, we replace
dop,j = 1q|dac,j, where dy ; is the acoustic deformation po-
tential (dimensions of energy).
In Eq. (11), we have defined the form factors [76,77]

_ min(n, m)! (:qu —igq)l [n—m|
an((h) = m( \/i )

272
i (et w

‘min(n,m) 2

(ke W ire B =1, 1w 1=1(A L) + Vnkz Ve Fing ) ()] (11)

(

where n,m are nonnegative integers, the + and — signs
correspond to the cases n > m and n < m, respectively, and
the functions LY are the generalized Laguerre polynomials.
Also, we have used q = g2 4+ q, r = z2 4+ r; . We note that
for long-wavelength phonons (g smaller than the internodal
distance), Eq. (11) vanishes unless T = t’. In addition, in the
limit q;, — 0, Eq. (11) becomes

(‘Ian,k,‘r |€lqz|lpn’X’k’r’> = 6k’-}—k,r,k-‘,—k,—qfslnl,|n’\8X.X’(un,k,‘r"{n’,k’,‘[’
+ Un.k,t Un’,k’,'r’)~ (14’)

In Eq. (11), we have assumed (for simplicity) that the
electron-phonon coupling is diagonal in the pseudospin ba-
sis. Admittedly, for a generic nesting wave vector, there is
no symmetry-based reason that would preclude the electron-
phonon coupling from having pseudospin-dependent terms.
However, the pseudospin structure of the electron-phonon
coupling is not qualitatively crucial for our theory; what is
crucial is that the coupling between Fermi points connected
by the nesting wave vector be nonzero. Any pseudospin de-
pendence of such an electron-phonon interaction will simply
modify (by a numerical factor) the effective electron-phonon
coupling appearing in our expressions for the critical temper-
ature in Secs. IIT and IV.
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C. Electron-electron interaction

The electron-electron interaction in the band eigenstate
basis is given by

Hee ™ 25 Z Zgzi%,z(q)cmcmcazcm., (15)

where we have neglected umklapp processes,

ggji; (q) = V(q)("pl’llxlkl'[] |eiq.r|\yn4X4k4I4)

7iq'r|\pl13X3k3t3) (16)

is the Coulomb matrix element, V(q) = ¢> / (€0€s0q?) is the

Coulomb potential, and €., is the cutoff-dependent contri-
bution from high-energy electrons (of energy exceeding the
ultraviolet RG cutoff) to dielectric screening. Screening ef-
fects originating from low-energy fermions will be discussed
below.

X <lpn2X2k2 12 | e

D. Partition function

In what follows, we will apply the RG approach [69] to the
Peierls instability of the above model. The starting point is the
functional integral representation of the partition function in
the presence of a magnetic field along z,

7 = /‘DwT@@D/ques[W’w"’)’hw, (17)

which is expressed in terms of a trace over the fermion (")
and phonon (¢) fields. Here, S stands for the action

S, v, ¢, 1 = SO, YT+ Sy, 91 + SV9]
+ Sl v, 1+ Suly T, v, Bl (18)
J
Sep[l?[/T’ wv ¢] =

which comprises five parts. First, the free electron action is

SO =) D o+ — eV (@n)Va(@n),

(19)
where v, and 1//2, are Grassmann fields (with dimensions
Jtime), w, = 2n+ \)wkgT /h (n € Z) are fermionic Mat-
subara frequencies at temperature 7 and pu is the chemical
potential. In Eq. (19), we have used the convention

Vat) = Z T (@), (20)

Wy

where B = 1/kgT. Second, the free phonon action is

SO = -3 3 [2q. o)) 5@ o) @D
q.j wn
where
2°(q. o) = [0}, + @0 (@] (22)

is the free phonon propagator and w,, = 2wkgTm/h (n € Z)
are bosonic Matsubara frequencies, wy, j(q) is the bare phonon
dispersion, and ¢;(q, w,,) is the phonon displacement field for

mode j with wave vector q (with dimensions of +/action x
time). In second quantized form:

1 h
¢i(Q.1) = 7./~ @ )(aq,(t) taq ;). (23
0.

Third, the action for the electron-phonon interaction is

- / Atteg(t) = = |0 3 33 sl @ 0+ 0 )@ o), )
0

Wy, Wiy q] (XO(

where 74, ; stands as a renormalization factor of the electron-phonon coupling (zy,j = 1 at the bare level) and

0, ](Q)V ~ep

2 o
o (@) = ﬁ,/ T @ (25)

is the electron-phonon coupling with dimensions of velocity [g."

electron interactions is

;j was defined in Egs. (11) and (12)]. The action for electron-

hp JTUF
Seely", w1 =— fo dite(t) = ——— Z ngaz(q)w (0 )V, (On) Vas (Ony) Yy (@n) + @y — 00,),  (26)
a}{w.}
where
8aron ()
304 — 0% 27
8o (@) 2 hor (27)
is the electron-electron coupling parameter with dimensions of length squared [g3}7 was defined in Eq. (16)].
Finally, the source field contribution for susceptibilities is given by
TV
Sy’ . hl = WF D3 200 0] o (@)oo (@, On) + Ovigo (@) (0} (28)

v q,0p 0,0’
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where o and o’ are pseudospin labels, %,., .+ are the source
fields, and the composite fields for CDW (v = CDW) and
Cooper pairing (v = SC) take their respective forms

Ocowso0/(@n) = Y D fore g Vi (@n + @)W (1)
c 29)
and

OsCoor(@n) = D Y 3% o Wa(@n + Ve (@,). (30)

oo Wy

Here, z,., ,» stands for the renormalization factor for vertex
part of the susceptibility and f) . . is the related form
factor (more on this below). For a CDW susceptibility that
is pseudospin independent, we take Acpw.s.o X 8565 fOr
a pseudospin-singlet Cooper pairing susceptibility, we take
hscio.00 X 85,—5', and SO on.

E. Method

Starting from Eq. (17), we perform successive partial inte-
grations of fermion fields located in the outer energy shell of
width A, (1)dl on both sides of the Fermi level. For each outer
shell integration, a complete trace over Matsubara frequen-
cies is carried out from which the temperature dependence
of the flow is obtained. Here, A, (I) = A,e~" is the distance
in energy from the Fermi level to the outer shell at step / of
the integration (I > 0), 2A,, is the initial bandwidth cutoff of
the Landau band n, and dl < 1 is the integration step. The
fermion fields in the outer shell are denoted as {y, ¥}. The
recursive procedure is carried out perturbatively, keeping fixed
the inner (<) shell variables and using S[/, ¥] as the outer
shell free fermion part. This yields

z~ [ g [ oyt oy et son
<
X /QlﬁT”DI/} ST

~ /D¢/ DYDY SV M/l (3]

Using the linked cluster theorem, the outer shell integration at
the one-loop level yields the recursion relations

SOBlivar = SPIPl + 5(S2,) + 0@, (32)
Seplr ', ¥, @livar = Seplr ™, ¥, @l + (SepSee)yy + - - -

(33)
Seelv s Wliar = Seel¥ " ¥l + 3(S2), +.... (34
Sulv ", ¥, Mliar = Sulwr™, ¥, bl + (SiSeedy 4+ - (35)

which are expressed in terms of free fermion averages (.. .),,
in the outer energy shell. Equation (32) gives the recursion
relation for the renormalization of the purely phonon part of
the action. At the harmonic ¢? level, it leads to the phonon
the self-energy correction §m to the phonon propagator via
-@;zl = .@jfol — 7, as shown in Fig. 1(a). For simplicity, we
neglect the hybridization between different phonon modes
induced by the electron-phonon coupling; this is a reasonable
approximation for phonon modes that are well-separated in

d T
(a) 2 @ =

d
o g =
@ 4w = e e o

d
(d — -ty = ”m
dl () e -

FIG. 1. Renormalization group flow equations for (a) the phonon
self-energy, (b) electron-phonon vertex part, (c) electron-electron
scattering amplitudes (full square), and (d) and source field vertex
for CDW (SC) susceptibility. The full and dotted thick (thin) loop
fermion lines refer to outer (inner) energy shell fermions near the
right and left Fermi points of the Landau band n (we consider |n] = 0
in Sec. Il and |n| = 0, 1 in Sec. IV).

energy from the rest. Accordingly, 7 and 2 have a single
phonon mode index. At the one-loop level, we do not consider
electronic self-energy corrections to S since for effective
momentum independent couplings these only affect the chem-
ical potential which can be rescaled back to its original value
at each step of the RG at fixed band filling. Equation (33),
depicted by Fig. 1(b), refers to the renormalization of the
electron-phonon vertex part z, o ; due to electron-electron
interactions and Eq. (34), depicted in Fig. 1(c), gives the recur-
sion relation for a combination of electron-electron couplings
g% involved in the renormalization of z,, ; and source field

1,02

vertex z, of Fig. 1(d).

III. PEIERLS INSTABILITY FROM CHIRAL
LANDAU LEVELS

We begin by considering the theory of the Peierls instabil-
ity in the quantum limit, where the Fermi energy intersects
only the chiral Landau levels.

A. Electron-phonon and electron-electron couplings

Figure 2 shows the low-energy electronic structure in the
quantum limit. The distance between the two Fermi points
along the direction of the magnetic field is denoted as 2kp =
kry+ — kp_ (see Fig. 2). According to this definition, the Fermi
wave vector depends on the distance between the Weyl nodes
(note that a different definition for kr will be used when
we treat nonchiral Landau levels in Sec. IV). We take the
magnitudes of the Dirac velocities to be v, = vy for 7 = 1

and v, = vg + 8v for T = —1, where v > —vr (the latter
condition is due to the fact that the two nodes have opposite
chirality).

Assuming that the total carrier density per unit volume #n,
is independent of the magnetic field, the B dependence of kg
in the quantum limit is obtained from

2kp = |4m’lgn, + b

, (36)

where b = |k; — k_| is the momentum separation between
the two Weyl nodes along the direction of the magnetic field.
Here, n, is defined by counting the number of electronic states
between k, and the Fermi energy for each node 7 and then
summing over the two nodes. For an overall electron-doped
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FIG. 2. Landau-level spectrum of two Weyl nodes of opposite
chirality [Eq. (1)] in the quantum limit, where the Fermi energy er
intersects only chiral Landau levels. The parameter values in Eq. (1)
are v, = vg, v_ = 1.5vp, by = 0.1hvg /lz. The distance between the
two Fermi points is denoted as 2kr = kp — kp_, where kr and kg
are the Fermi wave vectors measured from the center of the Brillouin
zone (along the direction of the magnetic field). The locations of
the Weyl nodes, k; and k_, are also indicated and measured from
the center of the Brillouin zone (along the direction of the magnetic
field).

kylg

system (n, > 0), 2kp > b and kp decreases with B. For an
overall hole-doped system (n, < 0), min(kr) = 0. Regardless
of the doping, 2kr — b as B — oo. Thus, at very high mag-
netic field, kr can be made small by orienting the magnetic
field perpendicular to the direction of separation between the
two nodes (because b = 0 in that case).

We will be interested in phonons whose wave vectors con-
nect the two Fermi points, as these are subject to a Peierls
instability. We believe such internodal electron-phonon scat-
tering is generically allowed, despite assertions to the contrary
in the literature [56]. Indeed, from a group theory point of
view, there is no selection rule that forbids electron-phonon
scattering between nodes of opposite chirality. In other words,
because the little group of Weyl nodes located at arbitrary
points in the Brillouin zone comprises only the identity opera-
tion, generic phonon modes of the crystal can scatter electrons
between two nodes of opposite chirality.

From Eq. (11), the bare electron-phonon matrix element
for the chiral Landau level can be written as

ep _ iq-r
gw,,j —grr’,j<\I]0X,k,r|eq [Woxkz)
= 8re', jOk+ky ktke—qOX X 1q,12

% eiq,(XJrX’)/Zefqillz}M’ (37)

where g;. ; is related to g/ ; in Eq. (12) via the relation
Eq. (25). When ¢ Ip 2 1, the electron-phonon matrix element
is exponentially suppressed. For a phonon wave vector con-
necting the two Fermi points, we set T = —1’ in Eq. (37).
Hereafter, we label g; . j = g ; and we neglect the momen-
tum dependence of g, ;. The latter approximation is justified
because we will be interested in phonon momenta close to
2krZ and, in such vicinity, the q dependence of g, ; will be
smooth and qualitatively unimportant for our theory.

The matrix elements for the vertex part of electronic CDW
and SC susceptibilities lead to the form factors entering in
Egs. (29) and (30),

CDW
aa'io00 80, l80'7¢8k’+k1/,k+kr *CISX’,X+qyl§

« et (X+X’)/Ze—qil§/4’ (38)

SC _
faa’;o,cf’ - 50,l80’,¢8k’+k,/.fkfkﬁq(sx’,—x+qyl§

@ XHX)/2 = [a2+(ay=2X/13)° )13 A 39)

where we have used the fact that the n = 0 Landau levels are
pseudospin polarized [recall Eq. (2)]. This allows us to omit
the o and o’ labels from the CDW and SC renormalization
factors, denoting them simply as zcpw and zsc.

Similarly, the Coulomb matrix elements for the electron-
electron interactions [see Eqs. (16) and (27)] read

a0 () = V@) £ X1 X0)/2 p—iq (X2 +X3)/2 =1 15/2
Saa 2w hop

x 5X4,X1 +q,13 8X3,Xz -3
X Otk i -ey —qOks ey ha-hey - (40)

In what follows, we separate gfjjii in two parts, which are
the most important marginal couplings involved in the lattice
instabilities. The first part is the long-wavelength part, known
as the forward Coulomb scattering. For this scattering, the
momentum transfer q is small compared to the internodal
distance. Thus, we take 7 = 74 and 7, = 73 in Eq. (40).
Moreover, the divergence of the Coulomb potential at ¢ — 0
is removed by replacing

Viq) — éiiI})V(q)/E(q, 0) = gomhvp, 41

where

€(q, w) =1—-V(q)Il(q, w) (42)
is the contribution of Weyl fermions to the dielectric function,

f a f o
Ey — Ey + hw +i0
(43)
is the electronic polarization function in the random phase
approximation (RPA) and f,, is the Fermi distribution. The
reason for using static screening in Eq. (41) is that frequency
dependence is irrelevant in the RG sense. Then, keeping only
the chiral Landau-level contribution to the zero-temperature
polarization function [43], which is justified for a UV cutoff
Ay that does not exceed the distance in energy between the
n = 0 and n = 1 Landau levels, we get

1 .
M(q, w) = v Z |(‘Da|e’q'r|‘1’a’>|2

g = 2mli3 vk + v

_ 44
Bop +68v/2 “44)

We emphasize that this RPA expression for g, is only the
bare or initial value of the coupling in the RG flow, i.e., g =
g2(l = 0). We can rewrite Eq. (44) as gowhivp = ez/(eooq%l:),
where

2 e
qtr = e_ V(er) (45)

o0
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is the square of the Thomas-Fermi screening wave vector and

1 24 6v/vp
47212 hvp 14 §v/vp

v(ep) = (46)

is the density of states at the Fermi level. For |§v|/vp <
1, (grelz)? is equal to an effective fine structure constant
€% /(2m*hvp ey, ), which is smaller than unity in typical WSMs.
Thus, we expect gtelp < 1in common Weyl semimetals in the
quantum limit.

The second part of giift is the short-wavelength part,
known as the backward Coulomb scattering. Here, the mo-
mentum transfer q connects the two nodes of opposite

chirality. Thus, we take 1) = —74, 7o = —T3, T4 = —73 in
Eq. (40) and we replace
V(q) = VQ2krZ + q.). 47)

Then, we define

1 [ dg. q.VQkez +q1)

81 =
JThUF fol/lB qu q.
ezlé 1
=% (14— 48
T hvpens n( +4k;z§> “®)

Like for g, in Eq. (44), the value of g; in Eq. (48) is only the
initial (bare) value of the coupling in the RG flow.

Two remarks are in order here. First, our expression for the
bare g; is unscreened. This is well justified when kplp 2 1.
In such regime, (2kr)> > q%F and the nonlogarithmic part of
the RPA screening (coming from the fast electrons) is quali-
tatively unimportant. Regarding the logarithmically divergent
part of the RPA screening at ¢ = 2kp, itis not to be included in
the bare g; but rather it is treated below in the course of the RG
flow. Second, the averaging over the transverse momentum
q. with a cutoff 1/lg in Eq. (48) is motivated by simplicity
(so the effective electron-electron coupling is independent of
wave vector) and by the fact that the Coulomb matrix element
in Eq. (40) is exponentially suppressed for ¢, Iz 2 1. This av-
eraging procedure is justified provided that kr[p is not small.
When kplg — 0, the backward Coulomb scattering becomes
singular and this singularity has to be treated on an equal
footing as the one in the forward Coulomb scattering. The
study of the regime krlp << 1 goes beyond the scope of our
paper.

The relative strength between short- and long-range
Coulomb interactions plays an important role in the Peierls
instability. As we show below, a larger value of g, /g results
in a lower critical temperature for the Peierls instability. From
Egs. (44) and (48), the ratio between the bare couplings is

2 14 46v/2
IS e LV /Y ST TP
g  2mlhvpes 1+ 8v/vp Akzlg

which depends on the magnetic field explicitly via Iz and
implicitly via kr. When kplp > 1, we have g1/g2 ~ gap/k>
(note that krlg > 1 is not incompatible with being in the
quantum limit, provided that the Weyl nodes are well-
separated in momentum space). When krlg <1, g1/g2 ~
(qulB)2 In[1 + 1/(2kp1p)?*] increases with B. In summary, for
a weakly interacting WSM (small fine structure constant), one

expects g1/g>» < 1. However, for more strongly interacting
systems with kglg < 1, it is possible that g; >~ g».

B. RG equations for the adiabatic Peierls instability

The outer shell corrections entering the RG recursive re-
lations [Egs. (32)—(34)] and calculated in Appendix A are
all evaluated in the limit of small g, up to the cutoff 1//p,
above which all the couplings are exponentially suppressed
[see Egs. (37) and (40)]. Within the magnetic length scale /5,
the couplings can then be considered as essentially local in the
transverse directions, which yield 1D-like loop corrections for
the flow equations.

From Eq. (33) and the results of Appendix A, the RG
transformation for the internode electron-phonon vertex part
Zr,—¢ [which renormalizes the bare coupling g, ; introduced
below Eq. (37)] is purely electronic and independent of the
phonon mode j; it leads to the scaling equation

d
—lInz, . =

o
— — g1)Ap, 50
7 > (82 — gAp (50)

where
B 1
2w 2(1 4 8v/2uF)

is a factor that originates from the three-dimensionality of
the system, and Ap(l, T, §v) is the loop cutoff function of the
Peierls scattering channel resulting from an exact summation
over intermediate Matsubara fermion frequencies [0 < Ap <
1, see Eq. (A7)].

The flow of the electron-phonon vertex then depends on the
combination of electron-electron couplings g» — g; governed
by Eq. (34). The derivations in Appendix A at the one-loop
level lead to the scaling equations

o (5D

d 1
% = —53%%%1) + &28120(Ap + Ac), (52)
dgz 1 1
W = EgZI(xO)‘C + Eg%()l()()\.p + )\.0), (53)
which can be merged to give
digo—g1) 1
SR = Cag g e re) (54

as a relevant combination of couplings in presence of ef-
fectively spinless fermions shown in Fig. 1(c). In our local
transverse scheme for the couplings, this equation is similar
to the one obtained by Yakovenko for the problem of 3D
electron gas in the presence of strong magnetic field [28].
Here Ac(I, T, A, §v) is the loop cutoff function of the Cooper
scattering channel, as obtained from the summation over Mat-
subara fermion frequencies [—1 < A¢ < 0, see Eq. (A24)].
This A¢ is opposite in sign to Ap and it is also cut off by the
energy scale

A = hvp(kpy + kp-) (55)

associated to mirror symmetry-breaking. In the RG Eqgs. (50),
(52), and (54), the variables g;, g2, Ac, and Ap vary with [ (they
are not to be confused with their bare values). In what follows,
we shall proceed to the integration of the flow equations as a
function of /. At sufficiently large /, the functions Ap ¢ will cut
off the flow, providing, in turn, either a T or a A dependence to
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various quantities depending whether kg7 < A or kgT > A.
From the 7' dependence, for instance, one can then extract the
temperature scale of various instabilities of the model.

When the two Weyl nodes are related by an improper
symmetry operation that remains unbroken in the presence of
the external magnetic field, we get A = 0. Such is the case, for
instance, if at zero magnetic field the two nodes were related
to one another by a mirror plane and the applied magnetic
field is oriented perpendicular to that plane. If the magnetic
field is tilted away from the normal to the mirror plane, one
generically has A # 0. Thus, the energy scale A is partially
tunable with the magnitude and orientation of the magnetic
field. Of course, if the two nodes are unrelated by an improper
symmetry at zero magnetic field, then A # 0 irrespective of
the magnetic field.

When q = 2krZ, the RG transformation for the phonon
propagator of mode j leads to the phonon self-energy correc-
tions §7; shown in Fig. 1(a) and in Eq. (32). In the adiabatic
case, these corrections are purely electronic in character. At
the one-loop level at step £, one has

S xw). 66

T =T — w0l + waj(q)[l -3

St

where g’x =8 Jwo,j and

1
x() = / 2 _ (rpdl’ (57)
0

is the CDW susceptibility of the electron system along Z and
near 2kr.

Equation (56) describes the softening of phonons due
to their coupling to Weyl fermions. The vanishing of the
term inside the square bracket sets the temperature scale for
the Peierls instability. For pedagogical reasons, we compare
Eq. (56) with the standard RPA expression for the renor-
malized phonon frequency (see, e.g., Refs. [43,75]). The
connection emerges if we set the bare g, to zero and if we ne-
glect A¢ in our RG equations. Under those conditions, Eq. (57)
becomes

3 apdl!
L0 [y apdl

where g; here is the bare coupling for the backward Coulomb
scattering. If we substitute Eq. (58) in Eq. (56), we recover the
usual RPA result for the renormalized phonon frequency, with
o fol Apdl’ /2 playing the role of the electronic polarization

bubble and 1+ g fol Apdl’/2 describing the contribution
from low-energy electrons to the dielectric function. Thus,
we learn that the widely used RPA expressions are valid
only when the forward Coulomb scattering and the scattering
amplitude in the Cooper channel are negligible. Yet, as we see
below, both g, and A¢ play an important role in the Peierls
instabilities of WSMs at high magnetic fields.

x()= (58)

1. Adiabatic regime with mirror symmetry

Let us suppose that the two Weyl nodes of opposite chi-
rality are related by a mirror plane at zero magnetic field.
This is a common circumstance in a variety of real WSMs.
In the presence of a magnetic field, mirror symmetry is pre-
served provided that the field is oriented perpendicular to the

mirror plane. Then, one has A =0, v =0, and Ap(I,T) =
—Ac(l, T), the latter of which become cut off only by the
temperature. It follows that interference between both (Peierls
and Cooper) scattering channels is maximum, so

dg o dg, @ dg

— = ——giAp, — = —giAc=—. 59
dl P8k = sk = )
The solution for g; (/) at low temperature (where Ap ~ 1) is
given by

81

. L —
g1(l) -

(60)

indicating that repulsive backward scattering decays with /
and is marginally irrelevant. From Eqs. (59) or (54), we see
that for the mirror symmetric situation, g; — g» is an invariant
of the RG flow. This is a consequence of the fact that, since
fermions in chiral Landau levels are effectively spinless, the g;
term can be transformed by exchange to a g, process, which
conserves particles on each node and satisfies electron-hole
symmetry at A = 0 [78].

The invariant combination g(I) — g1(l) = g, — g1 re-
mains marginal and nonuniversal. One can then write the
solution for the electron-phonon vertex part [Eq. (50)] as

1 1 NI
Zer = 27 o e (61)
where

Yy =oap(g2 — &1) (62)

is a nonuniversal power-law exponent dependent on Coulomb
interactions and the magnetic field. At q = 2kr2, Ap = 1 up
to the temperature cutoff value

Iy = In(Ao/ksT), (63)

and Ap >~ 0 for / > Iy. Then, from Eq. (56), the vanishing
of the renormalized phonon frequency in the static (w,, = 0)
limit leads to the Peierls critical temperature scale for the j
mode:

2 1y
o0g?; ) , (64)

7’ :ﬂ(—
0= G \2y + aog?,

In practice, the Peierls instability is set by the mode j for
which Tc],O is maximum. The power-law dependence for the
critical temperature originates from the competition between
the Peierls and the Cooper scattering channels and differs
qualitatively from the exponential, BCS-like forms proposed
in earlier mean-field treatments [36,53,64]. The latter studies
implicitly ignored the possibility of a Cooper channel contri-
bution. We emphasize that the Cooper channel is important
even though the two Weyl nodes are not time-reversed part-
ners of one another; the reason is that the mirror plane relating
the two Weyl nodes passes from the I" point, so the two nodes
have opposite momenta along the direction of the magnetic
field. It is as though the presence of the magnetic field ren-
dered an effectively 1D problem with the k — —k symmetry
that is required for a full Cooper channel contribution.

Let us comment on some qualitative aspects of Eq. (64).
When g, > g, Peierls instability occurs at any nonzero
value of g and CDW correlations of the electron system
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FIG. 3. (a) Estimate of the Peierls transition temperature in the
adiabatic phonon approximation as a function of the magnetic field,
with mirror symmetry (solid lines) and without mirror symmetry
(dashed lines) for Ay = 50 meV (considering a field-dependent cut-
off does not introduce qualitative changes to our results). For the
curves with the dashed lines, we take A = 5meV as the mirror
symmetry-breaking energy scale. Only the magnetic field values for
which the system is in the quantum limit are displayed. Two different
values of €., are considered: 30 (blue and green curves) and 80
(orange and red curves). The transition temperature 7, is enhanced
by mirror-symmetry breaking. Also, the transition temperature is
higher for larger €. (b) The electron-electron interaction parameter
y [Eq. (62)] as a function of the magnetic field for two different
values of €. (c) krlp as a function of the magnetic field. The
parameter values are indicated in the main text.

enhance the Peierls temperature with respect to the BCS-
like limit kBT’0 = Agexp[—2/ (aogfl)] which we recover
when electron-electron interactions are vanishingly small
(y — 07). When g, < g; (ie.,, ¥ <0), a Peierls instabil-
ity can still occur but only if the electron-phonon coupling
strength exceeds a threshold value (aogf ;> —2y). In this
sense, the phonon softening is qualitatively weaker if g; > g»
than if g; < g,. As mentioned above, g; > g, takes place if
gtr > max(kg, 1/lp). The fact that the screening due to the
short-range (2kr) part of the Coulomb interaction tends to
suppress the Peierls instability when grr > kg is consistent
with the literature in quasi-1D organic conductors at zero
magnetic field [79].

Next, we carry out a numerical estimate of Eq. (64) (see
Fig. 3 for the variation of T’ v as a function of the field value
B). Combining Eqgs. (12) and (25), we have

2 eBd12 (65)

o >~

i T Tupiian (@)
We consider optical phonons with d; =35 eV/ A and
hawy j(q) = IOmeV We also take p = 104 kg/m?, v, =
105m/s, b = 0.01A~!, and n, = 5 x 10'7 cm~>. We take two

possible values for €, 30 and 80.

In Fig. 3, the dependence of T’ on B is nonmonotonic. For
low-to-moderate magnetic ﬁelds g1 /g» < 1l and hence y ~ 1
(far from the BCS-like regime). In this regime, y > ozog’x,_,

and kBTC{0 /Ao = aogﬁ ;/2 grows linearly with B. As the mag-
netic field is made stronger, g;/g» increases and, as a result,

y decreases. At high enough magnetic field, this eventually
leads to a suppression of 7, due to g;. The magnitude of
the maximum critical temperature depends sensitively on the
parameters of the model. For instance, if d; = 2¢eV/ A, every-

thing else being equal, the maximum of TL’ o is suppressed by
almost an order of magnitude. For a given material, higher
carrier density implies a higher value of the maximal ch o-In

Fig. 3, the maximum of TC’ o attains ~1% of the cutoff energy
scale Ag. The value for Ay is roughly set by the distance in
energy between the Fermi level and the bottom of the n = 1
nonchiral Landau level band. We estimate Ay ~ hivg/lp 2
20meV for the quantum limit, which is inferior to the values
used in recent literature [36]. Based on these numbers, we
conclude that the emergence of a measurable Peierls instabil-
ity in a mirror-symmetric WSM at high magnetic field is far
from obvious. We must emphasize, however, that while these
numbers are reasonable across a wide family of materials, re-
liable numerical estimates for 7, in individual WSM materials
are beyond the scope of our paper. For one thing, the value of
the electron-phonon coupling is not known reliably in these
materials. Likewise, the presence of multiple pairs of nodes
in several real WSMs introduces additional complications in
making quantitative predictions about field-induced instabili-
ties (see Sec.V for further comments in this regard).

2. Adiabatic regime with broken mirror symmetry

We now consider the more general case with broken
mirror symmetry. Nonzero v and A = hivg(kpy + kp_) are
inevitable if the two Weyl nodes of opposite chirality are un-
related by an improper symmetry. In the instance in which the
two nodes are related by a mirror plane at zero magnetic field,
such mirror symmetry can be effectively broken by orienting
the magnetic field away from the normal to the mirror plane.
In such a case, A can be large [of the order of hvp (ks + k_)]
when the magnetic field is parallel to the mirror plane.

From Eq. (54), the solution for g>(I) — g1(I) can be ob-
tained:

g(1) — g1(1) = §27 81

— &) [3Gp + Ac)dl

A finite dv alone does not affect the logarithmic singularity
of the scattering channels, but leads to a density of states
renormalization by the factor (1 + §v/2vr)~', which we have
included in the definition for ¢y (Eq. 51). In contrast, A acts as
a pair breaking perturbation for the logarithmic singularity of
the Cooper scattering channel, which is thereby suppressed
at sufficiently low energy. Electron-hole symmetry at 2kp
(nesting), however, is preserved and the related logarithmic
singularity in the Peierls channel therefore remains essentially
unaffected at all [ < Ir.

From Eq. (A24), one can distinguish three regimes for
the cutoff functions Ac and Ap as a function of /. First, at
I <lIpn =1In(Ag/A), the influence of A is small and one still
has Ac & —Ap = —1. Therefore, the flow Egs. (59)-(61) re-
main valid together with the expression for the Peierls critical
temperature [Eq. (64)], with the proviso that kgT/, > A.

The second regime, where / > [5, becomes apphcable if
A exceeds the Peierls transition temperature for the mirror-
symmetric case [Eq. (64)]. In this regime, the Cooper loop

66)

1- %060(82
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is cut off by A and becomes Vanishingly small (Ac ~ 0).
Accordingly, the expression for 7;{0 is modified. The flow
of interactions [Eq. (66)] for Ap =~ 1 up to Iy will develop a
simple pole singularity at the characteristic temperature

A
TO* — 56—2/00(3’2—81)’ (67)
which corresponds to the scale of an intrinsic instability of the
electron gas against a (0, 0, 2kz) CDW formation. This can be
checked by looking at the vertex part zcpw for the electronic
CDW susceptibility. From Egs. (28), (35), and (38), its flow
equation reads

, il ) (68)
— In e —— J— S
a1 Zcow 5 82 — 81)Ap
which unsurprisingly coincides with Eq. (50) for z; _,. Using
Eq. (66), one has

Zcow(A)
1— Jao(ga — g1)( — In)]’

where zcpw(A) = z;,—:(A), as given by Eq. (61) when evalu-
ated at [ = /5. The expression for zcpw (I7) and thus the CDW
susceptibility Eq. (57) develops a simple pole singularity at
T5.

’ However, in the presence of a nonzero electron-phonon
coupling, this instability is preempted by the Peierls transi-
tion. According to Eq. (66), the phonon softening condition
[Eq. (56)] then gives a Peierls transition temperature,

; 2 — gl ix (D)
Tio= - exp|— I 2 2 2 |
kg y[1 = 3a0x (M) ;] + ooz . (A)gZ;
(70)
where x(A) is the contribution to the CDW electronic sus-
ceptibility Eq. (57) up to Ian. These correlations enhance
the transition temperature with respect to the case with-
out electron-phonon interactions. We remind the reader that
Eq. (70) holds only if kBTC{O < A; in the opposite regime, one
can ignore mirror symmetry breaking and use Eq. (64). We
also note that Tc{o exceeds the temperature scale 7 of the

zepw(l) = [ (69)

purely electronic instability, with TC{O — Ty when g, ; — 0.

Finally, the third regime takes place when A > Ay, i.e.,
when mirror symmetry is strongly broken. In this case, /I —
0 and the Peierls transition temperature is still given by
Eq. (70), but with x(A) — 0 in the exponent and A — Ay
in front of the exponential, i.e.,

T/ :ﬂexp —; . 71
0 kg J/+0logx2,j

Figure 3(a) shows the evolution of the transition temper-
ature as a function of the applied magnetic field for Ay =
50 meV (considering a field-dependent cutoff does not in-
troduce qualitative changes to our results) and A =5 meV
(assumed for simplicity to be field independent) for the same
parameters as the in the mirror-symmetric case. Interestingly,
the transition temperature is significantly enhanced when mir-
ror symmetry is broken. As shown by Eq. (69), the presence
at finite / of a simple pole singularity magnifies the CDW
response of the electron system with respect to the power law

Eq. (61) for A = 0. This is responsible for such an enhance-
ment in TCJ 0

In sum, there is a qualitative difference for the Peierls in-
stabilities of the chiral Landau levels depending on whether or
not they are related by an improper symmetry. In the presence
of mirror symmetry, the instability vanishes in the absence of
electron-phonon interaction. This is because of the destructive
interference between the Cooper and the Peierls channels.
When the mirror symmetry is broken, the Cooper channel is
suppressed and this opens the possibility for having a purely
electronic instability even when the electron-phonon coupling
is negligible. However, the presence of electron-phonon cou-
pling makes the instability more pronounced, and thus a lattice
instability preempts the purely electronic instability.

C. Nonadiabatic Peierls instability

Thus far, our results were obtained in the so-called adia-
batic regime, where hawy ;(2kp2) < kBTC{O and the electronic
degrees of freedom are faster than the phonons. In this case,
the effective electron-electron interaction induced by the ex-
change of phonons is strongly retarded and its contribution
to higher order vertex corrections in the phonon self-energy
[Eq. (56)], which would result from the contraction of the gen-
erated anharmonic terms in the phonon action, is negligible.
This leaves us with the diagram in Fig. 1(a) of the adiabatic
approximation, in which vertex corrections are purely elec-
tronic in character.

However, it is apparent from the numerical estimates
of Fig. 3 that the scenario 7wy ;(2krZ) > kBTL,{O can be
commonly realized in practice in WSMs. This defines the
nonadiabatic regime where phonon-mediated interactions be-
tween electrons tend to be nonretarded. Such interactions
make a significant contribution to the electronic vertex in
Figs. 1(b) and 1(c) and contribute to the phonon self-energy
depicted in Fig. 1(a). It follows that the criterion of insta-
bility against the formation of a superstructure, as derived in
Eq. (56) for phonons, no longer holds and must be modified.
Therefore, at energy scales below fiwg ;(2krz), we focus on
the electronic degrees of freedom and derive the condition for
the instability of the electron system against the formation of
a 2kpz CDW, using Eqs. (52) and (53).

We shall tackle this problem using a two-cutoff RG ap-
proach [80]. First, we integrate the flow equations of the
previous section in the adiabatic sector, where Ay(l) = hay,
here defined for simplicity as the minimum energy of the set
of phonon modes {fiwg ;}. The scaled cutoff energy reaches
the characteristic phonon energy at [*, i.e., Ag(I*) = héy. For
[ > I*, all phonon modes enter the nonadiabatic regime and

. . . (0)
we carry out the partial trace integration [ D¢ e*nr* Serr)/"

over phonon degrees of freedom in the partition function
[Eq. (31)]. By dropping anharmonic terms generated by the
RG transformation, the integration is Gaussian and yields at-
tractive, phonon-mediated interactions between electrons. The
backscattering amplitude mediated by phonons takes the form

1 A
01 = —5% (N} 70,20, (72)
J
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This coupling can be considered as essentially nonretarded,
i.e., independent of frequency. As such, its amplitude will
simply add to the purely repulsive g;(/*) part obtained
from Eq. (60), so the initial condition at [* for Eqgs. (59)
becomes g} = g1(I*) + g1. With sizable electronic vertex
corrections z;,_.({*) and Peierls fluctuations, which imply
a large 9;,+(0,2krZ), the likelihood for a total attractive
backscattering amplitude g3 is high.

The integration of phonon modes at small q will also give
rise to an effective attractive forward scattering amplitude,

1 )
Bw=-3 ; 2;000, g2 ~ 0)grr.i8vvjr (73

which will add to g>(I*) to give g5 = g2(I*) + g2 as the
boundary condition for the forward scattering at [*. However,
in the absence of electronic enhancement (z;; = 1) and a
lack of q ~ 0 phonon softening, this attractive contribution
is expected to be small, so g remains repulsive.

Given these corrections to the electronic interactions, we
will investigate the possibility for an electronic instability in
the WSM model in the nonadiabatic regime.

1. Nonadiabatic regime with mirror symmetry

We first consider the possibility for instabilities when the
two Weyl nodes are related by perfect mirror symmetry (A =
0, §v = 0). In these conditions, g; and g, at [ > [* are still
governed by the flow of Eq. (54), for which the interference
between the Cooper and the Peierls scattering channels is
maximum (Ac = —Ap = —1). The invariant g,(l) — g{({) =
g5 — & is now fixed by the boundary conditions at /*. There-
fore, the vertex part Eq. (68) of the 2k CDW susceptibility at
[ > I* takes the scaling form

zepw(!) = zepw (I*)e? =172, (74)

where y* = (g5 — &7) and zcpw(/*) corresponds to the
same expression given in Eq. (61). The 2krZ CDW suscepti-
bility, Eq. (57), when evaluated at the temperature cutoff value
I7, has the power-law form

2 * = \V"
X(T):X(z*)ﬁc%f”((%) —1), 75)

where x (I*) is the contribution to the susceptibility Eq. (57)
up to /*. In the nonadiabatic regime, the chiral mirror sym-
metric Landau level thus evolves toward a Luttinger liquid
behavior with no instability at finite temperature.

As a function of phonon frequency, it follows that the
system will cross over from a classical 2krz Peierls super-
structure at small i@y < kgT/, to a Luttinger liquid at high

phonon frequency iy > kBTC{O. Such a quantum-classical
crossover is reminiscent of the one encountered in the model
of spinless electrons coupled to optical phonons in one di-
mension. The zero-temperature Peierls state is known to be
suppressed by quantum lattice fluctuations at large phonon
frequency [80,81]. Regarding the strength of correlations, at-
tractive corrections coming from phonons yield y* > y at any
field values, so CDW correlations are enhanced by phonons in
the nonadiabatic domain.

One may also wonder whether other types of correlations,
such as the superconducting ones, may become singular in the
nonadiabatic domain. It turns out that the phonon renormal-
ization of g7 to the attractive sector will make this possibility
unlikely. This is especially the case for the equal-pseudospin
Cooper pairing susceptibility. From Egs. (28), (30), and (35),
its vertex part obeys the flow equation of Fig. 1(e), namely,

dIn zsc

o
= —— — Ac. 76
T > (&1 — 82)Ac (76)

Its solution takes the scaling form zgc ~ e¥sc!"/2e¥scU=1)/2 pyt
with a negative power-law exponent yg. = —y* that strongly
suppresses superconducting correlations in the nonadiabatic
domain.

2. Nonadiabatic regime with broken mirror symmetry

In the absence of mirror symmetry (A # 0 and §v # 0),
one can distinguish two regimes of nonadiabaticity. The first
one is characterized by [* < I, i.e., fioy > A. In this regime,
the nonadiabatic conditions described in Sec. III C 1 come
first, where the Peierls scale ch o becomes irrelevant and Lut-
tinger liquid conditions for electrons prevail in the interval
Ipn > 1 > I*. Within our sharp cutoff boundary approach, the
logarithmic singularity of the Cooper scattering channel is
suppressed at [ >[5, where A¢c & 0, and the couplings in
Eq. (66) develop a simple pole singularity,

8 — &
1— Jao(gs — &)U —1a)

&) —gi) = (77)

where g, = g12(/*) +g12 are evaluated at [*. The sin-
gularity influences, in turn, the vertex part of the CDW
susceptibility,

Zr,—r(lA)
1 — 3ao(gs — gD —1a)

Ze—c(l) = (78)

where z; _;(Ip) is given by Eq. (74). The Luttinger liquid is
therefore unstable against the formation of a CDW state. Us-
ing Iy = In(Ao/kpT), the temperature scale of the instability
is given by

A 25 (79)

T, = s

Next, we examine the second regime, where [* > [a,
i.e., iy < A. In this regime, symmetry-breaking effects
described in Sec. III B 2 first set in before the onset of nonadi-
abatic regime at [*. In this case, the combination of couplings
at [ > [* shows a simple pole structure:

8~ 8
1 — Sao(gs — g — 1%)
Here g5 — g7 is given by the solution of Eq. (66), first up to
[ and then to /* where the phonon-induced contributions g; »
are added to g1 2(/*). According to Eq. (50), the vertex part of
the CDW susceptibility will have the form

2r,—1 ")
1— Sao(gs — g — 1)

&) —al) = (80)

2r,—1 )=

81)
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where z; _.(I*) is given by Eq. (69). The temperature scale of
the instability against the CDW superstructure becomes

TO* — @6—2/%(5’3—{{). (82)
kg
One can conclude that mirror symmetry breaking with finite
A invariably makes the Luttinger liquid of the nonadiabatic
regime unstable against the formation of a CDW state.

The nonadiabatic regime has also been addressed in
Ref. [49], albeit for a different model of semimetal with spin-
polarized electron and hole bands in the quantum limit. In that
paper, an attractive electron-electron interaction mediated by a
screened electron-phonon coupling have been considered and
phases such as an excitonic insulator, charge Wigner crystal,
and CDW have been predicted using a parquet RG analysis.

IV. PEIERLS INSTABILITY FROM NONCHIRAL
LANDAU LEVELS

In this section, we consider the case in which the Fermi
level crosses not only the chiral Landau levels but also the
|n| = 1 nonchiral Landau levels. For now, we will be in-
terested in the Peierls instability that results from electronic
transitions taking place inside the |rn| = 1 Landau level. In the
end of the section, we will compare this instability to the one
taking place in the n = 0 Landau level. We will neglect the
possibility of instabilities arising from transitions connecting
chiral and nonchiral Landau levels. For such transitions, the
form factors in Eq. (13) vanish when q is parallel to the
magnetic field.

A. Electron-phonon and electron-electron couplings

We begin by assuming that the two Weyl nodes of opposite
chirality are related by a mirror plane. Then we linearize
the dispersion for the |n| = 1 Landau levels in the vicinity
of the Fermi points. Within the subspace of |n| = 1 Lan-
dau levels, several different phonon wave vectors £q; (i =
1,2, 3,4) connect different Fermi points (see Fig. 4). The
wave vectors at which instabilities are more likely are +q;,
+q; and +q4 = +(2q; + q2) because they connect electronic
branches that are perfectly nested. On the one hand, the theory
of phonon instabilities at £q, and £q4, which connect nodes
of opposite chirality, is very similar to the one discussed in
the preceding subsection for chiral Landau levels. The only
significant difference is that the ultraviolet cutoff appearing
in the expression for the Peierls transition temperature is now
given by A, instead of A, and that the matrix elements of the
different couplings are multiplied by a factor A defined below
in Eq. (84). On the other hand, the instability at wave vector
=£q,, which connects two |n| = 1 branches at the same Weyl
node, presents some conceptual novelties. Thus, hereafter we
concentrate on this wave vector, whose magnitude we denote
as 2kr. The maximum value of kr we consider is ﬁ/ g (be-
yond this value, the Fermi level intersects the |n| = 2 Landau
levels).

Let us label L (left) and R (right) the two Fermi points
separated by g; in a node of a given chirality t. The electron-
phonon matrix element connecting L to R reads

y -
Tk (@ = &P (W, x 1 19|V, x 1)

~ e i (X+X")/2 —q*12/4
~ Mgy oty Syr x g p@ U ETEN 2T (83)
qylp

. ||V

q1 a2 q1

En(hvg/lp)
«—>
2

kj

FIG. 4. Landau-level spectrum of two Weyl nodes of opposite
chirality near the quantum limit, where k;; refers to the component
of the momentum along the direction parallel to the magnetic field.
The Fermi energy € intersects the first nonchiral Landau level on
each node (n = 1 for the positive chirality node and n = —1 for the
negative chirality node). The wave vectors i, q2, 3 = q; + (2, and
qs = 2q; + q, connect different Fermi points within the |n| = 1 set
of Landau levels. The energy A, corresponds to the distance from
the bottom of the |n| = 1 Landau levels to €r; it plays the role of an
ultraviolet cutoff. In this figure, it is assumed that the two nodes of
opposite chirality are related by a mirror plane. Otherwise, the vector
q; would have a different length for the two nodes.

where we haveusedn =1(n=—1)fort =1 (r = —1) and
we have defined

1
A ——— (84)

Vkelg?/2+1

One can similarly obtain an expression for gf’{i .(q); the only
difference with respect to Eq. (83) is that Sq,,’gkf is replaced
by 8,2« - In the derivation of Eq. (83), we have approximated
exp(—q} 13/9)[1 + 0(¢2 12)] = exp(—q? 13/4). This approx-
imation is motivated by the fact that, for g lg > 1, the
electron-phonon matrix element is exponentially suppressed.

Comparing Eq. (83) with Eq. (37), we recognize that
the electron-phonon matrix elements for chiral and nonchiral
Landau levels differ by a factor A. This difference emerges
from the pseudospin textures of the respective Landau levels.
For chiral Landau levels, the expectation value of the pseu-
dospin is either perfectly aligned or antialigned with the z axis
(depending on the sign on B), irrespective of the wave vector
and the chirality [cf. Eq. (2)]. Hence, the overlap factor for the
spinors of the two chiral Landau levels of opposite chirality
is unity. In contrast, for the |n| =1 level, the expectation
value of the pseudospin rotates in momentum space: it points
along x at the bottom of the |n| = 1 band, and gradually tilts
toward z as k departs from the energy minimum [cf. Eq. (3)].
Moreover, the left- and right-moving branches in a nonchiral
Landau level have opposite orientations of the pseudospin
along z. This leads to an overlap factor A < 1 between the
branches connected by the wave vector q;. The overlap factor
is gradually suppressed for larger g, /.

In practice, g; = 2kp is a very small fraction of the Bril-
louin zone. Therefore, the q dependence of g in Eq. (83)
can be neglected and its transformation properties under sym-
metry operations can be determined from the irreducible
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representations at zero wave vector. In the presence of mirror
symmetry, one may have g = 0 phonons whose deformation
potentials are even or odd under the mirror operation. We
denote these phonons as scalar and pseudoscalar, respectively.
In reality, scalar and pseudoscalar phonons are invariant under
all proper symmetry operations; however, for our model of
two Weyl nodes, only the mirror operation is relevant. Conse-
quently, we have

g7 = g”, = g, (scalar phonons),
g = —g”, = g,s (pseudoscalar phonons). (85)

The Coulomb matrix elements can be calculated in
the same way as for the chiral Landau levels. The long-
wavelength (q ~ 0) part of the Coulomb interaction [coun-
terpart of Eq. (44)] is now given by

2rl}

g2=—2,
1+2/1+m

which incorporates the static screening from electrons in the
[n] =0 and |n| =1 levels at zero temperature (we assume
Ay > kpT).

Likewise, the short-wavelength (¢ >~ q; = 2kp) part cor-
responding to interbranch momentum transfer within a node
reads

(86)

29272
e\l
g1 = £

Thup€s

1
1+ ——=1, 87
( +4k%1§) ®7

where we have averaged over g, like in Eq. (48), assuming
that krlp is not small. Note that this expression is identical to
that of the previous section, except for the A? factor coming
from the momentum-space pseudospin texture of the nonchi-
ral Landau levels. Then,

2
81 e , 1
—=—AIn({l14+——= ),
g  mlhvpey ( + 4k%l§>

1 2
VM=o (14214 o ). 88
2+k§l};< T e 58

Once again, compared to the discussion of Sec. III on chiral
Landau levels, a dimensionless factor A" appears in the ratio
g1/8» for nonchiral Landau levels.

B. RG equations and phonon spectrum

Like in Sec. III, the outer shell corrections entering the RG
recursive relations [Egs. (32)—(34)] are all evaluated in the
limit of small ¢, up to the cutoff 1/lg, above which all the
couplings are exponentially suppressed. Within the magnetic
length scale /g, the couplings can then be considered as essen-
tially local in the transverse directions, which yield 1D-like
loop corrections for the flow equations. From the results of
Appendix B, the RG transformations for the electron-phonon
vertices z; of Fig. 1(b), corresponding to scalar (j = s) and
pseudoscalar (j = ps) modes, are given by

LR /10)

In

Sinz =20, (89)

where

Ys(1) = a1(g2(1) — 281 (1)),
yps(l) = ang(l)a (90)

ando) = 1/Q2n lé). Here the cutoff function Ap of the Peierls
loop for the nonchiral Landau is given by Eq. (B5) of Ap-
pendix B. Remarkably, the RG flow and the corresponding
phonon softening for the pseudoscalar phonons is indepen-
dent of the coupling g;. As explained in Appendix B, this is
only true for the case where the two Weyl nodes are related by
mirror symmetry. The physical meaning behind the difference
in scalar and pseudoscalar phonon modes originates from the
fact that the latter do not create any net charge fluctuations and
hence they are not screened by g;. In other words, g; couples
to total charge fluctuations, which are absent in the case of
pseudoscalar phonons. In contrast, g, (which is associated to
vertex corrections) couples to all phonons.

As for the electron-electron interactions, the results of Ap-
pendix B lead to the following RG equations:

dg

s (—g21 +glg2)011?»P,

dg, &

—= = 2= Ap. 91
dl 20(1 P On

Unlike in Sec. III, the one-loop corrections to both the cou-
plings g; and g, arise from the Peierls channel alone. The
contribution from the Cooper channel, neglected here, is no
longer logarithmically divergent because the two electronic
branches connected by g; are not symmetric with respect to
the center of the Brillouin zone. The last diagram of Fig. 1(c)
is therefore (approximately) absent.
The solutions of Egs. (91) can be written as

Vi

vilh)= ————,
— U [ pdl

92)

where y; is the bare (I = 0) value of y;(/). In the absence of a
logarithmically singular Cooper channel, there is no invariant
combination of couplings in the course of the RG flow. While
¥ps(1) is marginally relevant, (/) may be marginally irrele-
vant or relevant depending upon the relative values of g,(/)
and 2g;(1).

Using Eq. (92), Eq. (89) can be solved to yield

1

— T 93)
— U pdl

Zj =

Thus, the simple poles in the electron-electron couplings
translate into corresponding poles in the electron-phonon ver-
tices z, and z,,, which essentially demonstrates the coupling
of different CDW correlations to the scalar and pseudoscalar
phonon modes. The charge density wave emerging at the
instability of pseudoscalar phonons is special in that the total
charge density is uniform, while the difference in the charge
density between the two Weyl nodes of opposite chirality
oscillates in space with a period of 7 /kp.

The self-energy corrections for the scalar and pseudoscalar
phonon propagators shown in Fig. 1(a) are given by

97 =9y — 7 = wp 4+ of Q1 —argFx(D], (94
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where wy ; is the bare frequency for the scalar (j = s) and
pseudoscalar (j = ps) phonons, g/j2 = gi»)»z /a)g’ j and

1
$i(0) = / 2 pdl 95)
0

refers to the corresponding electronic susceptibility involved
in the phonon softening. Since we are interested in q = 2kr2,
we take Ap ~ 1 for ] < Iy =1In(A/kgT) and Ap =~ 0 for ] >
I7 in Eq. (95).

Equation (94) allows us to study the adiabatic phonon soft-
ening caused by electrons. When alg’jzxj(lT) =1latw, =0,
the system undergoes a Peierls instability. The transition tem-
perature for the instability at 2krZ is given by

2

TL’ = Ajexp (——
A 20!18!]»24‘)//'

) (J=s.ps), (96)
where the subscript 1 is a reminder that the instability consid-
ered here emerges from within the |r| = 1 nonchiral Landau
levels and their coupling to phonons. The Peierls transition
temperature is of the BCS (exponential) form, in agreement
with the phenomenological expression used in Ref. [40], al-
though renormalized by electron-electron interactions. This is
unlike in the chiral Landau levels related by a mirror plane (or
by another improper symmetry), where the Cooper scattering
channel is present and, consequently, a power-law behavior of
the transition temperature is realized.

We note that Eq. (96) is valid only when 2«1 g7 + y; > 0.

If 20y g’2 +vy; <0, TJ "1 = 0 and there is no Peierls instability.
For scalar phonons, y; becomes negative at high magnetic
fields, which leads to 2a g’f + ys < 0. In contrast, for pseu-
doscalar phonons, y), is positive regardless of the magnetic
field (because g, > 0) and therefore 20(1ngY + yps 1s always
positive. Thus, pseudoscalar phonons remain susceptible to a
Peierls instability even when the scalar phonons are not.

The qualitative difference in the softening between scalar
and pseudoscalar phonons was first noticed in Ref. [43], in the
context of the RPA. This approximation amounts to neglecting
the bare value of g, in Egs. (89) and (91). Under such a
condition, our theory would predict

[ xpdl!

xs() = ——————,
U g [l apdl

1
Xps (1) = / Apdl. (97)
0

Hence, the Peierls instability (the divergence of x(I) at [ —
0o, which takes place when Ap >~ 1) would be suppressed for
scalar phonons due to RPA screening but not for pseudoscalar
phonons. According to Egs. (97) and (94), pseudoscalar
phonons would undergo a Peierls instability for an infinites-
imally weak electron-phonon coupling, while it would take
a minimum strength of electron-phonon coupling to have a
Peierls instability of scalar phonons. This statement is in
agreement with the results of Ref. [43]. However, our more
complete theory, which goes beyond RPA, adds nuance to
such results. For instance, the g, contribution ignored in the
RPA helps the Peierls instability of scalar phonons, which
can now take place for infinitesimally weak electron-phonon
interactions, provided that g, > 2g; [as shown in Eq. (96)].

(a) —— j=scalar phonon, &, = 30¢g
E 0.04 A j=scalar phonon, €, = 80¢&g
E) —— j=pseudoscalar phonon, any &,
T 0.02
0.00 -
b
02 v
= —— j=scalar phonon, €., = 30¢p
0.0+ j = scalar phonon, .. = 80¢, e TTTTTT
—— j=pseudoscalar phonon, any &,

11 12 13 14 15 16
B [Teslal

FIG. 5. (a) Peierls transition temperature for scalar and pseu-
doscalar phonons at the nesting wave vector q; (see Fig. 4). The
parameter values are the same as in Fig. 3. Only the magnetic-field
range in which the Fermi level intersects the n = 0 and |n| = 1 Lan-
dau levels is shown. Also, we limit the data to ¢,/ > 1. For a given
strength of electron-phonon interactions, the transition temperature
for pseudoscalar phonons is enhanced with respect to that of scalar
phonons; the two converge to one another when €, is large. (b) The
bare value of y; as a function of the magnetic field. For the scalar
phonon, y, = g, — 2g; changes signs at sufficiently high magnetic
fields, eventually eliminating the Peierls instability. For the pseu-
doscalar phonon, y,, = g, always remains positive. We note that the
numerical values for y; are much smaller than in the quantum limit
(Fig. 3) because g, is relatively reduced by the additional screening
coming from the |n| = 1 Landau levels. As a a result, the critical
temperatures in this figure are much lower than the ones expected in
Fig. 3.

In Eq. (96), the cutoff energy scale A; decreases as the
strength of the applied magnetic field increases (unlike Ag in
the preceding section), ultimately vanishing at the threshold
of the quantum limit. The exact functional dependence can be
calculated analytically. When A is vanishingly small, there is
no Peierls transition in the nonchiral Landau level.

Figure 5 provides a numerical estimate of 7}, and Tp *. For
equal magnitudes of electron-phonon couphng, the transmon
temperature for pseudoscalar phonons is higher than that of
scalar phonons, because y,; > y;. This difference can be very
significant when g, /g, is not small, i.e., at stronger magnetic
fields, for reasons mentioned above. Therefore, we conclude
that pseudoscalar phonons are more prone than scalar phonons
to Peierls instabilities.

For the same parameter values as in Sec. III, the transition
temperature for the Peierls instability at wave vector q; is very
low (sub-Kelvin). This is so for three reasons: (i) when the
Fermi level intersects only n = 0 and |n| = 1 Landau levels,
the cutoff A can be no larger than (2 — «/z)hv/lg; (i) g
is smaller than in the quantum limit due to the additional
screening coming from the partially occupied |n| = 1 Landau
levels [compare Egs. (86) and (44)]; and (iii) as the magnetic
field is made stronger, A and g, both decrease, while g;/g»
increases.

In view of the preceding paragraph, a Peierls transition
that originates exclusively from |n| = 1 Landau levels at wave
vector g; appears difficult to observe. For a given Fermi
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energy, the instability will often be dominated by the nesting
wave vector connecting nodes of opposite chiralities, mainly
because g; is smaller for the larger (internode) nesting wave
vectors. An exception may take place if g; > g, for both n =
0 and |n| = 1 bands. In that case, for a weak enough electron-
phonon interaction strength, there would be no instability
originating from the chiral Landau levels [recall Eq. (64)].
There could be, however, an instability originating from the
[n| =1 levels for (and only for) pseudoscalar phonons, al-
though at very low temperature.

We conclude this section by discussing the cases of broken
mirror symmetry and nonadiabaticity. Let us suppose that the
mirror symmetry is broken (which can be done by rotating
the direction of the magnetic field). In this case, the wave
vector q; is different (by §kr) in the two nodes of opposite
chirality. If the energy scale /ivpdkp is small compared to the
critical temperature obtained from Eq. (96), then the effect of
the mirror-breaking perturbation on the Peierls instability is
unimportant. If, to the contrary, /ivg6kr is large, only one node
will contribute to the Peierls instability. In this case, the Peierls
transition temperature will still be of exponential form, like in
Eq. (96). However, there is no longer a qualitative distinction
between the softening of scalar and pseudoscalar phonons.
In fact, a single phonon mode will couple to electrons via a
combination of scalar and pseudoscalar coupling. The corre-
sponding transition temperature is given by

2
_ ), 98
0618'124-)/1) o)

where y; = a1(g2 — g1), and (g2, g1, &) refer to the electron-
electron and electron-phonon couplings defined for a single
nonchiral Landau level. While Eq. (98) has the same form as
Eq. (71), it is quantitatively much lower, mainly because g, is
suppressed when the |n| = 1 bands are populated and hence
contribute to screening.

Next, we briefly discuss the nonadiabatic regime of insta-
bilities for nonchiral Landau levels. In the two-cutoff scaling
scheme, when for some given magnetic field interval, A (/) is
scaled down to A([*) = hwy, ; < Aj, the adiabatic softening
condition [Eq. (94)] no longer holds and must be replaced by
the flow equations shown in Egs. (91). In these, the conditions
at [* for nonretarded couplings become g7 , = g12(*) + g1 2,
where g; » are the attractive phonon-indliced backward- and
forward-scattering amplitudes. These can be obtained from
Egs. (72) and (73) after the substitution of the appropri-
ate electron-phonon coupling matrix element [Egs. (85) and
(83)], of the renormalized phonon propagator [Eq. (94)] and
of vertex parts z;(I*) [Eq. (93)] at /*. Note that when the
applied magnetic field is sufficiently large and A < fiwo j,
the electron-phonon system is entirely nonadiabatic so [* = 0.

It follows from Egs. (91) and (89) that, for Ap =~ 1, the
combinations of couplings

T. = A exp (—

y¥
yi(l) = ——r—— (99)
~ -1
and the electron-phonon vertex parts
z;(I")
Gy = —L2—— (100)
-%a-m

both develop a simple pole structure. Here y; = o185 and
ve = ai(g; — 2¢}), whereas the expressions for z;(I*) are
given by Eq. (93) at [*. As a function of temperature, we
obtain the characteristic scaleA

Ty, = ﬁe—w; (101)
for an instability of the electron system against a 2kpZ CDW,
which is distinct for the scalar (j = s) and pseudoscalar (j =
ps) cases. Here the cutoff energy is A ; = min{hwo ;, A},
where A is field dependent. Therefore, at a given applied
magnetic field, nonadiabatic corrections, which predomi-
nantly screen g; to the attractive sector, will enhance (reduce)
the critical temperature [Eq. (96)] for scalar (pseudoscalar)
phonons. The corresponding transition temperature for broken
mirror symmetry between the two Weyl nodes, where we
effectively consider a single nonchiral Landau level for our
analysis, is given by

TF = ﬁe—z/yf , (102)
kg

where v = ai(g5 — g}).

V. APPLICATION TO REAL MATERIALS

Thus far, we have considered a toy model for two Weyl
nodes of opposite chirality, with untilted Weyl cones. In this
section, we extrapolate our results to more realistic situations.
This extrapolation is nontrivial, due to at least three aspects.

First, in the absence of magnetic fields, the Fermi surfaces
of several real WSM are nonspherical around the Weyl nodes
and, moreover, host topologically trivial hole bands away
from the nodes. This goes well beyond the simple model that
we have considered at zero magnetic field. Fortunately, in the
strong magnetic field regime that we are interested in, the
topologically trivial hole pockets are pushed away from the
Fermi energy and the bands at the Fermi level become simpler
and rather universal: 1D (though highly degenerate) chiral
Landau and nonchiral Landau levels. Admittedly, our model
neglects the curvature of the chiral Landau level. Neverthe-
less, the main effect of such curvature in our theory (namely, a
magnetic-field-dependence of the Fermi velocity in the chiral
LL) is qualitatively unimportant.

Second, one common element of real WSMs, which we
have ignored throughout the paper, is the tilt of the Weyl
cones. It turns out that such a tilt does not change the main
results of our theory because the Peierls scattering amplitude
(and also the Cooper scattering amplitude, in the presence of
mirror symmetry) retains its logarithmic divergence; this can
be checked by an explicit calculation.

Third, real WSMs most often host multiple pairs of Weyl
nodes. This has various implications for our theory, which are
worth elaborating on for the remainder of this section. For
example, TaAs and related materials (NbAs, TaP, NbP) dis-
play two symmetry-inequivalent multiplets of Weyl nodes (8
W1 nodes and 16 W2 nodes). The eight symmetry-equivalent
W1 nodes are located on the k, = 0 plane of the Brillouin
zone (see Fig. 6). The 16 symmetry-equivalent W2 nodes are
distributed into two planes (k, = %kp), which are related to
one another by time-reversal. Because the Fermi energy of the
W1 nodes is significantly greater than that of the W2 nodes,
the quantum limit is first attained in the latter.
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FIG. 6. k. = 0 plane of the Brillouin zone in TaAs. Eight Weyl
nodes are shown (blue and red correspond to opposite chiralities).
The grey dashed lines denote the mirror planes.

In the absence of a magnetic field, TaAs belongs to point
group Cy,. Weyl nodes of opposite chirality in Fig. 6 are
related to one another by a mirror plane. At zero field, none
of the long-wavelength phonons in TaAs are pseudoscalar
[82,83].

Let us suppose that the magnetic field is applied along z.
Then, all mirror planes are broken but the rotational symme-
try is preserved. The eight W1 nodes of Fig. 6 can then be
subdivided into four symmetry-related nodes of positive chi-
rality and another four symmetry-equivalent nodes of negative
chirality. The 16 W2 nodes can be similarly subdivided.

In the quantum limit, the possible phonon instabilities
occur for wave vectors connecting Weyl nodes of opposite
chirality. Indeed, since chiral Landau levels of the same chi-
rality have the same dispersion along the direction of B, it
follows that the nesting condition necessary for the logarith-
mic singularity of the Peierls and Cooper channels is not
satisfied for phonon wave vectors connecting two nodes of the
same chirality. For a wave vector in the xy plane connecting
two nodes of opposite chirality, two pairs of chiral Landau
levels (in the case of W1 nodes) or four pairs of chiral Landau
levels (in the case of W2 nodes) contribute to the instability.
For the remaining pairs, the phonon wave vector does not
connect the two nodes of opposite chirality.

If we neglect the Coulomb scattering between different
pairs of nodes, then our theory of Sec. III B 2 for the Peierls
transition temperature can be applied, with some modifica-
tions, to the case of multiple pairs of nodes. Specifically, we
note the following points: (i) since B||Z breaks all mirrors, the
Peierls transition temperature will be of the BCS form; (ii) the
coupling g, will be reduced by a factor of N, where N is the
number of pairs of Weyl nodes contributing to the screening
of the Coulomb interaction; and (iii) the effective electron-
phonon parameter gfc ; will be enhanced by a factor N ', where
N’ is the number of pairs of Weyl nodes that are connected by
the same nesting wave vector. While (ii) leads to a depletion
of the transition temperature, (iii) implies an increase. Hence,
the transition temperature for multiple pairs of Weyl nodes can
be either higher or lower than the transition temperature for a
single pair of Weyl nodes, depending on whether the dominant
contribution comes from electron-electron or electron-phonon
interactions. It must also be mentioned that, in the case of

multiple pairs of nodes, there could be additional types of
instabilities that are not present in the single-pair model.

One aspect of having the magnetic field along the z axis
is that the field is perpendicular to the separation between all
the Weyl nodes in a constant k, plane. Therefore, significant
single-particle hybridization gaps between chiral Landau lev-
els of opposite chirality are expected at high fields. When the
size of these gaps exceeds the Peierls transition temperature
computed for gapless chiral Landau levels, we expect that the
instability will be suppressed.

Next, let us suppose that the magnetic field is applied along
the x direction and let us consider a nesting wave vector q
along x as well. The single-particle hybridization between
chiral Landau levels is relatively unimportant in this config-
uration because the magnetic field is parallel to the vector
separating the two Weyl nodes that contribute to the Peierls
instability. Such a field reduces the symmetry of the crystal
from Cy, to Cy;. As a result [84], the E phonons of TaAs
doubly degenerate in the absence of a magnetic field and split
into nondegenerate scalar (A’) and pseudoscalar (A”) phonons.
According to Eq. (96), we would expect to see a more sig-
nificant softening for the A” phonon than for the A" phonon
in the regime in which both » = 0 and |n| = 1 Landau levels
intersect the Fermi energy. One caveat is that the hybridization
between A’ and A” phonons, neglected in our theory, may be
significant due to the near degeneracy of these modes.

In the quantum limit with B = BX, the results from Sec. III
indicate that the B dependence of the Peierls transition tem-
perature would be qualitatively different for q||X and q||y
phonons [compare, e.g., Eqs. (64) and (70)], because the
former phonons would couple two Weyl nodes related by a
mirror plane and the latter phonons would couple Weyl nodes
not related by a symmetry.

To close this section, we note that our theory is also ap-
plicable to a Dirac semimetal, under the condition that the
Zeeman splitting can transform it into a WSM.

VI. SUMMARY AND CONCLUSIONS

To summarize, we have developed a theory of phonon
instabilities for a simple model of WSMs with two Weyl
nodes of opposite chiralities in the presence of a large ap-
plied magnetic field and electron-electron interactions, using
a Kadanoff-Wilson RG approach. In this section, we begin by
reviewing the main results collected in Table 1.

We have focused on two different parameter regimes for
the applied magnetic field B: the quantum limit, where the
Fermi energy intersects only the chiral (n = 0) Landau levels,
and the near-quantum limit, where the Fermi level also crosses
one nonchiral (n = 1) Landau level on each node. We have
assumed that the hybridization gap coming from the single-
particle magnetic tunneling is smaller than the Fermi energy,
so the system is a metal in the noninteracting limit.

In the quantum limit, the instabilities take place for nesting
wave vectors connecting n = 0 Landau levels of opposite
chirality. We have first considered the situation where the
two Weyl nodes of opposite chirality are related by a mirror
plane and the field is oriented perpendicular to this plane.
In this case, the Peierls transition temperature 7, obeys a
power-law dependence on B [Eq. (64)], which originates from
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TABLE I. Summary of the main results. First column: In the quantum limit, only the chiral Landau levels intersect the Fermi energy. In the
near-quantum limit, the chiral and the first nonchiral Landau levels intersect the Fermi energy. Second column: The adiabatic (nonadiabatic)
phonon regime is realized when kg7, > hwy (kgT. < hwy), where T, is the critical temperature for the lattice instability and wy is the bare
phonon frequency. Third column: When present, mirror symmetry relates the two nodes of opposite chirality. Mirror symmetry may be broken
intrinsically (due to lattice structure) or extrinsically (due to the application of a magnetic field that is not perpendicular to the preexisting
mirror plane). The mirror symmetry-breaking energy scale A is defined in Eq. (55). Fourth column: The magnetic-field dependence of T for
the lattice instability can be exponential or power law. For the near-quantum regime, we consider instabilities at nesting wave vectors that
connect electronic states of the same chirality. The power-law behavior in 7, originates from the interference between the Peierls and Cooper
channels. In the near-quantum regime with mirror symmetry, ’pseudoscalar > scalar” stands for the fact that the instability is qualitatively
more likely to occur for pseudoscalar phonons than for scalar phonons because the former do not generate net charge fluctuations and are thus

not screened by Coulomb interactions.

Magnetic field regime Phonon regime

Mirror symmetry

Field dependence of transition temperature

Quantum limit Adiabatic Yes
No

Nonadiabatic Yes

No

Near-quantum limit Adiabatic Yes
No

Nonadiabatic Yes

No

Power law [Eq. (64)]
Exponential [Eq. (70)]
No instability (Luttinger liquid)

Exponential [Eq. (79) for A < hw, and Eq. (82) for A > hw,]
Exponential [Eq. (96)]. Pseudoscalar > scalar
Exponential [Eq. (98)]

Exponential [Eq. (101)]. Pseudoscalar > scalar
Exponential [Eq. (102)]

the destructive interference between the Peierls and Cooper
scattering channels. The Cooper channel is important even
though the two Weyl nodes are not time-reversed partners
of one another, provided that the two nodes have opposite
momenta along the direction of the magnetic field. The Peierls
transition in this situation depends crucially on the electron-
phonon coupling, that is to say we find no instabilities in
the absence of electron-phonon interactions. Moreover, the
dependence of 7. on B can be nonmonotonic (Fig. 3).

Again in the quantum limit, when the two Weyl nodes of
opposite chirality are not related by symmetry, the Cooper
channel is suppressed due to the asymmetry in the positions
of the Weyl nodes in momentum space. On the other hand,
the Peierls channel remains unaffected because of the per-
fect nesting. This opens the possibility of having a purely
electronic instability. However, in the presence of a nonzero
electron-phonon coupling, this instability is preempted by
an instability of the lattice, with a BCS-like expression for
T. [Eq. (70)]. In a material that is mirror symmetric in the
absence of a magnetic field, such symmetry can be broken in a
controllable fashion by rotating the magnetic field away from
the normal to the mirror plane. One can therefore gradually
turn from Egs. (64) to (70); the crossover takes place when the
energy scale associated to mirror symmetry breaking exceeds
the 7. in Eq. (64).

Still in the quantum limit, we have investigated the
nonadiabatic regime, where the bare phonon energy exceeds
the value of T, obtained in the adiabatic regime. In this
regime, if the two Weyl nodes are related by mirror symmetry,
Luttinger liquid behavior is predicted, with no instability at
finite temperature. On the other hand, if mirror symmetry is
broken, the aforementioned Luttinger liquid state becomes
unstable against the formation of a CDW order [with 7, given
by Eq. (79) or (82), depending on whether the energy scale
for mirror symmetry-breaking exceeds or not the bare phonon
energy].

Next, we have considered lower magnetic fields. In contrast
to the quantum limit, here lattice instabilities can also emerge

at nesting wave vectors that connect two Fermi points of
n =1 Landau levels within the same chirality. In the next
two paragraphs, we focus on such instabilities emerging from
n = 1 Landau levels.

For the adiabatic phonon regime, we obtain a Peierls insta-
bility for n = 1 Landau levels with a 7, of the BCS form; T
decreases as B increases (Fig. 5). Here, the Cooper channel is
suppressed because the Fermi points connected by the nesting
wave vector are not symmetric with respect to the I' point.
When mirror symmetry is present, a qualitative difference ap-
pears between the behaviors of pseudoscalar phonons (whose
deformation potentials have equal magnitudes and opposite
signs on Weyl nodes of opposite chirality) and scalar phonons
(whose deformation potentials have equal magnitudes and
equal signs on Weyl nodes of opposite chirality). Because
pseudoscalar phonons do not generate net charge fluctuations,
they are less screened than scalar phonons by Coulomb inter-
actions and are accordingly more prone to undergo a Peierls
instability.

In the nonadiabatic regime with mirror symmetry, we ob-
tain a characteristic scale for an instability of the electron
system against a CDW order, which is distinct for scalar
and pseudoscalar phonons [Eq. (101)]. When the mirror sym-
metry relating the Weyl nodes is broken, there is no longer
a qualitative difference between the softening of scalar and
pseudoscalar phonons [Eq. (98)].

If we extrapolate our results to lower fields, where the
Fermi level intersects multiple nonchiral Landau levels, we
anticipate that the leading instability will occur at the nest-
ing wave vector connecting chiral Landau levels of opposite
chirality. Such instability will, however, take place at sig-
nificantly lower temperatures than the corresponding one in
the quantum limit, mainly because of the contribution of
the nonchiral Landau levels to the screening of the forward
Coulomb scattering.

This completes the summary of our paper. The main
messages are the following: (1) it is important to take
electron-phonon interactions into account, along with
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electronic interaction effects, for a complete understanding
of interacting phases of matter of WSMs at high fields;
(2) electron-phonon interactions tend to augment the CDW
fluctuations in the system and, whenever a Peierls transition is
possible, lead to an enhancement of the corresponding transi-
tion temperature; (3) the Cooper channel plays an important
role when the the two nodes are related by a mirror plane,
and can prevent purely electronic instabilities while enabling
non-BCS-like lattice instabilities; (4) breaking mirror sym-
metry increases 7, for the Peierls transition by suppressing
the Cooper channel; and (5) T, is expected to be higher for
instabilities emerging from chiral (as opposed to nonchiral)
Landau levels.

For the remainder of this section, we compare our theory
to existing literature. First, the importance of electron-phonon
interactions in the putative CDW-ordered state in the Dirac
semimetal ZrTes at high magnetic field has been suggested
in a recent theoretical study [64]. The authors of this paper
use a mean-field approach to compare the threshold magnetic
field for the order parameter, calculated using electron-phonon
and electron-electron interactions alone, whereas we perform
a detailed analysis of the Peierls transition resulting from
the interplay of these two effects to compare their relative
importance for the transition. Moreover, Ref. [64] neglects the
Cooper channel contribution, which, as we have shown, can
qualitatively change the behavior of the transition through its
interference with the Peierls channel.

Second, Ref. [63] developed an RG theory for a metal-
insulator transition in the quantum limit of a Dirac material,
treating electron-electron interactions, electron-phonon inter-
actions and disorder on an equal footing. The authors of Ref.
[63] do not consider forward scattering and vertex corrections
and do not take into account the Cooper channel contribu-
tions, all of which play a role in our final expression for the
Peierls transition temperature. Moreover, Ref. [63] considers
phonon-induced electronic interactions as the starting point,
which would correspond to the nonadiabatic regime in our
analysis. We, in turn, do not consider the effect of disorder.
These differences make it difficult to directly compare the
results of Ref. [63] with ours.

Third, the lattice instabilities studied in our paper differ
in a number of ways from the ones that are well-known in
quasi-1D conductors [85]. The nonadiabatic regime is less
likely to be relevant in the latter because they are soft materials
with low-frequency phonons and a relatively high value for
the tight-binding electron-phonon matrix element. Also, the
cutoff band energy entering the Peierls transition temperature
is significantly larger compared to the values found for WSM.
Moreover, in quasi-1D conductors, the low-energy electron
bands are symmetric with respect to the I' point. This is
not the case for Weyl fermion bands in WSMs, which can
affect the importance of the Cooper channel depending on
the orientation of the magnetic field. Finally, there is no spin
degeneracy in WSM, contrary to quasi-1D conductors. In
these, the possibility of a density-wave instability for electrons
induced by an applied magnetic field is known to exist, but
is restricted to the spin sector in the form of a field-induced
spin-density wave state [86].

Fourth, we compare our work to the literature on magnetic
catalysis, which has been long-studied in high-energy physics

and has recently received attention in the context of Weyl
and Dirac semimetals [48]. Magnetic catalysis consists of a
dynamical generation of a Dirac mass in an interacting system
of initially massless Dirac (or Weyl) fermions subjected to a
strong magnetic field. Our work can be regarded as a theory
of magnetic catalysis in two-node WSMs, in the presence of
both electron-electron and electron-phonon interactions.

If we turn off electron-phonon interactions in our theory,
we can compare our results to earlier works in the literature
of magnetic catalysis. While Ref. [48] mainly reviews the
mean-field approach, consistent results have been reported
in RG approaches that are closer in spirit to our work (see,
e.g., Refs. [87,88]). In the latter RG approaches, an effective
electron-electron interaction parameter g flows to strong cou-
pling provided that the bare value of g is positive, thereby
producing the dynamical generation of a Dirac mass. The
dynamical mass is BCS-like. The flow equation for g in those
theories coincides with our flow Eq. (54) for g, — g (i.e., the
difference between forward and backward Coulomb scatter-
ing), but only provided that the Cooper channel contribution
is negligible.

While the neglect of the Cooper channel may be justified
in models with multiple fermion flavors, we have shown that
the Cooper channel contribution is important in the quantum
limit of two-node WSMs if the nodes are related by a crystal
symmetry. In that situation, the Cooper channel interferes
destructively with the Peierls channel, thereby leading to an
effective electron-electron coupling g, — g; that no longer
flows to strong coupling. In other words, the Cooper channel
contribution precludes the emergence of magnetic cataly-
sis in the absence of electron-phonon interactions. When
electron-phonon interactions are included, we find the mag-
netic catalysis re-emerges in the form of a Peierls instability,
but with a critical temperature that is no longer BCS-like.

In our theory, the contribution from the Cooper channel
becomes suppressed when the two Weyl nodes are not related
by a crystal symmetry. In this case, only the Peierls channel
remains intact and g, — g1 flows to strong coupling provided
that the bare value of g, — g; is positive, like predicted in the
RG treatments of magnetic catalysis. Yet, even in this case,
our theory offers the following result: the purely electronic
instability resulting from the divergence of g, — g; is pre-
empted by a lattice instability because the electron-phonon
vertex diverges before g, — g| does.

To conclude, we mention that possible avenues for future
work include a generalization of our theory to semimetals with
multiple pairs of nodes and its application to study electronic
and lattice instabilities in other interesting semimetals such as
graphite, bismuth, and chiral multifold fermion systems.
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APPENDIX A: DERIVATION OF RENORMALIZATION GROUP EQUATIONS IN THE QUANTUM LIMIT

In this Appendix, we derive the recursion relations for the phonon self-energy, the electron-phonon coupling, and the electron-
electron couplings, up to one-loop order. We focus on the case in which the Fermi level crosses only the chiral Landau levels
(in Appendix B, we treat the case in which the Fermi level intersects with one nonchiral Landau level). We work under the
assumption that the couplings are approximately local in the transverse directions, within the magnetic length /5, above which
they are exponentially suppressed. In practice, this translates into the approximation f(g./g, g,lp) exp[—qilé /2] ~0forq,lp 2
1, and f(qxlp, q,lp) exp[— > 12/2] £(0,0) for g, Iy < 1, where f is some function of the transverse momentum q; = (qx, ¢y).

With the aforementloned approximation, the action for the (internode) electron-phonon interaction is given by

JTUF
Sepltr ", ¥, 9] o D D i @ OPlia X Wy gy O+ On)Visg i (@)9;(@ On), (AD)
WnsOm k,q, j,X,T

where b, = k; — k¢ refers to the momentum separation between the two Weyl nodes of opposite chiralities, z,7,; stands as a
renormalization factor for the internode electron-phonon coupling for phonon mode j,  refers to the Weyl node (v = £1), ¥
and ¥ are Grassmann fields for electrons, and ¢ is the phonon displacement field for mode j with wave vector q.

The action of the electron-electron interactions is divided into two parts, corresponding to backward Coulomb scattering (of
amplitude g;) and forward Coulomb scattering (of amplitude g;):

TTVF .
AR R 8155y > Y explig,X —iqY]
XY{w,,}kl ky,q',T

X WX Jki+q, r(wnl)kaz —q', T(a)nz)WY —qy 12 ko, r(a)m)wx+ql kT (a)nl +a)m a)n3)

—gzﬂ > ) explig,X —iqY]

XY{w,,}kl k,q',T
X I/I;,kl ‘H]’,T(wnl)wli’,szq’,?(wnZ)wy —q, ZB ka, T(a)nz)‘(p)ﬂl-q’lz kT (a)m + a)nz - a)n3)y (AZ)

where, in the first term, |¢'| >~ |kpy — kp_| — |ky — k_| = 2k} is a small momentum, k. being the positions of the two nodes
and kpy being the corresponding Fermi momenta (see Fig. 2). In the expressions that follow, we simplify the notation by often
omitting the fermionic Matsubara frequencies associated with the Grassmann and phonon fields.

1. One-loop corrections to the electron-phonon vertex

Let us derive the RG transformation for the internode electron-phonon vertex zz j, resulting from forward and backward
scattering amplitudes g, and g;. The one-loop correction to z;z ; follows from (S.,Se.)q1 [see Fig. 1 and Eq. (33) in the main
text]. The latter can be subdivided into contributions coming from g; and g, alone:

<SepSee>dl = (SepSee)dl(gl) + <SepSee>d1 (gZ) (A3)
First, we focus on
TV

3/2
<SepSee>dl(g2) = <,3_V> Z Z Z 217, jgrr /g2 exp[l% ]CXP[qu l'q;Y,]

X, XY k,q,j k. k.q
_T J— — J— T
X (¥ x krgmbe rWXurq/,zZ,k',r)(Wy/ Ky~ r.f‘ﬁx-fq‘.zz,k,?)l//xgk?+qr,f1ﬂy'—q;1§,ké,?¢j((I)

B <%> ZZ Z Z 27,877 82 explig:X']

©X" Q] Gy K om

x> 2 [G2(k + g — br. wn + 0)GUK, @) + Gk, ,)GUK — g + b, 0y — )]

Wy
x wX’,k’+q7b,,rwx/+qv]§,k’,?¢j(q’ W), (A4)
where |g — b, | > 2k}, for phonons connecting the two Fermi points or nearby,

GOk, w,) = (ihw, — hv,t(k — ki)™ (A5)
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is the Green’s function for a noninteracting fermion in the chiral Landau level, & is the momentum measured with respect to the
node position k; [see Eqgs. (1) and (19)], k., = kg, — k; is the Fermi momentum measured from the node, J labels electronic
degrees of freedom in the outer energy shells [—Ao(/), —Ao(l + dl)] and [Ao(I 4+ dl), Ao(l)] above and below (respectively)
the Fermi level (see Sec. IIE in the main text), and 3 , denotes a summation over momenta in those energy shells. Below, we
convert the momentum sum into an energy integral via (1/L;) ¥ , — Qmhvp)™! F de.

In the second equality of Eq. (A4), we used a symmetric product of propagators to allow at least one fermion line in the outer
energy shell at nonzero A and §v, the other being tied in these conditions to a previous outer shell contraction.

Then, Eq. (A4) can be rewritten as

TV
(SepSechar(g2) = — | mf DDz i igrexplig X Up(dDVy gy, Vg i 70 (@ 0n),  (A6)

©.X' 4.J q..qy K on

with
Ip(dl) = _;ﬁ'z ;Z(G O (k + 2Ky, 0,)G° (k, ) + GOk, 0,)G° (k — 2K}, )
= —dl 1{2tanh |:/3A0(l):| + tanh |:/3A0(l)(1 + 5v/vp)i| + tanh |:—'8A0(l) ]}
2+ 8v/vr 4 2 2 21+ 8v/vr)
di
= m}\,}’(l, T, BU), (A7)

evaluated in the static limit (w,, = 0) and at the nesting wave vector ¢ = £2k}. to obtain the Peierls transition temperature. As
mentioned in the main text, §v is the difference in the magnitude of group velocities between the two chiral Landau levels of
opposite chirality, which is nonzero when the mirror symmetry is broken. The above expression introduces Ap(l, T, v) as the
cutoff function of the Peierls loop (0 < Ap(I, T, §v) < 1), which is independent of the energy scale A for mirror symmetry
breaking. This function is mainly governed by the temperature, such that Ap & 1 when ! < Iy = In(Ao/kgT) and Ap ~ O for
! > I. The dependence of Ap on §v is relatively weak.

Next, in Eq. (A6), we follow the prescription from the beginning of the section to approximate

Vb dg.dgy _ LiL,
Ty -0 (A8)

_ 27)?
‘e 1y, (2m)

Clearly, the right-hand side of this equation has some arbitrariness of order one in its prefactor (for example, one could do the
integration in polar coordinates instead of in Cartesian coordinates, or one could change the 1/l cutoff by a factor of order
one, or one could simply do the convergent integral exactly). Indeed, from our calculations, we find the coefficients of various
one-loop correction terms to be proportional to L,L,/(w>13) up to slightly different prefactors. Below, we approximate the right
hand side of Eq. (A8) to be equal to L,L,/ (271!,%), S0 as to obtain the same coefficient as in Eq. (A14). This choice is justified on
physical grounds, to ensure at A = 0 that g; — g» is an invariant of the RG flow in order to preserve electron-hole symmetry for
scattering processes that conserve the number of particles on each node.

Henceforth, we introduce the factor

1 1
_ - A9
213 1+ 8v/2vF (A9)
so that
JTUF pdl 5
(SepSechar(82) = —oga |25 ¥ Y - zer i ;75— exXPUGX Wiy o yg sy, Vxr5.00795(@) (A10)

X' k.q,j

We can similarly calculate the one-loop corrections to the electron-phonon action S, from the g; term,

3/2
TV . . I RYa:
<Sepseg>d1<g1)=—(—F) D30 Yz g g1 expligXexplig, X' — ig,Y']

‘BV X.X'.Y'k.q,j,T ki.k).q

T - ¥
Wx kbt VYR ke ><WY’,ké—q’+br,?wX-&-qyll%,k,?)wxgk{+qr_/,“1;wX’+q;_l§,ki,?¢j(q)

/’;‘;j TE L 2wt ,gIZexp[quXJZexp[zqu |G AR S (1)

‘X’k/q/r qx

(A11)
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following the same prescription as before. We convert the sum over ¢, into an integral from —1/Ip to 1/1, and obtain

) L 2s1n(x =Xy

—/ dq. explig.(X' — X)] = o W (A12)

Thereafter, we perform the sum over the guldlng center X,

2 sin (XZBX ) LB [ . 2 sin (X—ZRX) 27L,B o
Zexp[qu X=X = 40 dX expligeX|——— /= ~ P explig:X']. (A13)
0 —00 - 0
Thus, we obtain
(SepSechar(g1) = | ﬂ—vaogl YD zrgh explig X’ 12 wx, kg e WXy 3.4 785 (@)- (A14)
X'\t ki,q,J

Combining Egs. (A10) and (A14) with Eq. (33), we arrive at

1 dziz;  oo(g—g1)Ap
2r7T,j dl 2 ’

(A15)
which corresponds to Eq. (50) of the main text.

2. One-loop corrections to electron-electron interactions

The renormalization of the backward and forward Coulomb scattering amplitudes, g| and g,, at the one-loop level are obtained
from the outer-shell averages %(Sfe)d; [see Eq. (34) in the main text]. Schematically,

Sel T Y1 =5 +SE 455 & G T v v + vV T T+ @V v+ )
SN ARV AR RS E AR RIS (Al6)

which in order correspond to contributions of the Cooper channel (two particles or two holes in the outer momentum shell), the
Peierls channel (one particle and one hole on opposite branches), and the Landau channel (a particle and a hole on the same
branch). The Landau channel does not lead to logarithmic contributions at the one-loop level and will be hereafter ignored.
For the chiral Landau levels, we consider both the Peierls and the Cooper channel contributions, since the Weyl nodes are
located at equal and opposite momenta with respect to the I point in the presence of mirror symmetry, giving rise to logarithmic
divergences from both the channels. Thus,

(o) /2 =((S ee) Jar/2 +{(S ) bar/2- (ALT)

Cross terms of the form (SfeSeCe Yai/2 vanish in outer shell averaging. In the following, we study ((Sfe)z)dl/Z and ((Sfe)z)dl/Z
separately.

a. Peierls channel

The contribution from the g term to ((S%, )?)41/2 is given by

g%(JTUF

Z,BV) > > expligX —iq.Y]explig,X' — iq,Y’]

ki .q.T. XY K K, q XY
—t - — - T T
x (<I/IXJ<1+%Twx""‘q\’vlz%*kg~T)(wY’,ké*q'wa—ﬂlyltzpkzf)I/fX’,ki+q’,r wY,kz*q,?wY'*‘I;lfzzvkéfwar‘ly%*’“*T
+ (Tt gV 2 A AR )
X k4t Y X+ 3k T NY Y k=g, TV Y g 3.k T IV X k.0 VY k=g 7 VY —ay 15k, TV X gy 3.k T

TTVF N
= —gz(z w) Yo D elGX =i U@V o Vs Vy—gp i eV g (A18)
q.7.Y ki k.G X

where the couplings have once again been assumed to be approximately local in the transverse direction, and in the second line
we have expressed the correction in terms of a new set of variables, q = q+q', q' =q —q', kK, =k, + ¢/, and Ip(dl) is the
symmetrized product of outer-shell averages defined in Eq. (A7) of the previous section.

Summing over the transverse momenta using similar approximations as in the previous section, Eq. (A18) becomes

& nvp dl
—a D 2 PUGX = iGY Pr Vs, . Yy iV Vxsig e (A19)

q.7.Y ky kX!
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which has the form of a g, term and thus contributes to the RG flow equation for g;.

We can similarly calculate the contributions to the renormalization of g; term from ((S;)z)dl /2, which comprises terms
proportional to g7 and g;g2, respectively. This makes explicit all contributions to the first diagram of the flow equation of
Fig. 1(c). The outcome gives the Peierls part of RG equations:

d ooh d oA
< 82) _% Pg%, ( 81) __% P(g%—2g1gz). (A20)
P P

dl 2 dl 2

b. Cooper channel

We now consider the contribution coming from the Cooper scattering channel. At the one-loop level, the contribution reads

1 §g+8&)(n B . .
S((5%) ) = - ( 2)( ”F) Yo D epliGX — G Y U@V g Vs o eVv—ga Vxegib.s

2 2rly \2BV v
Ay 2
2818 TVF - o .
~ 2z \ 2y Z Y expligX —ig Y Ue@DVy o o Vi geVv—gipuVxigiue  (A2D)
B

1. T.XY k(LK

where the first and last lines contribute to the RG flow of g, and g, respectively. The expression for the outer shell Cooper loop
at zero pair momentum and frequency is given by

’c<dl>——27LZZ<G°< (ky + k) = ko, —0)G (ka, ) + G (ka, 0,)G° (—(ky + k) — ko, =)

_ Tur (f[€+(k)] — flme—(=(ky + k) — b)) fle-(k)] —f[—€+(—(k++k—)—k)]> (A22)
2L e (k) +e (—(ky +k)—k) e (k) +e(—(ky +k)—k) '

where €, (k) = hv, t(k — k) is the energy of the Weyl fermions with respect to the Fermi energy and f[z] is the Fermi function.

In the case where both the velocities and positions of the two Weyl nodes differ from one another, the corresponding dispersions

satisfy the relations

-1
e (—(ky +k)—k) = <1+8—U)e+(k)+ (1 +8—U>A, ex(—(ky +k)—k) = <1+8—U) e_(k)— A, (A23)
[ [ VF

with A = hvp(kpy + kp_). Thus, when A ## 0, the Fermi points are no longer symmetric with respect to the I" point, thereby
removing the logarithmic divergence in the Cooper channel (A acts as a pair-breaking perturbation). By carrying out the outer
shell energy integration, it follows that

dl)y = — -
fet@h 2+ 0v/vp 4| T+ Ay/(y'Ao()) 1= Ay/(y'Ao(D)) L+ Ay/(y'Ao(D))

ST = Ayl = fI(=Ao(D) + AV)/J/]}
1= Ay/(y Ao(D) ’

rcl, T, A, 6v), (A24)

di 1{ tanh [ £ ] tanh [E40]  FL(A0(D) + Ay)/y] = fI(=Ao() = A)y]

ol
T2+ 8v/vp

where y = 1 + and y =143 Sop . The above expression defines the cutoff function Ac (I, T, A, §v) of the Cooper loop (—1 <

M, T, A, 81)) O) One may easﬂy verify the following limiting cases of A¢. First, when A > kgT and [ < Ip = In(Ag/ A)
the influence of A is small and Ac & —Ap &~ —1; at ] > [, one rather has Ac =~ 0 which suppresses the logarithmic singularity
of the Cooper channel. Second, when A < kgT', A is essentially irrelevant so the Cooper loop is only cut off by the temperature,
where Ac & —1 for [ < Iy and A¢ =~ O for [ > Ir. This allows us to define a sharp cutoff procedure for A¢ as a function of /,
which is used in the main text to determine the different limits of the flow equations. Note that for A = 0, we have the expression

A = —i{Ztanh [%} + tanh |:'31;—(;/(l)i| + tanh [%]} = —Ap, (A25)

whose amplitude coincides with the cutoff function determined previously for the Peierls channel.
The corresponding Cooper contributions to the RG equations are given by

d o d
(%) —S@+dpe (5 —mnee (A26)
C C

dl dl

195113-22



THEORY OF PHONON INSTABILITIES IN WEYL ... PHYSICAL REVIEW B 105, 195113 (2022)

c. Total contribution
Summing Eqgs. (A20) and (A26), we have

@:<dﬁ> +<dﬁ> :g%ao)hc+822ao(kp+)\c) @:<@) +<@) 2_821050?»}’

+ g182a0(Ac + Ap),

dl dl dl 2 2 Todl dl dl 2
(A27)
in agreement with Egs. (52) and (53) of the main text.
3. One-loop corrections to the phonon propagator
The self-energy correction for the phonon mode j is [see Fig. 1 and Eq. (32) of the main text]
1 1 TTVUf A . —t —
§(S3P>dl = _5 (,B_V> Z Z 837Zr,?z?,r exp[quX] exp[lq;X/KwX,k-‘rq—b,,r wX’—t-q;[é,k’,r)
TX.X',j,j kK ,q.q
X (J)’(/,k’+q’—M,?EXJrqyl;,k,?)‘Pj(q)(ﬁj/(q,)
Apdl
=0 ) gete o b (@, (A28)

q.7.j

where, in the second equality, we have only kept terms corresponding to j = j’. This amounts to neglect the hybridization
between different phonon modes, induced by electron-phonon coupling. This approximation, which we adopt for simplicity, is
justified if the bare phonon frequencies for different j are well separated (compared to the off-diagonal part of the electron-
phonon self energy). Accordingly, the inverse of the phonon propagator is

2

aogs: [
2], wm)zwier?,,j(q)(l— 02” f z+_,,-(1’)2,\pdl’>, (A29)
0

where g ; = gx,j/wo,j, in agreement with Eq. (56) of the main text.

APPENDIX B: DERIVATION OF RENORMALIZATION GROUP EQUATIONS IN THE NEAR-QUANTUM LIMIT

In this section, we derive the recursion equations for the phonon self-energy, the electron-phonon vertex and the electron-
electron couplings, up to one-loop order, when the Fermi level intersects both the n = 0 (chiral) and |n| = 1 (nonchiral) Landau
levels. We tailor our theory to the situation in which the phonon wave vector of interest connects the two Fermi points of a
nonchiral Landau level in a given node. Moreover, we restrict our analysis to the case in which the two Weyl nodes are related
by an improper (e.g., mirror) symmetry. The case for broken mirror symmetry will be briefly discussed in Appendix C.

In the mirror-symmetric situation, the electronic dispersion for the |n| = 1 Landau level on a given node [cf. Eq. (1)] can be
linearized around the Fermi points =kr, where kr is the Fermi momentum measured from the location of the node:

| 2 hvpk
€nkr,p = Tsign(n) | fivp [kz + — l2 4 \/LFZ( wk —kp) |, B1)
7

where we consider t =n =1 and t = n = —1 (see Fig. 4), and u = %1 is an index referring to the two branches on a given

node. The fermion fields can be labeled by v, , x .- but, because n = t for the bands of interest, the label n will be omitted

henceforth. Also, while we can generally consider multiple phonon modes j, here we limit the analysis to the scalar and

pseudoscalar phonon modes only. Finally, like in Appendix A, we once again work under the assumption that the couplings are

approximately local in the transverse directions, within the magnetic length g, above which they are exponentially suppressed.
The electron-phonon part of the action is then given by

JTUF i
Seplvr", . ¢1 = 5 X <zxgs¢x(q, Om) Y U kv @n F OV x g0 (@n)
k.q,p, X @n, O T
i - ) B2
+Zpsgps¢ps(qa a)m) Z Twﬂ.xyk+q,t(wn + wm)wu,x-k—qyl[j,k,r(wn) ’ ( )

where ¢(q) and ¢,,(q) refer to the scalar and pseudoscalar phonon modes, and gz, and gz,; denote their respective couplings
to electrons. Motivated by the fact that the nesting vector of interest is much smaller than the size of the Brillouin zone, we
have adopted the long-wavelength approximation for phonons. In this approximation, scalar (pseudoscalar) phonons couple
with the same magnitude and the same (opposite) sign to electrons of the two nodes at every step of the RG flow. A factor
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A = 1//(krlp)*/2 + 1, originating from the pseudospin textures of the nonchiral Landau levels (see Sec. IV), has been absorbed
in the definition of g ps.
The electron-electron part of the action can be written as

- JTUF X P B
See[l/f ‘ 5 I/f] ~ - Z Z Z Z exp[l% quY] (gl wuwquﬁ_ql wﬁ,y,kz—qyf/ I!I/L,quyll%,kz,f'wﬁ,x+qyl§,k1 T

.,7" XY kika,q M

T
+
+ 82 w,u,,X,kl +q,T 1’ﬁﬁ,Y,Iqu.r’ W/T,Y—qylg,kz,r’ wu,X-k—qylg,kl ,f) ’ (B3)

corresponding to the sum of the backscattering g and forward-scattering g, terms. The labels 7, t’ are used to distinguish the g
and g, scattering terms within a given node from those between different nodes. Since the nodes are related by mirror symmetry,
we take the amplitudes of the scattering terms g; and g, to be the same for the two nodes, with no additional , 7" labels.

1. One-loop corrections to the electron-phonon vertex

Here we calculate the one-loop corrections to the electron-phonon vertex, from the g; and g, terms, for both the scalar and
pseudoscalar phonon modes. As an illustrative example, we write down the various corrections for the electron-phonon coupling
z, for the scalar phonons. The one-loop correction to the electron-phonon action from the g; and g, terms is given by

1 3/2
SenSeclar = 35 (’;L]j) Yy (zvgfgz expliq,X'] E kDG K rwu,Xfﬂ,,.l;.kg,)@(q)

wt kq X

_ Z Z Z Z (Z;gagl CXP[ICIxY ] Z G (k + q)Gzyr(k)w;,y/'kéJrqﬁffwu,Y’+qvl§,ké,r’>d)s(q)

7,7’ /J.kéqY

1

~ -2V B ik ZZZ 258582 XpligxX Mp( @DV . poy 0 Vi xg,40.0)$5(@)

w,t k,q X'

+3 32> g explia Mp@DV) 4y Aayig iz ae)$@ |- (B4)
T, WY khq Y
where

Ip(dl) = = tanh | === | = Zoap(1LT) (BS)

and A refers to the cutoff energy scale for the nonchiral Landau levels (see Fig. 4). Henceforth, we define o) = 1/(2rl 12;).

It is easy to see that the second part of the correction in Eq. (B4) above involves additive contributions from both nodes because
scalar phonons couple to both nodes with the same magnitude and sign. This results in a multiplicative prefactor of —2g; for
scalar phonons. On the other hand, the first part of the correction, resulting from the g, coupling, only involves contributions to
the electron-phonon coupling defined on a given node from the electronic interactions within the same node. The corrections to
the electron-phonon couplings corresponding to the scalar phonon modes are then given by

dzs )\Pal

= 7s(g2 — 281) (B6)

A similar analysis can be carried out for pseudoscalar phonons. Because such phonons couple to both nodes with the same
magnitude but opposite signs, the contribution of g; terms to the electron-phonon vertex cancels out. This results in

dl [ﬂAl(l)] dl

dzps ApQly
B = g ——— B7
dl Zps82 ) (B7)
Equations (B6) and (B7) can be more concisely rewritten as
=y , B8
dl Z] 2 P ( )

where y;(l) = ai1(g2(1) — 2g:(1)) for j = s and y;(I) = a1 g2(I) for j = ps, in agreement with Eq. (89) of the main text.

2. One-loop corrections to the electron-electron interactions

Here, we calculate the renormalization of the electron-electron interaction couplings to one-loop order. Since our analysis
only involves interbranch and intrabranch electronic interactions within a given node, where the two branches are not located at
equal and opposite momenta with respect to the I" point, we no longer consider contributions from the Cooper channel, instead
limiting ourselves to the Peierls channel contributions. These are given by

L, TTUF ¥
§<S€e)d] = 27.[12 2/3]} Z Z Z Z Z &> exp[qu quY]IP(dl)wu X' ki+q, Twu,Y,kéfq,f’wﬁ»yfé}lquéqflI/,M7X’+é}l;2pquf

U XY 1§41 ki Lk
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- Z Z Z Z g21 explig (X — Y/)]Ip(dl)w;,x,kl +q,rw-ﬁr,yzkg—q,r’wu,Y’—qylé,ké,f’wﬁ,XJrqylé’kl,r

.U XY w kyk.q

2020 D 288 expligeX = XOWp@DV g Vit o Vid —g Bt Vi |- (B9)

T, X X' ok k.q

where the first term contributes to the RG flow of g,, while the latter two terms contribute to the RG flow of g;.
Collecting the above contributions, we get the RG equations

d

% = (=& +qi1g)eip. (B10)
dg, g%
— = ==uAp, Bll
T 2061 P (B11)

as given in Eqgs. (91) of the main text. We note that while the RG equation for the forward-scattering term g, only involves
contributions from a given node, the corrections to the backscattering term g; involve additive contributions from both nodes.

3. One-loop corrections to the phonon action
The one-loop correction to the bare phonon action is given by
1

2(S3P>dl=a] Y D g redlig@l, (B12)
J€ls,ps} 4q
which leads to
g [
‘@j_ll(q’wm)zwrzn‘i‘w(z),;((p l—a1— . / Z?(l Wp(lHYdl’ (B13)
' ’ w()’j(q) 0

for the inverse propagator for the scalar (j = s) and pseudoscalar (j = ps) phonon modes at step / of the RG flow. This agrees
with Eq. (94) of the main text.

APPENDIX C: RG EQUATIONS FOR THE NEAR-QUANTUM LIMIT IN THE ABSENCE OF MIRROR SYMMETRY

To conclude, we briefly generalize the analysis of Appendix B to the case in which the mirror (or inversion) symmetry relating
the two Weyl nodes of opposite chirality is broken. If the electronic energy scale associated with the mirror symmetry breaking,
A = hvp (kg 4+ 4 kr._), 1s small compared to the Peierls transition temperature 7, computed for the mirror-symmetric case, the
results from Appendix B are still applicable. However, if the energy scale A exceeds T, the effect of mirror symmetry-breaking
in the Peierls transition is significant. In the case in which the mirror symmetry is strongly broken, the intranodal nesting wave
vector (q; in Fig. 4) becomes largely different for the two nodes of opposite chirality. Accordingly, only one of the nodes
contributes to the Peierls instability and the transition temperature can be approximated by considering a model of a single
nonchiral Landau level with interbranch electron-phonon coupling. For such a model, the Cooper channel contribution is once
again negligible, since the two Fermi points in a nonchiral Landau level of a fixed chirality are not symmetric with respect to
the I" point. Then, the RG equations for the electron-phonon couplings become identical in form to the corresponding couplings
defined between the chiral Landau levels in Eq. (A15), and the equations for the electron-electron interactions become identical
to those in Egs. (A27), with A¢ = 0.
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