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We identify a new mechanism for the intrinsic superconducting diode effect (SDE) in multiphase
superconductors. Using a Ginzburg-Landau and a microscopic two-band model, we find phase
transitions into a mixed phase with finite-momentum Cooper pairs and SDE with high (including
maximal) diode efficiencies, despite the individual phases exhibiting no SDE and equal inversion
parity. We thus show that parity mixing – invoked in previous proposals – is not a crucial ingredient
for SDE. The new mechanism may be relevant in a multitude of known multiphase superconductors
like UTe2.

Introduction – Barring early observations from boundary
effects [1, 2] and theoretical predictions [3–6], the super-
conducting diode effect (SDE) has only recently become
a subject of much interest, spurred by its experimental
discovery in bulk materials and Josephson junctions [7–
14] and subsequent improved theoretical understanding
[15–22]; for reviews see [23, 24]. Defined as the non-
reciprocity of critical currents in bulk superconductors,
SDE has many potential applications in superconduct-
ing and quantum electronics. There is consequently a
high demand for novel realizations of SDE, with recent
proposals including chiral SDE [25], unidirectional SDE
[26], SDE due to magnetization gradients [27], SDE due
to spontaneous symmetry breaking and coexisting non-
SC order [28], and SDE in altermagnets [29, 30].

All proposals necessarily require the explicit or spon-
taneous breaking of both inversion I and time reversal
T symmetries. The crystallographic symmetry imposes
additional constrains on the Lifshitz invariants responsi-
ble for the finite SDE. The Lifshitz invariants for differ-
ent crystallographic point groups are tabulated in Ref.
[31]. Breaking of I and T symmetries is generically ac-
companied by finite-momentum pairing similar to that
in the FFLO state [32–34] or T -breaking pair-density
waves (PDW) [30, 35–40]. The finite-momentum pair-
ing is strictly speaking neither necessary nor sufficient
for SDE to occur, though it breaks the same symmetries.
This is especially true for weak-coupling PDWs that take
place due to Fermi surface nesting, with the Fermi surface
symmetric under p+ q → −p+ q: that same symmetry,
if exact, precludes the SDE.

The FFLO as a mechanism for SDE was considered
in Ref. [16]. Similarly, SDE was initially theorised
[5, 15, 16] and reported [7, 9] in finite-momentum car-
rying helical SCs [31, 41, 42], i.e. noncentrosymmetric
SCs with spin-orbit coupling (SOC) placed in in-plane
magnetic fields. Due to the broken I, these systems also
in general exhibit parity mixing, e.g. s/p-wave or sin-
glet/triplet mixing SC [37, 43–47]. On the other hand,
mixed-parity SC has also been considered in multiphase
SCs near phase boundaries between SCs of opposite par-
ity in systems without an explicit I-breaking (with or

without T -breaking). In that case I is instead sponta-
neously broken in the mixed or coexistence phase [48–51].
In particular, a phase transition between SCs of opposite
parity has been reported in CeRh2As2 under an applied
magnetic field [52–55]; another historical example is 3He
[56, 57]. It has recently been shown [58] that SDE can
indeed be realized in such coexisting mixed-parity SCs in
the particular case of anapole SCs (which preserve IT )
[59], theoretically considered in UTe2 [60, 61].
In this Letter, we show that parity mixing is not es-

sential for producing the SDE, and thus establish a new
and more general mechanism for realizing SDE in multi-
phase superconductors. This greatly extends the list of
materials with potential for SDE, including s+d [62, 63]
and s+is [64, 65] SC proposed in iron-based high-Tc SCs
and moiré SCs like twisted bilayer graphene [66]. The key
theoretical observation behind the proposed mechanism
is that even if the two nearby SC order parameters are
uniform (have zero momentum pairing) and have equal
parity, finite-momentum pairing with momentum q can
still emerge in the coexistence phase.
We demonstrate this using a minimal Ginzburg-

Landau (GL) free energy with two order parameters ∆a

and ∆b with critical temperatures that can be tuned
by some external parameter p (pressure, magnetic or
electric field, doping, etc.). Crucially, a mixing term of
the form αab(q)∆

∗
a∆b + c.c. with αab ∝ q2 is allowed by

symmetry. A first or second order phase transition then
takes place into the nonuniform phase depending on
the strength of αab, as shown in Fig. 1, spontaneously
breaking both I and T symmetries (unless p is itself
a T -breaking field). High (including perfect) diode
efficiencies in the vicinity of the phase transitions are
found. We confirm the plausibility of the proposed
mechanism by calculating the GL coefficients in a
two-band microscopic toy model.

Ginzburg-Landau Model– We consider the simplest possi-
ble Ginzburg-Landau theory of two coexisting supercon-
ducting orders ∆a and ∆b (working in momentum space
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FIG. 1. (a) Phase diagram of free energy Eq. 3 with parameters T , p and αab,2. Blue surface indicates the phase boundary of
the non-uniform finite-momentum phase exhibiting SDE. Uniform (zero-momentum) SC boundaries for both a and b phases are
shown in gray. Red and blue points indicate numerically computed first and second order phase transitions, respectively. (b) and
(c) show representative cuts of the phase diagram at fixed T and αab,2, respectively, with first and second order phase transitions
shown in red and blue. (d), (e), (f) show the schematic evolution of the condensation energy F (blue) and the supercurrent J
(orange) vs Cooper pair momentum q across the lower-temperature second order, first order, and higher-temperature second
order transitions, respectively (computed at various points (p, T, αab,2) in the phase diagram indicated on bottom). All plots
are in arbitrary units and centered at zero. Marked maxima (minima) of J correspond to the critical suppercurents Jc+ (Jc−).

and assuming plane wave eiq·r solutions):

F = αa(q)|∆a|2 + (αab(q)∆
∗
a∆b + c.c.) + αb(q)|∆b|2+

+ βa|∆a|4 + βb|∆b|4 , (1)

where ∆a and ∆b are distinguished by their symmetry
properties (i.e. they belong to different irreducible rep-
resentations, e.g. they may be s- and d-wave, etc.) and
we assume inversion symmetry. For simplicity we neglect
the momentum dependence of fourth order coefficients,
and assume both ∆a and ∆b carry the same momentum
in the coexistence phases. The mixed coefficient αab(q)
has to vanish at q = 0 and is either odd or even in q if
∆a and ∆b have opposite or equal parity under inversion.
The former case includes the anapole SC [59] as a special
case.

Here we consider the equal parity case and work to
fourth order in q, taking αab(q) = αab,2(q

2
x − q2y)/2 =

αab2q
2 cos (2θ) /2 where θ is the momentum polar angle

(note that by symmetry, it cannot be constant in θ). Min-
imizing with respect to θ and the relative phase between
∆a and ∆b, we obtain

F = αa(q)|∆a|2 − αab,2q
2|∆a||∆b|+ αb(q)|∆b|2+

+ βa|∆a|4 + βb|∆b|4 (2)

with αf (q) = αf,0+αf,2q
2+αf,4q

4 for f = a, b, and where
αab,2 is now redefined to be real and positive. We also
take αf,0(T, p) = A(T − Tcf (p)) where T is temperature

and p is some tuning parameter (modelling e.g. pressure,
magnetic field, doping, etc.) that tunes between the a
and b phases; for simplicity we take Tca = 1 − p and
Tcb = p.
The mixed GL coefficient αab,2 is the new element of

the model responsible for the field-free SDE. To under-
stand this mechanism, we consider the GL saddle-point
equations

δF
δ|∆f |

= 2αf (q)|∆f | − αab,2q
2|∆f̄ |+ 4βf |∆f |3 = 0

δF
δq2

= (αa,2|∆a|2 − αab,2|∆a||∆b|+ αb,2|∆b|2)+

+ 2
(
αa,4|∆a|2 + αb,4|∆b|2

)
q2 = 0 , (3)

where f̄ = a, b ̸= f . The SDE occurs when q ̸= 0 in the
ground state (i.e. at the lowest energy saddle point). In
a pure state (∆a ̸= 0 and ∆b = 0, or vice versa), this
is only possible if αf,2 < 0 for either f = a, b, which
happens in the FFLO mechanism [32–34]. Assuming no
FFLO physics, i.e. αf,2 > 0, it is still possible to have
q = ±q0 ̸= 0 in the mixed state if αab,2 > 0 is sufficiently
large.
The GL model is simple enough that we can determine

some of the conditions for the finite-momentum pairing
to appear analytically. First, we note that F always has
at most three minima: at q = 0 or at q = ±q0 (see [67]).
We also observe that δF/δq is always zero at q = 0, so it
is always a saddle point. This makes a first order phase



3

transition possible across which q = 0 remains a local
minimum solution while the q = q0 becomes the global
minimum solution, see Fig. 1(e). This is in contrast to
the anapole model, in which αab is linear in q to leading
order and a kink occurs at q = 0 as a result, which makes
the first order phase transition unlikely.

Next, optimizing F over q at fixed |∆a| and |∆b| we
have

q20 = −αa,2r
2 − αab,2r + αb,2

2 (αa,4r2 + αb,4)
= − C(r)

2 (αa,4r2 + αb,4)
(4)

where r = |∆a/∆b|. For q0 to exist C(r) must be
negative. Note that C(r) = R with fixed R defines
a conic section in the (|∆a|, |∆b|), with discriminant
D = α2

ab,2−4αa,2αb,2.[68] C = 0 in particular defines two

lines, |∆a| = rc(1±
√
1− d)|∆b|, across which C changes

sign, with rc = αab,2/(2αa,2) and d = 4αa,2αb,2/α
2
ab,2.

For C(r) to be negative, the gap ratio r ≡ |∆a|/|∆b|
must be in the range r ∈ rc

[
1−

√
1− d, 1 +

√
1− d

]
.[69]

In particular, it is necessary that d < 1, which yields a
necessary condition on the GL coefficients for SDE to
exist: α2

ab,2 > 4αa,2αb,2.
At a second order phase transition (if it occurs) inside

the coexistence region, the gap ratio is the same as in
the uniform q = 0 state, r = r0 =

√
αa,0βb/(αb,0βa).

One can also check that the q = 0 saddle point
becomes a maximum at the same time, since
δ2F/δq2|q=0 = 2C|∆b|2, and consequently the q = 0
solution becomes a local maximum when C changes sign
from positive to negative, which happens precisely when
r = r0 = rc(1±

√
1− d) ≡ rc±. As we find below in our

numerical study, however, a first order phase transitions
generically happen when α2

ab,2 ≫ 4αa,2αb,2, in which
case the q = 0 saddle point remains a local minimum at
the transition.

Phase Diagram and SDE – We next study the phase di-
agram of the free energy Eq. 3 numerically, treating T , p
and αab,2 as variable parameters and taking αf,2 = 0.5,
αf,4 = 1 and βf = 1 for both f = a, b (such that the
phase diagram is symmetric with respect to p → 1− p).
The results are shown in Fig. 1. In Fig. 1(a) the red/blue
surface separates the uniform (q = 0) and nonuniform
(q ̸= 0) phases. ∆a and ∆b always coexist in the nonuni-
form phase, and coexist in the uniform phase when both
T < Tca(p) and T < Tcb(p) (shown as gray surface in
Fig. 1(a) and gray dashed lines in Fig. 1(c)). See also
Fig. 2 where ∆a,∆b, and q are shown in blue, orange and
green, respectively, for various fixed temperature cuts of
the phase diagram indicated in Fig. 1(b). Fig. 1(d-
f) additionally shows the condensation energy F (q) (the
minimum of F at fixed q) and the corresponding super-
current J(q) = 2∂qF (q) at various points in the phase
diagram.

The nonuniform phase occurs only for α2
ab,2 >

4αa,2αb,2 = 1. For αab,2 not too far above that value the

nonuniform phase occurs mostly in the coexistence re-
gion of the uniform phase (with T < min[Tca(p), Tcb(p)]).
Close to the degeneracy point and for larger αab,2,
however, the nonuniform phase appears outside of the
uniform coexistence region, even including the region
where no SC exists for αab,2 < 1 (namely when T >
max[Tca(p), Tcb(p)]. Fig. 1(b) shows the typical phase
boundaries at fixed T below (solid line) and above
(dashed line) the uniform degeneracy point at T = 0.5.
For T < 0.5, at lower αab,2 the phase transition is second
order: the minimum at q = 0 becomes unstable at the
transition and the two minima at q = ±q0 continuously
emerge (see Fig. 1(d)). Below the transition in the uni-
form phase with q = 0, the critical currents Jc+ and Jc−
occur at q = qc+ > 0 and q = qc− = −qc+ < 0. In the
non-uniform phase, while Jc+ still occurs at a slightly
shifted qc+ > 0, the lower critical current corresponds to
a new minimum of J(q) at qc− > 0. Approaching the
phase transition from above, Jc− therefore approaches
zero, and the corresponding superconducting diode co-
efficient η = (Jc+ + Jc−)/(Jc+ − Jc−) (with Jc− < 0)
therefore approaches its maximum possible value of 1,
technically resulting in a “perfect” diode effect. This can
be seen in Fig. 2(i) and (iii), where η is shown in ma-
genta. A similar “perfect” diode effect was identified at
the tricritical point of the FFLO state [16]. We note,
however, and as noted in the supplementary in [16], that
η likely does not reach the maximal value in real sys-
tems as the nonuniform state can jump from the q0 to
−q0 state before the transition happens, as the energy
barrier for that jump vanishes at the transition.
At larger αab,2, the transition is similar for T either

above or below the uniform degeneracy point T = 0.5
and becomes first order (see Fig. 1(e)): the minimum at
q0 becomes a global minimum before the saddle-point at
q = 0 switches from a minimum to a maximum. In this
case q, as well as ∆a and ∆b, jump by a finite value at the
phase transition, as shown in Fig. 2(ii) and (v), as well as
the transitions in (iv) at the smallest and largest p values.
In this case both Jc+ and Jc− jump at the transition, so
that η is in general not equal to 1 at the transition, but
it is also not equal to zero and in general increases as the
transition is approached from the nonuniform side.
Finally, a different kind of second order phase tran-

sition happens for T > Tca, Tcb, as shown in Fig. 1(e):
in this case the uniform solution does not exist, so no
phase transition can occur between the uniform and
nonuniform states. The order parameter ∆a and ∆b,
however, still vanish at the transition into the normal
state (see Fig. 2(iv) and the phase transitions closest
to p = 0.5 in (iv)). Consequently, while q still jumps
by a finite value the superconducting diode coefficient η
vanishes at this transition.

Microscopic derivation of GL coefficients – In order for
SDE to exist the GL coefficients must satisfy the neces-
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FIG. 2. Order parameters ∆a (blue), ∆b (orange) and q (green) computed across various phase transitions along cuts (i-vi)
indicated in Fig. 1(b), with numerical values in arbitrary units on the left. The corresponding superconducting diode coefficient
η is shown in magenta with numerical values on the right axis.

sary condition α2
ab,2 > 4αa,2αb,2, as explained above. It

is reasonable to ask whether this is a realistic condition
from a microscopic perspective. Here we show that this it
is indeed possible in a reasonable microscopic toy model,
namely a two-band (or two-flavor) model with normal

state Hamiltonian H =
∑

k,f

(
ξ(k)c†kfckf + tc†kfckf̄

)
where ckf annihilate electrons with momentum k on
band f = a, b, and f̄ = a, b ̸= f . Assuming that the
gap functions ∆̂f ∼ ⟨ckfc−k+qf ⟩, that there is no inter-

band pairing, and taking for simplicity ∆̂a = ∆a and
∆̂b = ∆b cos 2θ, we find that in the weak-coupling ap-
proximation (with ξ(k) = ξ0 + vF · k linearized around
the Fermi momentum)

α2
ab,2

4αa,2αb,2
=

1

2

(
14ζ(3) + Re[ψ(2)(1/2 + it/(2πT ))]

14ζ(3)− Re[ψ(2)(1/2 + it/(2πT ))]

)2

(5)
(see [67] for calculation details). The function on the
RHS takes values in the range [0, 1.1665], being zero
at t = 0, peaking at t = πT , and tending to 0.5 as
t → ∞. There is therefore a range of t close to πT
where the SDE indeed takes place in the phase diagram.
It is then reasonable to assume that the condition
α2
ab,2 > 4αa,2αb,2 for SDE can generically be realized in

more sophisticated models relevant to real materials.

Discussion – From a materials perspective, the possibil-
ity of SDE in multiphase SCs with equal parity mixing
proposed in this Letter greatly extends the possibilities
for searching for SDE. Though rare, there is now

evidence for many multiphase SCs, including UPt3 [70],
UBe13 [71], UTe2 [72–79], Sr2RuO4 [80, 81], Cd2Re2O7

[82], and PrOs4Sb12 [83]. From our microscopic two-
band model we further learned that multiband SCs
with dominant intraband pairing may favor the SDE.
This suggests that multiband and multicomponent SCs
including high Tc [63, 84] but especially those that
may favor intraband pairing – such as locally [85, 86]
and globally [31, 42] noncentrosymmetric, sublattice-
polarized [36, 39, 87], and (twisted moiré or untwisted)
multilayer superconductors [88–91] – are particularly
promising candidates for realizing SDE. Given the high
diode efficiencies that we find in the vicinity of the phase
transitions where the SDE can be turned on and off (i.e.
an implementation of a SC transistor) by small changes
in external parameters without leaving the SC regime,
such multiphase SC-based superconducting diodes
may be particularly suitable for future technological
applications.
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F. J. Burnell, J. Shan, K. F. Mak, R. M. Fernandes,
K. Wang, and V. S. Pribiag, Nature Physics 17, 949
(2021).

[47] M. Haim, A. Levchenko, and M. Khodas, Physical Re-
view B 105, 024515 (2022), publisher: American Physi-
cal Society.

[48] I. A. Sergienko, Physical Review B 69, 174502 (2004),
publisher: American Physical Society.

[49] A. Hinojosa, R. M. Fernandes, and A. V. Chubukov,
Physical Review Letters 113, 167001 (2014), publisher:
American Physical Society.

[50] Y. Wang and L. Fu, Physical Review Letters 119, 187003
(2017), publisher: American Physical Society.

[51] W. Yang, C. Xu, and C. Wu, Physical Review Research
2, 042047 (2020), publisher: American Physical Society.

[52] S. Khim, J. F. Landaeta, J. Banda, N. Ban-
nor, M. Brando, P. M. R. Brydon, D. Hafner,
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Supplementary Material for Superconducting Diode Effect in Multiphase
Superconductors

GINZBURG-LANDAU SADDLE POINT EQUATIONS FOR MIXED-PARITY CASE

For the case of mixed-parity mixing considered, e.g., for the case of anapole SC in [59], αab(q) is an odd function
of q. To leading order in q, we can thus take |αab| = αab,1|q| with αab,1 ≥ 0. The saddle-point equations are then

δF
δ|∆a|

= 2αa = |∆a| − 2αab,1q|∆b|+ 4βa|∆a|3 = 0

δF
δ|∆b|

= 2αb|∆b| − 2αab,1q|∆a|+ 4βb|∆b|3 = 0

δF
δq

= 2(αa,2|∆a|2 + αb,2|∆b|2)q − 2αab,1|∆a||∆b| = 0

The last equation implies that in the ground state

q0 =
αab,1|∆a||∆b|

αa,2|∆a|2 + αb,2|∆b|2
; (S1)

note that ∆a/b are themselves functions of q in general, but we can see immediately that q0 ̸= 0 iff |∆a||∆b| ̸= 0, i.e.
the mixed state is always non-uniform. Moreover, at q = 0 we have

δ2F
δq2

∣∣∣∣
q=0

= 2(αa,2|∆a|2 + αb,2|∆b|2) > 0 (S2)

but δF/δq|q=0 = −2αab,1|∆a||∆b| ≤ 0. This means that the q = 0 state ceases to be a minimum in the mixed state
whenever αab,1 ̸= 0. In particular, this means that no first order phase transitions are possible in the mixed-parity
case.

ADDITIONAL PROPERTIES OF SADDLE POINTS OF GINZBURG-LANDAU FREE ENERGY EQ. (2)

After some algebra, the equation for the mixed state at fixed q (i.e. the first equation in Eq. (2)) turns out to be
simplest to express in terms of xa/b = 2βa/b(|∆a/b|2 − |∆a0/b0|2) where |∆a0/b0|2 = −αa/b/(2βa/b). The equations
become

xaxb =
α2
ab,2q

4

4
=
α2
ab

4
(S3)

16
βb
βa
x3a(xa − αa) + 4αbα

2
abxa = α4

ab (S4)

Note that xa − αa ≥ 0 and xb − αb ≥ 0 (another notable relation at the saddle point is |∆a/∆b|2 = xb/xa). A
non-trivial consequence of the saddle-point equations is that xa, xb ≥ 0 at the saddle points. As a consequence of
that, there is always a single unique solution for xa: the LHS of Eq. (S4) can only change sign once at some xa (and
only if αb < 0), and it is positive and monotonic for xa above that value. To find the critical current, we need to plug
in the optimal solution into F to obtain the condensation energy F (q). The current is then given by J(q) = 2∂qF (q).
We do this numerically to obtain the plots in Fig. 1 (d-f).

DETAILS OF DERIVATION OF GL COEFFICIENTS FROM MICROSCOPIC TOY MODEL

Here we derive the coefficients αf,2 and αab,2 for the two-band microscopic toy model in the main text with
Hamiltonian

H =
∑
k,f

(
ξ(k)c†kfckf + tc†kfckf̄

)
(S5)



2

The Ginzburg-Landau free energy is obtained in the standard way by introducing the Hubbard-Stratonovich fields ∆̂f

which enter the transformed Hamiltonian as ∆̂f (p;q)c
†
k+q/2,fc

†
−k+q/2,f (and we assume no interband pairing between

a and b bands):

F [∆̂, ∆̂†] = −T
∑
nkj

1

2j
Tr

[(
∆̂†(k;q)G(0)(iωn,k+ q/2)∆̂(k;q)G(0,h)(iωn,k− q/2)

)j]
+H∆2 (S6)

where

∆̂ =

(
∆̂a 0

0 ∆̂b

)
(S7)

and

H∆2 =
∑
p,k

∆̂†
f3f4

(k;q)
[
V −1(p,k;q)

]f3f4
f1f2

∆̂f1f2(p;q) . (S8)

Here V (p,k;q) are the pairing interactions and fj are band indices (summed over implicitly). Assuming the inter-
actions do not depend on the total Cooper pair momentum q and that the gap functions are self-consistent, the free
energy to second order in ∆ is

F2 =
T

2

∑
nk

Tr
[
∆̂†G(0)(iωn,k+ q/2)∆̂G(0,h)(iωn,k− q/2)

]
− Tc(0)

2

∑
nk

Tr
[
∆̂†G(0)(iωn|Tc

,k)∆̂G(0,h)(iωn|Tc
,k)
]

(S9)

where G(0) is the Green’s function which is 2 × 2 in the sublattice indices, G(0,h)(iω,k) = −GT (−iω,−k). In the
simplified model,

G(0)(iωn,k) =

(
G1(iωn,k) G2(iωn,k)
G2(iωn,k) G1(iωn,k)

)
=

1

(iωn − ξ(k))2 − t2

(
iωn − ξ(k) t

t iωn − ξ(k)

)
(S10)

Taking ξ(k) = ξ0 + vF · k and ∆̂f (k;q) = ∆fdf (k), we have

F2 =
〈
Π1(θ,q)

(
d2a(k)|∆a|2 + d2b(k)|∆b|2

)
+ 2Π2(θ,q)da(k)db(k)|∆a||∆b|

〉
θ

(S11)

where

Π1(θ,q) = N

(
− log

Tc
T

+𭟋1 (δξ(θ,q)/T, t/T )

)
Π2(θ,q) = N𭟋2 (δξ(θ,q)/T, t/T ) (S12)

where N is the DOS, δξ(θ,q) = vF (θ) · q/2 = (vFx cos θqx + vFy sin θqx)/2, and

𭟋1 (x, y) =
1

4
Re

[
2ψ

(
1

2
+
ix

2π

)
+ ψ

(
1

2
+
i(x+ y)

2π

)
+ ψ

(
1

2
+
i(x− y)

2π

)
− 2ψ

(
1

2
+
iy

2π

)
− 2ψ

(
1

2

)]
𭟋2 (x, y) =

1

4
Re

[
2ψ

(
1

2
+
ix

2π

)
− ψ

(
1

2
+
i(x+ y)

2π

)
− ψ

(
1

2
− i(x− y)

2π

)
+ 2ψ

(
1

2
+
iy

2π

)
− 2ψ

(
1

2

)]
(S13)

and ⟨. . . ⟩θ =
∫ 2π

0
. . . dθ/(2π), with θ the angle around the FS (we assume everything can be considered as a function

of this angle and is thus independent of |k|).
If we now take da = 1 and db = cos 2θ for sake of argument (i.e. s-wave and d-wave pairing) and expand in q, we

get

αa(q) = αa,0 +
14ζ(3)− Re[ψ(2)(1/2 + it/(2πT ))]

64π2T 2
N(v2Fxq

2
x + v2Fyq

2
y) + . . .

αb(q) = αb,0 +
14ζ(3)− Re[ψ(2)(1/2 + it/(2πT ))]

128π2T 2
N(v2Fxq

2
x + v2Fyq

2
y) + . . .
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FIG. S1. Plot of the dimensionless ratio of GL coefficients defined by Eq. (S16).

αab(q) =
14ζ(3) + Re[ψ(2)(1/2 + it/(2πT ))]

64π2T 2
N(v2Fxq

2
x − v2Fyq

2
y) + . . . (S14)

We thus have

α2
ab,2

4αa,2αb,2
∝
(
14ζ(3) + Re[ψ(2)(1/2 + it/(2πT ))]

14ζ(3)− Re[ψ(2)(1/2 + it/(2πT ))]

)2

∈ [0, 2.333] (S15)

(the ratio is zero at t = 0, maximized for t = πT , and tends to a constant value of 1 as t/T → ∞). Assuming
vFx = vFy, the free energy is maximized for q along x or y directions, and

α2
ab,2

4αa,2αb,2
=

1

2

(
14ζ(3) + Re[ψ(2)(1/2 + it/(2πT ))]

14ζ(3)− Re[ψ(2)(1/2 + it/(2πT ))]

)2

∈ [0, 1.1665] ; (S16)

see Fig. S1. There is therefore a range of t (close to πT ) for which the mixed phase does appear, and it is not

unreasonable to expect even larger values of
α2

ab,2

4αa,2αb,2
in more sophisticated models.
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