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In a system of two-dimensional electrons, a combination of broken symmetry, interactions, and
nontrivial topology can conspire to give rise to a nonlinear transport regime, where electric current
density scales as the square of electric field. This regime has become a venue for exciting discoveries
such as the nonlinear Hall effect and diode-like nonreciprocal transport. However, interpretation of
experimental data is challenging in the nonlinear regime as DC transport is described by a rank-3
conductivity tensor with 6 free parameters. Here, we resolve this challenge by analytically solving
for the nonlinear potential distribution across the disk sample for an arbitrary linear and nonlinear
conductivity tensors. This allows us to unambiguously extract all components of the nonlinear tensor
from experimental measurement. Using this novel tool, we identify giant nonlinear Hall effect in
Bernal bilayer graphene. Our methodology provides the first systematic framework for interpreting
nonlinear transport and uncovers a new route towards understanding quasi-2D materials.

Introduction. The Hall effect is one of the most stud-
ied phenomena in condensed matter physics. In its linear
form, it relates the electrical potential difference perpen-
dicular to the electrical current via a direct proportion-
ality. Despite being more than a century-old there’s still
room for new discoveries as exemplified by the recent ob-
servation of the fractional quantum anomalous Hall ef-
fect in 2D van der Waals moire heterostructures [1–4].
Beyond the linear response regime, a recent theoretical
proposal pointed to a novel form of Hall effect, where the
electric current in the nonlinear regime is always perpen-
dicular to the local electric field [5] and microscopically
induced by a Berry curvature dipole (BCD). Exploring
the transport response in the nonlinear regime, including
the nonlinear Hall effect, opens new pathways to investi-
gate exotic electronic orders emerging from the interplay
between correlation and topology, which has attracted
intense research efforts [5–14]. While the concept of non-
linear transport holds promise of new scientific discover-
ies as well as novel technological applications [15, 16], so
far the field has many open questions.

Nonlinear electrical transport of interest here is defined
as the second-order in electric field response when the
Ohm’s law acquires quadratic corrections and the current
density j satisfies

jα = σαµEµ + σ̃αµνEµEν . (1)

Here α,µ, ν are spatial indices, Eµ is the electric field
driving the current, while σαµ and σ̃αµν are the linear

∗ These authors contributed equally to this work; chichi-
nadze@magnet.fsu.edu

† These authors contributed equally to this work
‡ vafek@magnet.fsu.edu
§ jia_li@brown.edu

and nonlinear conductivity tensors respectively (repeated
indices are summed). We focus on two spatial dimen-
sions where, in general, σαµ has 4 independent compo-
nents while the DC limit nonlinear conductivity tensor
σ̃αµν has 6. The linear Hall conductivity σH corresponds
to the antisymmetric component of σαµ, while the re-
maining three specify the standard dissipative (Ohmic)
response, its anisotropy and the direction of principal
axes. The nonlinear Hall current is most conveniently ex-
pressed in a coordinate-free form as jnl

Hall = ẑ ×E (C ⋅E).
The nonlinear Hall conductivity can therefore be com-
pletely specified by a two-component vector C. Unlike
its linear counterpart, non-zero σ̃αµν requires inversion
symmetry to be broken. This is evident from Eq. (1)
given that both j and E are odd under inversion. As we
explain later in the text, it also requires out-of plane ro-
tational symmetry to be completely broken i.e. it would
be prohibited in the presence on an n-fold symmetry for
any n > 1. Unlike its linear counterpart [17], the non-
linear Hall effect does not require the time-reversal (TR)
symmetry to be broken [5, 13, 18, 19]. Since nonlinear
response reflects symmetry breaking to which its linear
counterpart may be insensitive, the observation of nonlin-
ear transport response highlights new opportunities to in-
vestigate the rich interplay between correlations, broken
symmetries, and topology underlying strongly correlated
2D electrons. For example, proposed microscopic mech-
anisms of nonlinear electrical response range from scat-
tering induced by disorder (extrinsic effects) [11–13, 20]
or interactions [18] to topology [5] or quantum geome-
try [14, 19–23] (intrinsic effects). However, it remains
an outstanding challenge to properly analyze nonlinear
transport data and to extract the components of σ̃αµν
from an experiment without ambiguity.

Presently, experiments designed to obtain the nonlin-
ear transport response in quasi-2D heterostructures [6–

ar
X

iv
:2

41
1.

11
15

6v
1 

 [
co

nd
-m

at
.m

es
-h

al
l]

  1
7 

N
ov

 2
02

4

mailto:chichinadze@magnet.fsu.edu
mailto:chichinadze@magnet.fsu.edu
mailto:vafek@magnet.fsu.edu
mailto:jia_li@brown.edu


2

S

D

A

B

S D

A B

S

D

A

B

S D

A B

S

D

A B A B

S

D

S D

A

B

A

B

S D

d

e

e

f

(i)

(iv)

(ii)

(v)

(iii)

(vi)

(i)

(iv)

(ii)

(v)

(iii)

(vi)

0 π/2 π 3π/2 2π
φ (rad)

0

V
    

 (a
.u

.)

1

-1

0

V
   

   
(a

.u
.)

1

-1

2ω //
2ω T

SD

AB

SD

B

A

0 π/2 π 3π/2 2π
φ (rad)

SD

AB

SD

B

A

0

V
    

 (a
.u

.)

1

-1

0

V
   

   
(a

.u
.)

1

-1

2ω //
2ω T

a

b

c

graphite

graphite

hBN

hBN

graphite
contact

graphite
contact

S

D

φ

A

B

V  2ω
//

A

B

D

φ

S

V   2ωT

2 μm

Figure 1. Nonlinear voltage response due to different components of the nonlinear conductivity tensor. (a) An
optical image of the sample used in this work. The BBG is shown in purple (sample and contacts), blue is the dielectric substrate
underneath the sample. The scale bar denotes 2 µm. (b) Schematic cross section of the BBG heterostructure. (c) Schematic
of the angle-resolved measurement setup for V⊥ (top) and V∥ (bottom) in a disk-shaped sample. (d-e) The expected nonlinear
voltage response under different measurement configurations for different nonlinear tensors: (d) V⊥ of a tensor containing only
σ̃xxx component, and (e) V∥ of a tensor containing only the nonlinear Hall component. For illustration we took C along the
x−axis. Three columns show a breakdown of Eqn. 3: the left column shows vector map V⃗1 = Ẽ

(2)
(r′), the middle column shows

V⃗2 = ∇r′ (GN(rA, r′) −GN(rB, r
′
)), the right column shows their scalar product, V⃗1 ⋅ V⃗2. Top and bottom rows correspond to

current source located at ϕ = π/2 and ϕ = π, respectively. (f) The angle dependence of V⊥ (top) and V∥ (bottom) for the scenario
described by panel (d) with σ̃xxx as the only nonzero tensor component. (g) and (f) The angle dependence of V∥ (top) and V⊥
(bottom) for the scenario described by panel (e) with the nonlinear Hall conductivity as the only nonzero tensor component.

8, 10] involve measurements of nonlinear potential dif-
ference between two contacts, which are either aligned
with the direction of injected current or perpendicular
to it. In previous reports, transverse nonlinear voltage
difference was often considered as evidence of nonlinear
Hall effect [6–8]. However, equating the nonlinear Hall
effect with the transverse transport response may lead
to erroneous conclusions. As is well known, a transverse
response in the linear regime can result from a reduced
rotational symmetry even for σH = 0 [24]. In the nonlin-
ear regime, the richer structure of σ̃αµν unlocks an even
more diverse range of possibilities to generate a voltage
difference transverse to the input current direction, some
of which can occur even at C = 0 and are therefore man-
ifestly unrelated to the nonlinear Hall effect (this is il-
lustrated in the Fig. 1). A genuine identification of the
nonlinear Hall effect therefore requires detailed and quan-
titative understanding of signatures of each independent

component of the nonlinear conductivity tensor σ̃αµν .
In this work we utilize Bernal bilayer graphene (BBG)

samples shaped in disk geometry and for the first time
unambiguously extract the structure of nonlinear conduc-
tivity tensor. This is achieved in two steps. First, by ana-
lytically determining the distribution of nonlinear electri-
cal potential across the disk-shaped sample with an arbi-
trary (uniform) σαµ, σ̃αµν , and for a current I injected at
an arbitrary source (S) and removed at an arbitrary drain
(D) at the perimeter of the disk. Second, by employing
angle-resolved transport measurements in both I and I2
regimes – with a large number of source-drain-contact
configurations shown in Figs. 1 and 3a – as an exper-
imental input to which the analytical solution is fitted.
The new capability allows us identify the giant nonlinear
Hall effect with record values of nonlinear conductivity
exceeding previously reported values for giant nonlinear-
ities in graphene-based structures [25] and exceeding the
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values expected from known microscopic mechanisms by
3 to 7 orders of magnitude. The rest of this paper is
organized as follows. We first demonstrate the possi-
bility to generate transverse nonlinear response in the
absence of nonlinear Hall conductivity i.e. for C = 0, il-
lustrating the challenge we aim to address. Second, we
present our solution which makes use of three basis func-
tions for the spatial distribution of nonlinear potential
(i.e. ∼ I2) that we evaluate analytically at the perimeter
of the disk. Finally, we describe a new measurement and
analysis scheme for angle-resolved transport in the non-
linear regime, which gives rise to full identification of the
nonlinear conductivity tensor and helps us uncover the
presence of a giant nonlinear Hall effect in Bernal bilayer
graphene.

Conductivity tensors and their properties in 2D
To better understand the behavior of the nonlinear

conductivity tensor under rotations and reflections it is
convenient to rewrite Eq. (1) in the complex notation as

jx + ijy = Ξ(1)+ (Ex + iEy) +Ξ(1)− (Ex − iEy)+
+Ξ(2)
−
(Ex − iEy)2 +Ξ(2)+ (Ex + iEy)2 +Ξ(2)0 (E2

x +E2
y) .

(2)
The complex parameters Ξ

(a)
b are directly related to the

components of the conductivity tensors, see Supplemen-
tary Information for explicit formulas. A rotation of
the coordinate system by an angle α results in a sim-
ple multiplication of a complex vector by a phase factor:
vx ± ivy → e±iα(vx ± ivy). The Ξ

(2)
−

-term is thus readily
seen to be invariant under ±2π/3 rotations about an out-
of plane axis. On the other hand, both Ξ

(2)
+

and Ξ
(2)
0

terms completely break a rotation symmetry, and there-
fore must vanish in the presence of such symmetry.

Under the mirror reflection about the xz plane, My,
the y− component of a polar vector changes sign, which
is equivalent to complex conjugating the complex vector.
Therefore, if My is a symmetry, Ξ(2)b must be purely real.
We can understand the consequences of a mirror reflec-
tion about an arbitrary (vertical) plane by first rotating
by an angle α and then applying My in the new coor-
dinate system. If such a combined operation is a sym-
metry, then e−3iαΞ

(2)
−

, eiαΞ(2)
+

and e−iαΞ
(2)
0 must each

be purely real. We will return to this result later in the
text. Extracting Ξ

(2)
b from the experimental data thus

offers valuable information about rotational and mirror
symmetries.

Hall currents are non-dissipative. In order to separate
the components of the tensor into dissipative and non-
dissipative, we note that the non-dissipative components
lead to current without generating any heat. By demand-
ing that the total current density jnd is perpendicular to
E for any in-plane orientation of E, we readily find that
the most general form of the non-dissipative current is
jnd = σHE× ẑ+ ẑ×E (C ⋅E). The real vector C is related
to the complex parameters by iCx+Cy = Ξ(2)+ −Ξ(2)0

∗

. Note
that because C is independent of Ξ(2)

−
, the nonlinear Hall

current density jnl
Hall, i.e. the last term in jnd above, does

not contribute to the 3-fold symmetric nonlinear current
density and is in fact prohibited in the presence of an
n-fold rotational symmetry for any n > 1, unlike the lin-
ear Hall effect. The presence of a mirror plane prohibits
nonzero σH and selects a preferred direction of the C-
vector. The dissipative part of σ̃αµν consists of two con-
tributions: the 3-fold symmetric one and a purely longi-
tudinal. For the latter, E and the nonlinear current den-
sity it generates, jnl

∥
, are always aligned: jnl

∥
= E (B ⋅E),

where Bx + iBy = Ξ
(2)
+

∗

+ Ξ
(2)
0 . As we discuss in the

later sections, a vertical mirror plane forces the vectors
C and B to be orthogonal. Finally, the 3-fold contribu-
tion can also be expressed in the coordinate-free form as
jnl
(
= A((A ⋅E)2 − (A ×E)2) + 2A× (A ×E) (A ⋅E) with

Ax + iAy =
3

√
Ξ
(2)
−
. Because there are three complex so-

lutions to taking the cube root differing by ±2π/3 phase,
the orientation of A is defined only up to 120○-rotations.
The total nonlinear current density can thus be expressed
as jnl = jnl

(
+ jnl
∥
+ jnl

Hall.
Nonlinear transport in disk geometry: experi-

mental setup and an electrostatics problem
To study nonlinear transport in BBG we prepare a

disk-shaped sample with 8 leads attached to it, where
every lead can serve as source/drain for current or mea-
surement point for voltage, see Fig. 1a. We employ an
experimental setup in which the current I is injected at
source (S) and removed at drain (D) while the poten-
tial difference between two leads A and B is measured.
Inversion symmetry in this setup is explicitly broken by
an applied perpendicular displacement field from top and
bottom gates, as shown in Fig. 1b. In general, current-
voltage characteristic of such setup is nonlinear. For
small magnitude of injected current I, the measured lin-
ear and nonlinear potentials are proportional to I and I2
respectively.

To analyze the measurements we make the assumption
of local and uniform conductivity tensors (see Fig. 2 in
the SI) and map the nonlinear transport problem to an
electrostatics problem of potential distribution across the
disk sample. To this end, we expand the current density
and electric field in powers of I as j = j(1) + j(2) + . . . and
E = −∇Φ(1)−∇Φ(2)+. . ., and substitute this expansion in
the Eq. 1. To linear order in I we recover the Ohm’s law
j
(1)
α = −σαµ∇µΦ

(1)(r). The total current density j satis-
fies the continuity equation ∇⋅j = I(f(r−rS)−f(r−rD)),
where f is the distribution function describing the fi-
nite size source and drain, modeled by a box distribu-
tion for arc-shaped leads in the experiment. Within our
expansion the above continuity equation is saturated by
j(1), i.e. ∇ ⋅ j(1) = ∇ ⋅ j, and therefore ∇ ⋅ j(2) = 0. Tak-
ing the divergence of Ohm’s law and combining it with
the continuity equation for j(1) results in a second-order
partial differential equation (PDE) that becomes a Pois-
son PDE along the principal axes after simple coordi-
nate rescaling [26]. We require that the normal compo-
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Figure 2. Basis functions of nonlinear electrical potential. (a) Linear electrical potential from an anisotropic linear
conductivity tensor. (b) Example of the angle dependence of linear voltage response V∥ (top) and V⊥ (bottom) of an anisotropic
linear tensor. (c-e) Nonlinear electrical potential from the (Ex− iEy)

2 (c), (Ex+ iEy)
2 (d), and E2

x+E
2
y (e) basis functions with

current source located at ϕ = 0 (left column), ϕ = π/2 (middle column), and ϕ = 7π/6 (right column). (f-g) Angle dependence
of the nonlinear voltage response V∥ and V⊥ of each basis function: (Ex − iEy)

2 (f), (Ex + iEy)
2 (g), and E2

x +E
2
y (h). For all

potential maps, current source and drain are indicated by the red arrows, V∥ A-B contacts are indicated by blue and red circles
respectively, and V⊥ A-B contacts are indicated by cyan and orange circles respectively.

nents of both j(1) and j(2) vanish at the disk boundary.
The exact solution for Φ(1) for an arbitrary σαµ is pre-
sented in the Ref. [26]. Fitting our experimental data
to this solution, we find that σH = 0, i.e. there is no
anomalous Hall effect. Focusing on σH = 0, the vanish-
ing normal components of j at the boundary specify the
normal derivative of the potential Φ(1), leading to Neu-
mann boundary conditions [27]. The resulting Φ(1)(r)
is proportional to I and enters the equation for the or-
der I2 contributions, which is of our primary interest,
as ∇ ⋅ j(2) = −∇ασαµ∇µΦ

(2)(r) + ∇ ⋅ Ẽ(2)(r) = 0, where
Ẽ(2)α = σ̃αµν (−∇µΦ

(1)) (−∇νΦ
(1)). After the simple co-

ordinate rescaling, this also has the form of a Poisson
equation with the Neumann boundary condition and a
source term given by ∇⋅ Ẽ(2). Our analysis of the experi-
mental data shows that the anisotropy of σαµ is < 5% (in
addition to, as mentioned, σH = 0). Therefore, in what
follows, we focus on Φ(2)(r) for isotropic σαµ, but allow-
ing for a completely general σ̃αµν . The general solution
for an arbitrary linear anisotropy is presented in the SI.
Thus, upon application of the Green’s theorem, we can
express the solution of the Poisson equation as

Φ(2)(r) = 1

σ
∫ d2r′Ẽ(2)(r′) ⋅ (∇r′GN(r, r′)) . (3)

Here GN(r, r′) is the Neumann Green’s function, the
integral is restricted to the interior of the disk, and

σ = σxx = σyy. The I2-potential difference between con-
tacts A and B measured in the experiment would then
correspond to V (2)AB = Φ(2)(rA) − Φ(2)(rB), with implicit
dependence on the location of source and drain.

Important insights follow from Eq. 3 as illustrated in
the Fig. 1. Panels d) and e) show distributions of (i)
Ẽ(2)(r′), (ii) the difference of gradients of the Green’s
function evaluated at measurement points A and B –
which has a simple physical interpretation as the electric
field produced by a fictitious unit source and drain at
B and A to linear order – and (iii) the scalar product
entering as an integrand in the Eq. 3. Without comput-
ing the precise value of the integral it can be seen in the
Fig. 1d that the transverse voltage drop is nonzero even
if the only nonzero component of the nonlinear conduc-
tivity tensor is σ̃xxx. Note that this implies vanishing of
the nonlinear Hall conductivity which can depend only
on components of σ̃αµν with two nonequal indices. Sim-
ilarly, as seen in the Fig. 1e, longitudinal voltage drop
is nonzero even for a purely nonlinear Hall conductivity,
i.e for A = B = 0 and a nonzero C ∥ x̂. This indicates,
that the mere presence or absence of nonlinear signal
in specific measurement configurations cannot serve as
a conclusive evidence even for a qualitative structure of
σ̃αµν .

It follows directly from the Eq. 3 that in the I2 regime
the nonlinear potential can be expressed as a linear com-
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bination of three independent contributions

Φ(2)(r) = Φ(2−)(r) +Φ(2+)(r) +Φ(20)(r),

which form our basis functions, each linearly proportional

to one of Ξ(2)
−,+,0. For the case of isotropic linear conduc-

tivity, they take the following form at the boundary of
the disk:

Φ
(2−)
iso (r) =

Ξ
(2)
−
I2

σ3π2a
( 1

2zz2S
+ 1

2zz2D
− z

∗(zS − zD) + z∗S(zD − z) − z∗D(zS − z)
(zS − z)(zD − z)(zS − zD)

) + c.c. (4)

Φ
(2+)
iso (r) =

Ξ
(2)
+
I2

σ3π2a
( z2S
2(z − zS)

+ z2D
2(z − zD)

− 1

z∗S − z∗D
ln
zS − z
zD − z

) + c.c. (5)

Φ
(20)
iso (r) =

Ξ
(2)
0 I2

σ3π2a
( 1

2(zS − z)
(Lλ + ln

zS(z − zD)
(z − zS)(zS − zD)

) + S ↔D) + c.c. (6)

Here z = x+ iy = eiϑ is the complex representation of the
location of a measurement point on the circumference of
a unit disk, zS,D = eiϑS,D are locations of the source and
the drain (also with unit amplitude), a – is the radius of
the sample, c.c. is complex conjugate, and Lλ ≈ − 3

2
+ lnλ

with λ being the angular width of a source and drain. In
Fig. 2 we show the angular dependence of basis functions
and their potential distribution across the entire sample.
Certain measurement configurations experience a cancel-
lation of λ-dependent contribution. For a general case of
finite anisotropy of linear conductivity tensor the solution
is also expressed via a linear combination of three basis
functions. These basis functions are more complicated
and are shown in the SI.

Extraction and analysis of nonlinear conductiv-
ity tensor in Bernal bilayer graphene

We apply our newly-developed methodology to study
nonlinear electron transport in BBG. The optical image
and the schematic sketch of the device are shown in Fig.
1a,b. Top and bottom electrostatic gates allow us to
control both electron density, n, and the out-of-plane
displacement field, D. We focus our attention on the
region of the phase diagram where the cascade of elec-
tronic transitions into correlated metallic states was pre-
viously observed in measurements of electron compress-
ibility [28]. Specifically, we study the region that spans
partially isospin-polarized phase with 2 large Fermi sur-
faces (PIP2) and the phase where 4 large Fermi surfaces
(FSs) are present, where spin-valley symmetry is believed
to be restored (Sym4).

First, we analyze linear potential difference and extract
σαµ following [26, 29]. We find that linear conductivity
is weakly anisotropic with the anisotropy < 5% and that
σH ≃ 0 across our area of interest in the n−D plane. This
indicates that within our experimental accuracy σαµ is
isotropic and no anomalous Hall contribution is present.

To analyze nonlinear signal we apply slowly varying
(∼ 10 Hz) AC current and measure potential difference
between two leads A, B at the second harmonic fre-
quency. First, we verify that nonlinear potential is ∝ I2.

Then, we perform measurements of nonlinear potential
using measurement configurations that differ in locations
of source, drain, A, and B. A representative set of mea-
sured nonlinear potential data at D = 300mV/nm and
n = −0.15 × 1012 cm−2 (PIP2 phase) for 6 different con-
figurations is shown in Fig. 3a as a function of source
angle as defined in Fig. 1c. We apply our methodology,
discussed in SI, to extract 3 complex parameters Ξ

(2)
−,+,0

(6 real parameters), which we graphically represent in
Fig. 3b in the complex plane, out of 48 independent
measurement configurations. The extracted parameters
allow us to plot the expected nonlinear voltage drop for
every measurement configuration and for any source an-
gle. The expected voltage drop for every configuration is
shown in Fig. 3a and it fits the data very well.

Using the extracted Ξ
(2)
−,+,0 parameters we find the com-

ponents of σ̃αµν and express them via A,B,C vectors.
Interestingly, we find that while rotational symmetry ap-
pears intact in linear response, it is manifestly broken
in nonlinear response as 3-fold contribution from the A-
vector is very small compared to contributions from B,C-
vectors. In addition, we observe a strong nonlinear Hall
signal which is consistent with a presence of a single mir-
ror plane since extracted B and C vectors are orthogonal
within experimental accuracy as we show in Figs. 3d and
4c. The magnitudes of the nonlinear conductivity com-
ponents in the PIP2 phase are ∣A3∣ = 0.75± 0.65 µm

Ω⋅V , ∣B∣ =
22.5±3.75 µm

Ω⋅V , ∣C∣ = 6.88±2.05
µm
Ω⋅V , which is about 100%

larger than the recently observed giant nonlinear con-
ductivity in moiré graphene superlattices [25]. In Fig.
3d we show calculated nonlinear current patterns across
the disk sample from dissipative and nondissipative con-
tributions. As we show in the Figs. 3e,f, the magnitude
of the voltage drop in the perpendicular configuration is
comparable for A+B ≈ B and C-generated contributions,
even though ∣C∣ ∼ ∣B∣/3.

To gain more insights into possible origins of nonlinear
conductivity, especially the B,C vectors, we study non-
linear transport across the transition from PIP2 to Sym4

phase. In Fig. 4b we show nonlinear signal inside Sym4
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Figure 3. Extraction of the nonlinear conductivity tensor. (a) Nonlinear voltage measurement (black circles) versus
current source location of 6 different measurement configurations, with 8 different orientations of source per configuration, of the
same state and the theoretically expected dependence (black lines) plotted using the extracted nonlinear conductivity tensor.
All measurements are performed in a Bernal bilayer graphene sample at n = −0.15 × 1012 cm−2, D = 300 mV/nm, T = 20mK.
The measurement configurations are indicated as insets. The remarkable agreement between 48 independent measurements and
their theoretical fit from the experimentally extracted tensor demonstrates the uniformity of the nonlinear conductivity. (b)
Polar plots of V∥ (top) and V⊥ (bottom) signals decomposed into three basis functions using the extracted nonlinear conductivity
tensor. (c) The fitted Ξ

(2)
− , Ξ(2)+ , and Ξ

(2)
0 plotted in polar coordinates. The shaded cones indicate the fitting uncertainties in

angles. The extracted parameters read Ξ
(2)
− = 0.75e

0.31Iπ µm
Ω⋅V ,Ξ

(2)
+ = 7.9e

−0.6Iπ µm
Ω⋅V ,Ξ

(2)
0 = 14.7e0.63Iπ µm

Ω⋅V . (d) Nonlinear current
jnl
= Ẽ

(2) distribution calculated for 180○ source-drain configuration (bottom) using the full extracted tensor decomposed into
the dissipative component and non-dissipative component (top). Shaded cones indicate the fitting uncertainties of angles. Plots
of the angular dependence of dissipative (e) and non-dissipative (f) component of V∥ (top) and V⊥ (bottom).

phase with D = 300mV/nm and n = −0.3×1012 cm−2. Un-
expectedly, the Sym4 phase exhibits a non-zero response
in the nonlinear channel. Like in the PIP2 phase, we uti-
lize the angular fit to extract A, B, and C. We find A
vector to be very small, whereas both B and C rotated by
nearly 180○, within our experimental accuracy, from the
orientation of the same vectors in PIP2, see Fig. 4c. By
performing angle-resolved measurement with varying n
over a wide range of D, we find that the 180○ rotation in
B and C is well-aligned with the transition line extracted
from the compressibility measurements [28] (Fig. 4d).
That the PIP2 to Sym4 transition prominently manifests
itself in nonlinear transport offers a new constraint for
understanding the nature of the states on each side of
the transition. We also check that the structure of σ̃αµν
remains nearly the same and C vector orientation is quite

robust within each of the two phases, see Fig. 4d and SI
for all extracted components of the tensor. Interestingly,
the magnitude of nonlinear conductivity tensor extracted
in Sym4 phase is almost 100 larger than that in PIP2

phase with ∣A3∣ = 100 ± 82.9 µm
Ω⋅V , ∣B∣ = 2072 ± 873

µm
Ω⋅V , ∣C∣ =

668 ± 339 µm
Ω⋅V . To our knowledge, these are the record

numbers reported for nonlinear conductivity so far. The
larger uncertainty in magnitudes of A, B, and C is caused
by the larger uncertainty in the value of linear conduc-
tivity due to proximity of the Sym4 phase to the ballistic
regime.

Dissipative contribution to nonlinear current has four
possible origins: (i) disorder, e.g., skew scattering [11,
12, 15, 20]; (ii) interactions [18]; (iii) quantum geome-
try [14, 19, 23]; (iv) second-order Drude contributions
to σ̃αµν [14, 22]. Both (iii) and (iv) require TR break-
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Figure 4. n −D dependence of the nonlinear conductivity behavior of Bernal bilayer graphene. (a-b) Nonlinear
voltage measurement (black circles) versus current source location of 6 different measurement configurations, with 8 different
orientations of source per configuration, and the theoretical curve plotted using the experimentally extracted tensor (black
lines) at (a) n = −0.15 × 1012 cm−2, D = −300 mV/nm and (b) n = −0.3 × 1012 cm−2, D = 300 mV/nm. All measurements are
performed in the same Bernal bilayer graphene sample at T = 20mK. The measurement configurations are indicated as insets.
(c) The vector representation of the extracted σ̃αµν for three points in the n−D phase diagram. Length of vectors indicate the
magnitude of the corresponding component of σ̃. Shaded cones indicate the fitting uncertainties of angles. (d) The orientation
of the non-dissipative C-vector extracted in the PIP2 and Sym4 phases for different values of n and D. Left panel shows the
n −D phase diagram with gray areas corresponding to phase transitions as reported in [28]. Black bar indicates the region in
the n −D plane where the nonlinear signal changes its orientation by 180○. Blue and red circles indicate values of n and D
within Sym4 and PIP2 phases at which we check orientation of the C-vector. The orientation of the C-vector is robust within
the phases as we show in the right panel.

ing. On the other hand, the BCD can naturally account
for the non-dissipative component, the nonlinear Hall ef-
fect, in the absence of TR breaking. If the BCD alone
is responsible for the nonlinear Hall effect, reversing D
is expected to influence the orientation of the C-vector
[5]. Alternatively, BCD-induced C-vector could preserve
its orientation while A and B, given by quantum geo-
metric or second-order Drude contributions, reverse sign
under D → −D, given that the order parameter associ-
ated with the nematic perturbation is linked to the di-
rection of D. An example of this scenario is the charge
Eu order parameter, which breaks TR symmetry. We
examine these scenarios by extracting A,B,C vectors at

D = ±300mV/nm. Fig. 4c shows the angular dependence
of nonlinear response taken at D = −300mV/nm and
n = −0.15×1012 cm−2. The magnitudes are given by ∣A3∣ =
0.92 ± 0.58 µm

Ω⋅V , ∣B∣ = 11.5 ± 2.14
µm
Ω⋅V , ∣C∣ = 4.46 ± 1.69

µm
Ω⋅V .

The orientations of both the C-vector and B-vector re-
main the same as in Fig. 3d. Therefore, the invari-
ance of B-vector and C-vector, combined, indicates that
nonlinear Hall effect is not induced by the BCD mecha-
nism as the order parameter associated with the nematic
perturbation appears invariant under a sign change in
D. Moreover, the typical magnitude of nonlinear Hall
conductivity associated with BCD is ∼ 10−5 ÷ 10−7 µm

Ω⋅V
[6, 7, 25] – several orders of magnitude smaller than ∣C∣
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in both PIP2 and Sym4 phases.
Combined, our observations pose a peculiar conun-

drum: linear conductivity appears to be nearly isotropic
while nonlinear conductivity manifestly breaks rotational
symmetry, seemingly down to a single mirror plane. The
apparent decoupling between the symmetry of linear and
nonlinear signal is also reported in a previous observation
[10]. Notably, rotational symmetry is broken for both the
dissipative and nondissipative contributions to nonlinear
current, which is evidenced by the angular dependence in
Fig. 3e and f, and for both PIP2 and Sym4 phases. We
also observe that the magnitude of measured nonlinear
signal increases with D (see Fig. 6 in SI) [30].

According to Fig. 4c, our observations in the nonlin-
ear regime exhibit vanishingly small 3-fold contribution.
This rules out skew scattering and side jumps as the ori-
gin of nonlinearity, since both produce a large 3-fold con-
tribution to nonlinear current even in the presence of ro-
tational symmetry breaking with magnitude ∼ 1meV, see
SI. A typical value of quantum geometry-induced nonlin-
ear conductivity is ∼ 10−4 ÷ 10−5 µm

Ω⋅V [9], which is orders
of magnitude smaller than the extracted values in Fig. 4.
On a qualitative level, one can account for the observed
phenomena within the second-order Drude contribution
to nonlinear conductivity by assuming the presence of a
weak spin-orbit coupling and of a weak order parameter
that breaks time reversal and rotational symmetries. In
such case one can correctly reproduce the hierarchy of
∣A3∣ , ∣B∣ , ∣C∣, the presence of a mirror axis, and the re-
orientation transition of B,C-vectors between PIP2 and
Sym4 phases. However, as we show in the SI, none of
the known microscopic mechanisms can account for the
magnitude of the signal as they fall short orders of mag-
nitude, e.g., the skew scattering which was estimated to
induce σ̃ ≲ 0.01 µm

Ω⋅V [15, 25] in graphene-based systems.
Overall, the observed structures and magnitudes of lin-
ear and nonlinear conductivity tensors in PIP2 and Sym4

phases, the existence of the reorientation transition of
nonlinear signal between the two phases, and the mean

free path restriction (less than the diameter of the disk
in the diffusive regime) put severe constraints which can-
not be satisfied by any known microscopic mechanism of
nonlinear transport.

Discussion and outlook
Here we presented a systematic way of analyzing non-

linear transport measurements and unambiguously ex-
tracting nonlinear conductivity tensor from experimental
data, which sets up the foundation for all future exper-
imental works in the vibrant field of nonlinear electron
transport. We used our approach to determine nonlinear
conductivity tensor in Bernal bilayer graphene and show
the presence of giant nonlinear Hall effect. We also found
that nonlinear signal strongly breaks rotational symme-
try whereas in the linear regime this symmetry appears
intact. The new way of extracting nonlinear conduc-
tivity tensor allowed us to conclude that none of the
known microscopic mechanisms for nonlinear transport
can account for the structure and/or magnitude of the
measured nonlinear conductivity tensor. The methodol-
ogy presented in this work allows to systematically study
nonlinear transport of quasi-2D materials [1–4, 28, 31–41]
and paves the way to future discoveries.
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I. EXPERIMENTAL DETAILS

A. Second harmonic and quadratic regime

Isolating the second order response from the dominating first order part using a DC current source can be exper-
imentally tedious. One would need to first measure the total voltage response as a function of current, then remove
the first order component by performing a linear fit at IDC = 0 (See Fig. 1a). Experimentally we measure the second
harmonic response of the injected AC current (while keeping the frequency around 13Hz to be at DC limit) to extract
the second order current response. This can be understood easily by plugging IAC = I0 cos(ωt) into V = aI + bI2.
With some trigonometry, one can see that the second order term gives raise to a signal with frequency 2ω, which
can be easily isolated out with the second harmonic function on a lock-in amplifier. As shown Fig. 1b, the isolated
second harmonic signal follows a quadratic relation with respect to the amplitude of the AC current and is a factor
of 2 smaller than DC measurement from the trigonometry relation.

Just like the pure DC measurement, the second harmonic measurement can pickup contributions from higher order
terms. To ensure that we are working within the current limit where the quadratic term is the only non-vanishing
nonlinear term (the quadratic regime), we measure the second harmonic signal as a function of I0, the amplitude of
the injected AC bias (See Fig. 1c top panel). Then we find the largest I0 below which the relation V 2ω ∝ I20 still
holds (black straight line when plotting in power scale). Such cutoff (60nA in this example), is indicated by vanishing
residual below I0 and a sharp onset above I0 (Fig. 1c bottom panel). Working at a current below the cutoff (40nA vs
60nA in this work) ensures the quadratic regime requirement is fulfilled.
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Figure 1. Second harmonic measurement and quadratic regime (a) An exmaple I −V relation, illustrating how second
order voltage response is extracted using DC measurement. (b) Assuming the same I − V relation, using second harmonic AC
measurement to extract second order voltage response. (c) Experimental data of V 2ω as a function of the square of AC current
amplitude I2AC , showing how quadratic regime is determined.

B. Sample and measurement

The sample consists of a Bernal bilayer graphene dual-encapsulated by top and bottom graphite gates, separated
with hexagonal BN. The stack is picked up with a standard poly(bisphenol A carbonate) (PC)/polydimethylsiloxane
(PDMS) stamp on a glass slide. The stack is then released on to a doped Si/Si)2 substrate and patterned using
electron beam lithography with a minimum resolution of about 100nm, yielding a contact with angular width of 18○
for a disk of diameter 2µm. Metal contacts are then made with Cr/Au (2nm/100nm respectively).

The dual-gate structure allows separate control over charge carrier density and displacement field. Transport
measurements are performed with Standford Research 860 and 830 Lock-in amplifiers at about 13Hz, in a BlueFors
LD400 dilution refrigerator with a base temperature of 20mK. The fast configuration switching is allowed by Keysight
34980A data acquisition system and a custom designed breakout box.

II. OHM’S LAW AND THE SYMMETRIES OF LINEAR AND NONLINEAR CONDUCTIVITY
TENSORS

A. Coordinate representation

Ohm’s law relates current j generated in media to the applied electric field E. In the standard linear case j depends
linearly on E. In the nonlinear case, which we consider in this work, j has an additional dependence on E2 and the
nonlinear Ohm’s law reads

jα = σαµEµ + σ̃αµνEµEν , (7)

where Eµ – is the applied electric field, σαµ – is the linear conductivity tensor, and σ̃αµν – is the nonlinear conductivity
tensor and with α,µ, ν are spatial indices. In 2 spatial dimensions linear conductivity tensor σαµ is a 2 × 2 matrix,
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Figure 2. Angle-resolved transport in the linear regime. Transport response in the linear regime was measured using
six different configurations, with eight distinct orientations of current flow per configuration. Solid black lines represent the
expected transport response derived from a single conductivity matrix in the linear regime, while the gray shaded stripes denote
the anticipated measurement error due to the finite width of the graphene leads. Notably, certain configurations probe the
transport response near the corners of the disk-shaped sample, such as the configuration depicted in the bottom left panel. The
consistent fit of all measurements to the same conductivity matrix strongly supports the conclusion that the transport response
is both local and uniform across the sample.

which in the absence of any symmetries has 4 independent components. This statement is valid for both AC and
DC currents. The structure of nonlinear conductivity tensor does depend on whether the applied electric field is
time-dependent or not. In the case of AC field and in the absence of any spatial symmetries, σ̃αµν can have up to 8
independent components in 2 spatial dimensions. In the DC case, σ̃αµν has to be symmetric with respect to µ↔ ν,
therefore, the maximal number of independent components is reduced to 6. We restrict our studies solely to the DC
case in 2 spatial dimensions.

In coordinate representation linear and nonlinear tensors can be written in terms of Pauli matrices

σαµ = k0τ0 + k1τ1 + ik2τ2 + k3τ3
σ̃αµν = cα0 τ0 + cα1 τ1 + cα3 τ3,

(8)

where cα2 τ2 component is absent in the DC limit.
Spatial (point-group) symmetries set constraints on the structure of conductivity tensors. For example, C3 invari-

ance of the system requires that upon C3 rotations σαµ and σ̃αµν remain invariant, i.e.,

Rα′ασαµ(R−1)µµ′ = σα′µ′ = σαµ,
Rα′ασ̃αµν(R−1)µµ′(R−1)νν′ = σ̃α′µ′ν′ = σ̃αµν ,

(9)

where R – is the matrix of rotation by 2π/3. By solving Eq. (9) for coefficients kj and cαj with requirement that all
coefficients are real we arrive at the constraint for linear tensor

k1 = k3 = 0 (10)

and for nonlinear tensor

c21 = −c13, c23 = c11, (11)

and all other coefficients are zeros.
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Figure 3. Linear full fit Full fit for extracting the linear conductivity matrix for (a-c) n = −0.15 × 1012cm−2 and D = 300
mV/nm, (d-f) n = −0.15 × 1012cm−2 and D = −300 mV/nm, and (g-i) n = −0.3 × 1012cm−2 and D = 300 mV/nm. Panel (a,d,g)
show the fitting result (black curves) compared against measured data (black open circles) over 48 difference configurations,
allowing anisotropy and Hall conductance. All six lines in each panel comes from the same linear conductivity matrix. Grey
shades in denotes the error bar of the fit from the finite width of the sample contacts. In each case ∆σ/σ̄ ≈ 3%, and σH ≃ 0.
In PIP2 phase linear conductivity is σ̄ ≃ 41 e2

h
while in Sym4 phase σ̄ ≃ 298 e2

h
. Panel (b,e,h) show the fitting result (black

curves) compared against measured data (black open circles) over 48 difference configurations, forcing ∆σ/σ̄ = 0, and σH = 0.
Contrasting (a,d,g) with (g,e,h), we demonstrate the anisotropy and Hall conductance in each state is weak. (d,f,i) shows how
RRMSE [10] changes as we sweep different parameters of the linear conductivity matrix. Left panels shows a sharp dip at σ̄,
indicating an precise extraction of σ̄. Middle panels shows a flat response as we sweep the principle axis angle. The insensitivity
confirms that the anisotropy is weak (see section Fitting Protocol and Error Estimation). Right panel shows a sharp dip near
0, confirming a small σH compared to σ̄.
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B. Complex representation

Equation (7) can also be conveniently written in the complex form, where 2D vectors are treated as complex
numbers. For the purely linear case Ohm’s law in the complex form reads

jlx + ijly = σ
(1)
+
eiχ

(1)
+ (Ex + iEy) + σ(1)− eiχ

(1)
− (Ex − iEy) . (12)
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−0.1×1012 cm−2. (c-d) Displacement field dependence of the second harmonic response measured with difference configuration,
at (c) n = −0.02 × 1012 cm−2 and (d) n = 0.04 × 1012 cm−2.

The four real parameters σ(1)
+
, σ
(1)
−
, χ
(1)
+
, χ
(1)
−

in complex representation can be easily related to the four real parameters
k0, k1, k2, k3 of real representation:

k0 = σ(1)+ cosχ
(1)
+
, (13)

k3 = σ(1)− cosχ
(1)
−
, (14)

k1 = σ(1)− sinχ
(1)
−
, (15)

k2 = −σ(1)+ sinχ
(1)
+
. (16)

Let us now focus on the nonlinear contribution to the electric current in Eq. (7). There are two ways to derive
the complex form of the nonlinear contribution. One is to explicitly use the coordinate representation and match
coefficients in front of equivalent terms. The other one involves an analogy with the multiplication of two-dimensional
irreducible representations (irreps) of point groups. Let us use the more elegant method of multiplying irreps. The
right-hand side of the equation can be thought of as a product of two E irreducible representations (because electric
field is a 2-component vector). To use this analogy let us recall the irrep multiplication rule E × E = A1 + A2 + E.
Imagine that we want to calculate a Kronecker product of two different two-component irreps E with basis vectors
(Px ± iPy) and (Qx ± iQy). Then the A1 combination is PxQx +PyQy (which comes from (Px + iPy)(Qx − iQy)+ c.c.);
two E combinations are PxQx −PyQy and PxQy +PyQx (both come from linear combinations of (Px + iPy)(Qx + iQy)
and (Px − iPy)(Qx − iQy)); and the A2 combination is PxQy −PyQx (this one comes from (Px + iPy)(Qx − iQy)− c.c.).
We now use the fact that in our case both P− and Q− vectors are the time-independent electric field E, therefore, the
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A2 combination identically vanishes and there are no two additional independent parameters that would correspond
to the A2 contribution. This manifests the symmetry of the nonlinear tensor upon the interchange of Ex and Ey for
DC current. Explicitly substituting Px = Qx = Ex and Py = Qy = Ey we obtain three possible terms

(Ex − iEy)2, (17)
(Ex + iEy)2, (18)
E2

x +E2
y , (19)

a linear combination of which will give the nonlinear contribution to current density. Therefore, the full Eq. (7) in
complex form reads

jx+ijy = σ(1)+ eiχ
(1)
+ (Ex + iEy)+σ(1)− eiχ

(1)
− (Ex − iEy)+σ(2)− eiχ

(2)
− (Ex−iEy)2+σ(2)+ eiχ

(2)
+ (Ex+iEy)2+σ(2)0 eiχ

(2)
0 (E2

x +E2
y) .

(20)
In the main text we employed the shorthand notation

Ξ
(1)
+,− = σ(1)+,−eiχ

(1)
+,− ,

Ξ
(2)
+,0,− = σ

(2)
+,0,−e

iχ
(2)
+,0,− .

(21)

for brevity.
Some symmetry constraints on the nonlinear tensor, e.g., transformation under rotations, automatically follow

from the complex representation. In this work we are specifically interested in hexagonal lattice systems, where C3

rotational symmetry is fundamental. In complex form rotation of vectors is extremely simple and is performed by
multiplication by eiϕ, where ϕ - is the rotation angle. It is evident then that the C3-invariant contribution to the
nonlinear tensor is given by

σ
(2)
−
eiχ

(2)
− (Ex − iEy)2 (22)

because under C3 a vector x + iy → − 1
2
x +

√

3
2
y + i (− 1

2
y −

√

3
2
x) = (− 1

2
− i
√

3
2
) (x + iy) = e−i2π/3(x + iy).

C. Relations between components of nonlinear conductivity tensor in coordinate and complex
representations

Consider the nonlinear contribution to the current in coordinate

E2
x (c10 + c13 + ic20 + ic23) + 2ExEy (c11 + ic21) +E2

y (c10 − c13 + ic20 − ic23) (23)

and in complex

σ
(2)
−
eiχ

(2)
− (Ex − iEy)2 + σ(2)+ eiχ

(2)
+ (Ex + iEy)2 + σ(2)0 eiχ

(2)
0 (E2

x +E2
y) (24)
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forms. To understand the relation between the components of the tensor in coordinate representation and coefficients
σ
(2)
−
, σ
(2)
+
, σ
(2)
0 , χ

(2)
−
, χ
(2)
+
, χ
(2)
0 of the complex equation it is instructive to consider the simplified case with χ(2)

−
= χ(2)

+
=

χ
(2)
0 = 0 first. Then

E2
x (c10 + c13 + ic20 + ic23) + 2ExEy (c11 + ic21) +E2

y (c10 − c13 + ic20 − ic23) =

= E2
x (σ

(2)
−
+ σ(2)
+
+ σ(2)0 ) − 2iExEy (σ(2)− − σ(2)+ ) −E2

y (σ
(2)
−
+ σ(2)
+
− σ(2)0 ) .

(25)

Since σ(2)
−
, σ
(2)
+
, σ
(2)
0 are purely real by definition, σ(2)

−
+ σ(2)
+
+ σ(2)0 and σ

(2)
−
+ σ(2)
+
− σ(2)0 are also purely real. This

means that c20 = c23 = 0. At the same time c11 + ic21 has to be purely imaginary, thus c11 = 0. Therefore, we are left
with a simple system of linear equations that fixes relations between the components of the tensor in coordinate and
complex forms:

σ
(2)
−
+ σ(2)
+
+ σ(2)0 = c10 + c13 (26)

σ
(2)
−
+ σ(2)
+
− σ(2)0 = c13 − c10 (27)

σ
(2)
−
− σ(2)
+
= −c21 (28)

Solving for σ(2)-coefficients we obtain

σ
(2)
−
= c13 − c21

2
,

σ
(2)
+
= c13 + c21

2
,

σ
(2)
0 = c10.

(29)

This relates components of the nonlinear tensor to coefficients σ(2)
−
, σ
(2)
+
, σ
(2)
0 for χ(2)

−
= χ(2)

+
= χ(2)0 = 0. Let’s perform

a simple sanity check: consider the C3-symmetric case. There, c10 = 0, c21 = −c13, hence σ(2)
+
= σ(2)0 = 0 and σ(2)

−
= c13.

We can also generalize those relations for the case of χ(2)
−
, χ
(2)
+
, χ
(2)
0 being non-zero by matching the terms between

coordinate and complex representations:

σ
(2)
−
eiχ

(2)
− + σ(2)

+
eiχ

(2)
+ + σ(2)0 eiχ

(2)
0 = c10 + c13 + ic20 + ic23 (30)

σ
(2)
−
eiχ

(2)
− + σ(2)

+
eiχ

(2)
+ − σ(2)0 eiχ

(2)
0 = c13 − c10 + ic23 − ic20 (31)

σ
(2)
−
eiχ

(2)
− − σ(2)

+
eiχ

(2)
+ = −c21 + ic11. (32)

We solve for σ(2)’s and χ(2)’s to obtain the most general relations between the coefficients

σ
(2)
−
=

√
(c13 − c21)

2 + (c23 + c11)
2

2
, tanχ

(2)
−
= c23 + c11
c13 − c21

,

σ
(2)
+
=

√
(c13 + c21)

2 + (c23 − c11)
2

2
, tanχ

(2)
+
= c23 − c11
c13 + c21

,

σ
(2)
0 =

√
(c10)

2 + (c20)
2
, tanχ

(2)
0 = c20

c10
.

(33)

In the limit of χ(2)
−
= χ(2)

+
= χ(2)0 = 0 these equations match Eqs. (29).

D. Dissipative vs non-dissipative components of conductivity tensor

In linear response theory Onsager relations uniquely relate time-reversal symmetry breaking (non-reciprocity) and
dissipation. It is well known that Hall component of linear conductivity tensor is non-dissipative and requires broken
time-reversal symmetry to be present. The rest of the tensor is dissipative. This can be inferred from Joule-Lenz law
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applied to current density in linear regime. First, we split the overall current into two parts, which we label dissipative
and non-dissipative

j = jd + jnd.

This separation is performed for linear and nonlinear contributions to current separately. Non-dissipative components
of the tensor are those that lead to current not generating any heat for any orientation of the electric field, i.e., such
that

jnd ⋅E = 0. (34)

To find the non-dissipative component we calculate the dot product of the full current j = jd+jnd with the electric field
and look for the contribution that satisfies Eq. (34). In linear regime, the only component satisfying this condition is
k2, which corresponds to Hall conductivity:

jl ⋅E = jlαEα = σαµEµEα = Eα(k0τ0 + k1τ1 + ik2τ2 + k3τ3)αµEµ =
= k0 (E2

x +E2
y) + k3 (E2

x −E2
y) + 2k1ExEy.

(35)

The same conclusion can be reached using the complex representation with Ex + iEy = ∣E∣eiλ:

jl ⋅E = Re [(jlx + ijly)(Ex − iEy)] = Re [σ(1)+ eiχ
(1)
+ (E2

x +E2
y) + σ

(1)
−
eiχ

(1)
− (Ex − iEy)2] =

= ∣E∣2Re [σ(1)
+
eiχ

(1)
+ + σ(1)

−
eiχ

(1)
− e−2iλ] = 0,

(36)

where we request the equality to hold for any orientation of the electric field, i.e., for any λ. Therefore, the only
component of the current that satisfies this condition is non-dissipative component

(jndx + ijndy )
l = σ

(1)
+
eiχ

(1)
+ − σ(1)

+
e−iχ

(1)
+

2
(Ex + iEy) (37)

which is exactly the linear Hall component, and the rest provides the linear dissipative part:

(jdx + ijdy)
l = σ

(1)
+
eiχ

(1)
+ + σ(1)

+
e−iχ

(1)
+

2
(Ex + iEy) + σ(1)− eiχ

(1)
− (Ex − iEy) . (38)

For nonlinear component of the current the situation is more complicated. There is no consensus on Onsager
relations for nonlinear conductivity tensor; this is a topic of an extensive ongoing research. Therefore, we adopt the
Joule-Lenz criterion (34) for microscopic current and apply it directly to the nonlinear contribution to current density
in complex representation with Ex + iEy = ∣E∣eiλ:

jnl ⋅E = Re [(jnlx + ijnly )(Ex − iEy)] =

= Re [σ(2)
−
eiχ

(2)
− (Ex − iEy)3 + σ(2)+ eiχ

(2)
+ (Ex + iEy)(E2

x +E2
y) + σ

(2)
0 eiχ

(2)
0 (Ex − iEy) (E2

x +E2
y)] =

= ∣E∣3Re [σ(2)
−
eiχ

(2)
− e−3iλ + σ(2)

+
eiχ

(2)
+ eiλ + σ(2)0 eiχ

(2)
0 e−iλ] = 0.

(39)

For the non-dissipative contribution, this condition has to be satisfied for any λ, hence

σ
(2)
−

cos (χ(2)
−
− 3λ) + σ(2)

+
cos (χ(2)

+
+ λ) + σ(2)0 cos (χ(2)0 − λ) = 0. (40)

Since sinnλ, cosmλ are linearly independent, we obtain that non-dissipative component of the nonlinear tensor requires

Re (σ(2)
−
eiχ

(2)
− ) = Im (σ(2)

−
eiχ

(2)
− ) = 0, (41)

Re (σ(2)
+
eiχ

(2)
+ ) +Re (σ(2)0 eiχ

(2)
0 ) = 0, (42)

Im (σ(2)
+
eiχ

(2)
+ ) − Im (σ(2)0 eiχ

(2)
0 ) = 0. (43)

Thus the full nonlinear current reads

jnl = jnld + jnlnd,
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where the non-dissipative component of the current satisfies

(jndx + ijndy )
nl = σ

(2)
+
eiχ

(2)
+ − σ(2)0 e−iχ

(2)
0

2
(Ex + iEy)2 −

σ
(2)
+
e−iχ

(2)
+ − σ(2)0 eiχ

(2)
0

2
(E2

x +E2
y) . (44)

and the rest of the nonlinear tensor corresponds to the dissipative component of the nonlinear current and is given by

(jdx + ijdy)
nl = σ(2)

−
eiχ

(2)
− (Ex − iEy)2 +

σ
(2)
+
eiχ

(2)
+ + σ(2)0 e−iχ

(2)
0

2
(Ex + iEy)2 +

σ
(2)
+
e−iχ

(2)
+ + σ(2)0 eiχ

(2)
0

2
(E2

x +E2
y) . (45)

Note that Eq. (44) can be written as

(x̂ + iŷ) ⋅ jnlnd = (x̂ + iŷ) ⋅ (ẑ ×E) (C ⋅E) , (46)

where E – is the electric field, x̂, ŷ, ẑ – are unit vectors in x, y and z (out-of-plane) directions correspondingly, and a
2-component vector C is given by

Cx = Im [σ(2)+ eiχ
(2)
+ − σ(2)0 e−iχ

(2)
0 ] ,

Cy = Re [σ(2)+ eiχ
(2)
+ − σ(2)0 e−iχ

(2)
0 ] .

(47)

Note that Eq. (46) becomes exactly the Berry curvature dipole-induced nonlinear Hall effect if C = D – is the Berry
curvature dipole vector [5]. In our work we do not immediately associate vector C with Berry curvature dipole,
as nonlinear Hall effect in general can be caused by various mechanisms. Nonetheless, since our expression for non-
dissipative nonlinear current has the same form as expressions for nonlinear Hall effect, we will use the terms "nonlinear
non-dissipative" and "nonlinear Hall" interchangeably.

It is important to mention that 3-fold contribution σ
(2)
−
eiχ

(2)
− (Ex − iEy)2 does not contribute to the nonlinear

Hall and is different from the 1-fold dissipative contribution: it always contains both transverse and longitudinal
contributions and neither of them can be made vanishing throughout the entire sample, see next section.

E. Parallel component of nonlinear current

The other condition that can be easily obtained from the complex representation of Ohm’s law is the condition on
nonlinear component of the current to always be longitudinal to the applied electric field (no transverse component).
For microscopic current density and electric field it is given by

jnl ×E = 0, (48)

which for nonlinear contribution to current in complex representation translates to

jnl ×E = −Im [(jnlx + ijnly )(Ex − iEy)] = −∣E∣3Im [σ(2)− eiχ
(2)
− e−3iλ + σ(2)

+
eiχ

(2)
+ eiλ + σ(2)0 eiχ

(2)
0 e−iλ] = 0. (49)

Then for any λ

σ
(2)
−

sin (χ(2)
−
− 3λ) + σ(2)

+
sin (χ(2)

+
+ λ) + σ(2)0 sin (χ(2)0 − λ) = 0. (50)

Again, sinnλ, cosmλ are linearly independent, therefore, the condition is satisfied for any λ if

Re (σ(2)
−
eiχ

(2)
− ) = Im (σ(2)

−
eiχ

(2)
− ) = 0, (51)

Re (σ(2)
+
eiχ

(2)
+ ) −Re (σ(2)0 eiχ

(2)
0 ) = 0, (52)

Im (σ(2)
+
eiχ

(2)
+ ) + Im (σ(2)0 eiχ

(2)
0 ) = 0. (53)

As we see from those conditions, the 3-fold component cannot be made purely longitudinal as it always will have
transverse components in addition to longitudinal.

The 1-fold (longitudinal) component of dissipative nonlinear current can also be cast into the coordinate-free way
similar to Eq. (46) so that the full non-dissipative nonlinear current satisfies

(x̂ + iŷ) ⋅ jnld = σ
(2)
−
eiχ

(2)
− (Ex − iEy)2 + (x̂ + iŷ) ⋅E (B ⋅E) (54)
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upon the introduction of an auxiliary vector B, components of which are given by

Bx = Re [σ(2)+ e−iχ
(2)
+ + σ(2)0 eiχ

(2)
0 ] ,

By = Im [σ(2)+ e−iχ
(2)
+ + σ(2)0 eiχ

(2)
0 ] .

(55)

The relative orientation of C and B vectors can be inferred from their dot product

B ⋅ C = 2σ(2)
+
σ
(2)
0 sin (χ(2)

+
+ χ(2)0 ) . (56)

In the presence of mirror axis χ(2)
+
= −χ(2)0 the dot product vanishes indicating that the two vectors are orthogonal.

In the absence of mirror axis the two vectors can have arbitrary orientation.

F. Relations between the A,B,C vectors and components of the σ̃ in the coordinate representation

Using Eqs. (7) and (20) we can directly relate components of nonlinear conductivity tensor in coordinate represen-
tation to Ξ

(2)
−,0,+:

σ̃xxx = ReΞ(2)− +ReΞ(2)+ +ReΞ(2)0 = σ(2)
−

cosχ
(2)
−
+ σ(2)
+

cosχ
(2)
+
+ σ(2)0 cosχ

(2)
0 ,

σ̃xxy = ImΞ
(2)
−
− ImΞ

(2)
+
= σ(2)
−

sinχ
(2)
−
− σ(2)
+

sinχ
(2)
+
,

σ̃xyy = −ReΞ(2)− −ReΞ(2)+ +ReΞ(2)0 = −σ(2)
−

cosχ
(2)
−
− σ(2)
+

cosχ
(2)
+
+ σ(2)0 cosχ

(2)
0 ,

σ̃yxx = ImΞ
(2)
−
+ ImΞ

(2)
+
+ ImΞ

(2)
0 = σ(2)

−
sinχ

(2)
−
+ σ(2)
+

sinχ
(2)
+
+ σ(2)0 sinχ

(2)
0 ,

σ̃yxy = −ReΞ(2)− +ReΞ(2)+ = −σ(2)− cosχ
(2)
−
+ σ(2)
+

cosχ
(2)
+
,

σ̃yyy = −ImΞ
(2)
−
− ImΞ

(2)
+
+ ImΞ

(2)
0 = −σ(2)

−
sinχ

(2)
−
− σ(2)
+

sinχ
(2)
+
+ σ(2)0 sinχ

(2)
0 .

(57)

Introducing vector representation for the Ξ
(2)
−

term as

Ax + iAy =
3
√

Ξ
(2)
−

the 3-fold component of the current

(jx + ijy)( = σ(2)− eiχ
(2)
− (Ex − iEy)2

can be cast into the coordinate-free form

jnl
(
= A((A ⋅E)2 − (A ×E)2) + 2A× (A ×E) (A ⋅E) . (58)

Carthesian and vector representations can be linked using the definitions of A,B,C and Eq. (57):

σ̃xxx = A3
x − 3AxA2

y + Bx,

σ̃xxy = 3A2
xAy −A3

y +
By − Cx

2
,

σ̃xyy = −(A3
x − 3AxA2

y) − Cy,
σ̃yxx = 3A2

xAy −A3
y + Cx,

σ̃yxy = −(A3
x − 3AxA2

y) +
Bx + Cy

2
,

σ̃yyy = −(3A2
xAy −A3

y) + By.

(59)

G. Symmetry properties of nonlinear conductivity tensor

Nonlinear conductivity tensor has a higher rank than linear conductivity tensor, therefore, its transformation prop-
erties are less obvious. In this section we discuss symmetry constraints on the components of nonlinear conductivity
tensor.
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The most fundamental symmetry constraint on the nonlinear conductivity tensor is the absence of inversion sym-
metry. The absence of inversion is evident from Eq. (7): in order to have nonzero linear response the nonlinear tensor
σ̃αµν has to be odd under inversion to be nonzero because both j and E vectors are odd under inversion. In this regard
nonlinear conductivity tensor is very similar to the optical second-order nonlinear susceptibility, which is responsible
for generation of second optical harmonic in noncentrosymmetric materials or from the surface of centrosymmetric
materials.

We start the discussion of point-group symmetries by considering the effects of rotation. We focus solely on
nonlinear contribution to current density and, for convenience, resort to the complex representation (20). In complex
representation rotation of vectors by angle α is performed by a simple multiplication by a phase factor:

vx ± ivy → e±iα(vx ± ivy). (60)

Then under rotation nonlinear component of Eq. (20) transforms as

eiα(jx + ijy)nl = σ(2)− eiχ
(2)
− e−2iα(Ex − iEy)2 + σ(2)+ e2iαeiχ

(2)
+ (Ex + iEy)2 + σ(2)0 eiχ

(2)
0 (E2

x +E2
y) . (61)

Dividing both sides of the equation by eiα we arrive at

jnlx + ijnly = σ
(2)
−
eiχ

(2)
− e−3iα(Ex − iEy)2 + σ(2)+ eiχ

(2)
+ eiα(Ex + iEy)2 + σ(2)0 eiχ

(2)
0 e−iα (E2

x +E2
y) . (62)

Rotational symmetry requires the prefactors containing α to vanish. The first term (σ(2)
−

-term), therefore, is invariant
upon C3 rotation, as e−3iα = 1 for α = ± 2π

3
. The other two terms, σ(2)

+
and σ

(2)
0 are only invariant upon the full 2π

rotation. All three terms break C2z (in-plane inversion) symmetry as they change sign for α = π.
Another important point-group symmetry is mirror. In 2D there are two generic mirror symmetries, Mx and My,

that act as

Mx ∶ x→ x, y → −y,
My ∶ x→ −x, y → y.

(63)

Under Mx all complex vectors in Eq. (20) experience complex conjugation:

jnlx − ijnly = σ
(2)
−
eiχ

(2)
− (Ex + iEy)2 + σ(2)+ eiχ

(2)
+ (Ex − iEy)2 + σ(2)0 eiχ

(2)
0 (E2

x +E2
y) . (64)

Applying complex conjugation to the whole expression we obtain

jnlx + ijnly = σ
(2)
−
e−iχ

(2)
− (Ex − iEy)2 + σ(2)+ e−iχ

(2)
+ (Ex + iEy)2 + σ(2)0 e−iχ

(2)
0 (E2

x +E2
y) . (65)

Therefore, the presence of Mx symmetry requires all phase factors χ(2)
−
, χ
(2)
+
, χ
(2)
0 to be 0 or π. Under My Eq. (20)

becomes

−jnlx + ijnly = σ
(2)
−
eiχ

(2)
− (Ex + iEy)2 + σ(2)+ eiχ

(2)
+ (Ex − iEy)2 + σ(2)0 eiχ

(2)
0 (E2

x +E2
y) . (66)

Applying complex conjugation to the whole equation and multiplying both sides by -1 we arrive at

jnlx + ijnly = −σ
(2)
−
e−iχ

(2)
− (Ex − iEy)2 − σ(2)+ e−iχ

(2)
+ (Ex + iEy)2 − σ(2)0 e−iχ

(2)
0 (E2

x +E2
y) . (67)

Therefore, to preserve invariance one has to satisfy −e−iχ
(2)
− = eiχ

(2)
− ;−e−iχ

(2)
+ = eiχ

(2)
+ ;−e−iχ

(2)
0 = eiχ

(2)
0 , which leads to

all phase factors χ(2)
−
, χ
(2)
+
, χ
(2)
0 being ±π/2, which is expected as x and y axes are orthogonal.

For linear current, enforcing mirror symmetry will make Hall component vanishing. In the nonlinear case, there
are two independent parameters that correspond to Hall response. Having a mirror axis reduces the number of
independent parameters from 2 to 1, hence, nonlinear Hall effect is not prohibited by mirror symmetry.

III. NONLINEAR TRANSPORT IN DISK GEOMETRY AS AN ELECTROSTATICS PROBLEM

In this section we set up the electrostatics problem which describes the current flow inside the sample in disk
geometry.
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We consider a sample made of conducting material in the shape of a disk with source and drain attached to two
arbitrary points on the boundary of the disk. We further assume that both linear and nonlinear conductivity are
uniform and that the sample is in diffusive regime. These are the only two fundamental assumptions of our approach.
We consider the case of source and drain being point-like. Generalization to contacts being of finite size is done by
integrating over a distribution of point-like sources. We start by considering the nonlinear Ohm’s law Eq. (20)

jx+ijy = σ(1)+ eiχ
(1)
+ (Ex + iEy)+σ(1)− eiχ

(1)
− (Ex − iEy)+σ(2)− eiχ

(2)
− (Ex−iEy)2+σ(2)+ eiχ

(2)
+ (Ex+iEy)2+σ(2)0 eiχ

(2)
0 (E2

x +E2
y) ,

(68)
and the continuity equation for electrical current:

∇ ⋅ j = I (δ(r − rS) − δ(r − rD)) . (69)

where rS,D – are positions of point-like source and drain correspondingly, and I – is the integrated current density
injected into the sample. We are looking for a potential solution such that the electric field is given by a gradient of
the electrostatic potential

E(r) = −∇rΦ(r). (70)

For arbitrary magnitude of the injected current this nonlinear problem is intractable due to severe nonlinearities
appearing in the nonlinear Ohm’s law equation. For small magnitudes of injected current, however, this problem
becomes treatable perturbatively. Consider the power-law expansion of current density in powers of the injected
current magnitude I:

jα =
∞

∑
n=1

j(n−1)α , (71)

where j(n−1)α ∝ In. We can then look for solutions to the nonlinear problem order by order in I. At the first order in
I the Ohm’s law becomes linear

j(0)x + ij(0)y = σ(1)
+
eiχ

(1)
+ (E(0)x + iE(0)y ) + σ

(1)
−
eiχ

(1)
− (E(0)x − iE(0)y ) (72)

and the continuity equation contains only j(0):

∇ ⋅ j(0) = I (δ(r − rS) − δ(r − rD)) . (73)

We make use of the linear electrostatic potential definition

E(0)(r) = −∇rΦ
(0)(r), (74)

and substitute it into the linear Ohm’s law to express the 0th-order current density via the gradient of the 0th-order
electrostatic field

j(0)x + ij(0)y = −σ(1)
+
eiχ

(1)
+ (∇xΦ

(0)(r) + i∇yΦ
(0)(r)) − σ(1)

−
eiχ

(1)
− (∇xΦ

(0)(r) − i∇yΦ
(0)(r)) . (75)

We now apply divergence operator to both sides of the expression above to combine its right-hand-side with the
right-hand-side of the continuity equation. The result of such operation is a second-order partial differential equation

−σ(1)
+
eiχ

(1)
+ (∇2

xΦ
(0)(r) + i∇2

yΦ
(0)(r)) − σ(1)

−
eiχ

(1)
− (∇2

xΦ
(0)(r) − i∇2

yΦ
(0)(r)) = I (δ(r − rS) − δ(r − rD)) , (76)

which in the absence of linear Hall conductivity and for principal axes being aligned with the reference frame can be
cast into the convenient form [26]

−(σ̄ +∆σ)∇2
xΦ
(0)(r) − (σ̄ −∆σ)∇2

yΦ
(0)(r) = I (δ(r − rS) − δ(r − rD)) , (77)

where

σ̄ +∆σ = σ(1)
+
+ σ(1)
−
, σ̄ −∆σ = σ(1)

+
− σ(1)
−
.

The boundary condition accompanying this differential equation is based on the constraint that current cannot leave
the sample anywhere but at the drain. This requirement forces the boundary condition to be Neumann. We present
the explicit form of boundary conditions in the following subsections.
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We now are seeking j(1), the first correction to the current density due to nonlinear dependence on electric field.
This correction stems from having nonlinearity in (7) (or in (20)) due to the nonvanishing nonlinear conductivity
tensor. To find j(1) we need to consider terms of the order I2 in Ohm’s law (7). At this order Eq. (7) reads

j(1)α = σαµE(1)µ + σ̃αµνE(0)µ E(0)ν , (78)

where E(0)µ – is the electric field generated by the electrostatic potential in the linear case (0th-order term, linear in
I) and E

(1)
µ – is the electric field generated by the correction of the order I2 to the electrostatic potential due to

nonlinearity. The correction to current density j(1) satisfies a trivial continuity equation

∇ ⋅ j(1) = 0 (79)

as there are no sources at the boundary which are quadratic in I. From the physical perspective this corresponds
to the fact that nonlinear current is generated within the system itself due to the nonlinearity and not by external
sources. In other words, in the perturbative regime the source for corrections to the linear regime at order n stems
from the solution at order n − 1. Because the divergence of j(1) vanishes and because inside the disk the curl of E(1)
must vanish (due to path independence of the work done by a unit charge between any two points inside), we can
express

E(1) = −∇rΦ
(1)(r).

Combining the last two equations together with the definition of nonlinear correction to electrostatic potential E(1)
we arrive at the second-order partial differential equation for Φ(1):

j(1) = σ ⋅E(1) + E(2) = −σ ⋅ ∇Φ(1) + E(2), (80)

∇ ⋅ j(1) = 0 ⇒ ∇ ⋅ σ ⋅ ∇Φ(1) = ∇ ⋅ E(2) ⇒ (81)

σ̄ ((1 + ∆σ

σ̄
) ∂2

∂x2
+ (1 − ∆σ

σ̄
) ∂

2

∂y2
)Φ(1)(x, y) = ∂E

(2)
x (x, y)
∂x

+ ∂E
(2)
y (x, y)
∂y

, (82)

where

E(2)(r) = σ̃αµνE(0)µ (r)E(0)ν (r) (83)

– is the source field for nonlinear potential stemming from the electric fields generated in the linear regime. Note that
for ∆σ = 0 Eq. (82) becomes the Poisson equation. For ∆σ ≠ 0 one can perform a transormation of variables to cast
(82) into the Poisson form. The boundary condition is again of Neumann type.

Below we separately discuss the problem setup for the case of isotropic linear conductivity and anisotropic linear
conductivity. In both cases we consider linear Hall component of the tensor to be negligible.

A. The case of isotropic linear conductivity tensor

In the case of isotropic linear conductivity tensor

σ
(1)
+
= σ, σ

(1)
−
= χ(1)

+
= χ(1)

−
= 0,

For notational simplicity, we define E(2) by writing

j(1) = σE(1) + E(2) (84)

where E(2)x + iE(2)y = σ(2)
−
eiχ

(2)
− (E(0)x − iE(0)y )

2
+ σ(2)
+
eiχ

(2)
+ (E(0)x + iE(0)y )

2
+ σ(2)0 eiχ

(2)
0 [(E(0)x )

2
+ (E(0)y )

2
] . (85)

Therefore, the differential equations for both Φ(0)(r) and Φ(1)(r) are of Poisson type:

−∇2
rΦ
(0)(r) = I

σ
(δ(r − rS) − δ(r − rD)) , (86)

∇2
rΦ
(1)(r) = 1

σ
∇r ⋅ E(2)(r), (87)
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with current being tangential to the boundary

n̂ ⋅ j(0) = 0 (88)

⇒ n̂ ⋅ ∇Φ(0)∣boundary = 0; (89)

n̂ ⋅ j(1) = σn̂ ⋅E(1) + n̂ ⋅ E(2) = 0 (90)

⇒ n̂ ⋅ ∇Φ(1)∣boundary =
1

σ
n̂ ⋅ E(2)∣boundary, (91)

which translates to Neumann boundary conditions.

B. The case of anisotropic linear conductivity tensor

Consider the first order nonlinear correction to the current density:

j(1) = σ ⋅E(1) + E(2) = −σ ⋅ ∇rΦ
(1)(r) + E(2), (92)

where σ is in general anisotropic linear conductivity tensor with vanishing Hall component. Then, since all the current
at the source and drain (I) has been accounted for in the continuity equation for the linear term j(0), we must have

∇ ⋅ j(1) = 0 ⇒ ∇ ⋅ σ ⋅ ∇Φ(1)(r) = ∇ ⋅ E(2). (93)

In addition, we must have no current along the direction normal to the circle at its boundary (because current cannot
escape the sample):

n̂ ⋅ j(1)∣circ. = 0 ⇒ n̂ ⋅ σ ⋅ ∇Φ(1)(r)∣circ. = n̂ ⋅ E
(2)∣

circ. . (94)

Now, let us assume that our coordinate system has been set up along the principal axes of the conductivity tensor
σ, i.e., without loss of generality

σ
(1)
+
= σ̄, σ

(1)
−
=∆σ,

and we consider ∆σ < 0. Then, Eq. (93) reads:

σ̄ ((1 + ∆σ

σ̄
) ∂2

∂x2
+ (1 − ∆σ

σ̄
) ∂

2

∂y2
)Φ(1)(x, y) = ∂E

(2)
x (x, y)
∂x

+ ∂E
(2)
y (x, y)
∂y

. (95)

Now, let us define

X = x√
1 + ∆σ

σ̄

(96)

Y = y√
1 − ∆σ

σ̄

(97)

ϕ(1)(X,Y ) = Φ(1)(x, y) (98)

Ẽ(2)X (X,Y ) =
1√

1 + ∆σ
σ̄

E(2)x (x, y) (99)

Ẽ(2)Y (X,Y ) =
1√

1 − ∆σ
σ̄

E(2)y (x, y) (100)

Then, Eq. (95) becomes

σ̄ ( ∂2

∂X2
+ ∂2

∂Y 2
)ϕ(1)(X,Y ) =

∂Ẽ(2)X (X,Y )
∂X

+
∂Ẽ(2)Y (X,Y )

∂Y
. (101)

So in the X,Y coordinates, R, the above has the form of Poisson equation, with a Laplacian on the left hand side
and a divergence of a vector field on the right hand side:

∇2
Rϕ
(1)(R) = 1

σ̄
∇R ⋅ Ẽ(2). (102)
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The right hand side is assumed known through the 0th-order solution, when it is found. Notice, that in new coordinates
R the initial area (disk) becomes an ellipse.

Now, the boundary condition in Eq. (94) can be written as

σ̄ ((1 + ∆σ

σ̄
)x∂Φ

(1)(x, y)
∂x

+ (1 − ∆σ

σ̄
) y ∂Φ

(1)(x, y)
∂y

)∣
x2+y2=1

= (xE(2)x (x, y) + yE(2)y (x, y))∣x2+y2=1
(103)

σ̄ ((1 + ∆σ

σ̄
)X∂ϕ(1)(X,Y )

∂X
+ (1 − ∆σ

σ̄
)Y ∂ϕ

(1)(X,Y )
∂Y

)∣
(1+∆σ

σ̄
)X2+(1−∆σ

σ̄
)Y 2=1

= (104)

((1 + ∆σ

σ̄
)XẼ(2)X (X,Y ) + (1 −

∆σ

σ̄
)Y Ẽ(2)Y (X,Y ))∣

(1+∆σ
σ̄
)X2+(1−∆σ

σ̄
)Y 2=1

(105)

The equation above has the form of

N ⋅ ∇Rϕ
(1) =N ⋅ 1

σ̄
Ẽ(2) evaluated at (1 + ∆σ

σ̄
)X2 + (1 − ∆σ

σ̄
)Y 2 = 1, (106)

where the vector N can be expressed as

(NX ,NY ) = ((1 +
∆σ

σ̄
)X,(1 − ∆σ

σ̄
)Y ) evaluated at (1 + ∆σ

σ̄
)X2 + (1 − ∆σ

σ̄
)Y 2 = 1. (107)

This vector is parallel to the normal of the elliptical boundary in the X,Y plane. To see this, consider contour lines of
the function f(X,Y ) = (1 + ∆σ

σ̄
)X2 +(1 − ∆σ

σ̄
)Y 2. Then, ∇Rf(X,Y ) evaluated at f(X,Y ) = 1 must be normal to its

level curve at 1, which is our ellipse. But, ∇Rf(X,Y )∣f=1 = 2 ((1 + ∆σ
σ̄
)X, ((1 − ∆σ

σ̄
)Y ))∣

f=1
which is what we have

above up to an irrelevant scaling factor of 2. Therefore, scaling both side by the inverse length of N, we can write

N̂ ⋅ ∇Rϕ
(1)(R) = N̂ ⋅ 1

σ̄
Ẽ(2) evaluated at (1 + ∆σ

σ̄
)X2 + (1 − ∆σ

σ̄
)Y 2 = 1. (108)

This is the Neumann boundary condition of the Poisson equation

∇2
Rϕ
(1)(R) = 1

σ̄
∇R ⋅ Ẽ(2). (109)

IV. GREEN’S FUNCTION APPROACH

The divergence theorem in 2D states that for a vector field A

∫
Ω
d2r∇ ⋅A = ∫

C
dl n̂ ⋅A (110)

where the first integral encloses a 2D region Ω and the second encircles its boundary C in a positive sense (moving
along the boundary, the region is to the left).

Let A = Φ∇G −G∇Φ. Then, the divergence theorem guarantees that

∫
Ω
d2r∇ ⋅ (Φ∇G −G∇Φ) = ∫

C
dl n̂ ⋅ (Φ∇G −G∇Φ) (111)

⇒ ∫
Ω
d2r (Φ∇2G −G∇2Φ) = ∫

C
dl n̂ ⋅ (Φ∇G −G∇Φ) (112)

Now, let’s say that we are able to construct a 2-variable function G(r, r′) such that inside the region Ω

∇2
r′G(r, r′) = −δ(r − r′); for r, r′ ∈ Ω. (113)

Then, performing the integral in (112) over r′ we have

−Φ(r) − ∫
Ω
d2r′G(r, r′)∇2

r′Φ(r′) = ∫
C
dl′ (Φ(r′)n̂ ⋅ ∇r′G(r, r′) −G(r, r′)n̂ ⋅ ∇Φ(r′)) . (114)

In our case, the value of Φ(r) on the boundary is unknown. Naively, this poses a problem because, even if one knows
G, one still doesn’t know how to handle the first term on the right hand side; the second term on the right hand side
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is known for known G because of the tangential current boundary condition (91). However, note that a solution of
(113) is not unique. This is the case because we can add to it a solution of the Laplace equation ∇2u = 0 and (113)
will still hold. Therefore, Eq. (114) holds as well. We can use this freedom to our advantage.

Imagine we manage to find such G(r, r′) = GN(r, r′) that

n̂ ⋅ ∇r′GN(r, r′)∣r′∈boundary = constant of r and r′. (115)

Then,

∫
C
dl′ Φ(r′)n̂ ⋅ ∇r′GN(r, r′) = n̂ ⋅ ∇r′GN(r, r′)∫

C
dl′ Φ(r′) = constant. (116)

Since only potential differences are physical, a constant change to the potential function Φ(r) doesn’t carry physical
information and doesn’t pose a problem. Then, substituting (87),(91) and (115) into (114) we have

Φ(r) = −∫
Ω
d2r′GN(r, r′)

1

σ
∇r′ ⋅ E(2)(r′) + ∫

C
dl′ GN(r, r′)

1

σ
n̂ ⋅ E(2) + constant. (117)

So, if we can construct GN we will be able to obtain the potential Φ(r) everywhere inside the region of interest.

V. MARVELOUS IDENTITY EQ.(124)

Consider the generic case of anisotropic linear conductivity tensor. We solve for ϕ(1)(R) using Neumann Green’s
function

∇2
R′GN(R,R′) = −δ (R −R′) for R,R′ ∈ ellipse (Ω) (118)

N̂ ⋅ ∇R′GN(R,R′)∣R′∈boundary of the ellipse (C) = constant of R and R′. (119)

and, up to an overall constant,

ϕ(1)(R) = −∫
Ω
d2R′GN(R,R′)∇2

R′ϕ
(1)(R′) + ∫

C
dℓ′GN(R,R′)N̂ ⋅ ∇R′ϕ

(1)(R′) (120)

= − 1
σ̄
∫
Ω
d2R′GN(R,R′)∇R′ ⋅ Ẽ(2)(R′) +

1

σ̄
∫
C
dℓ′GN(R,R′)N̂ ⋅ Ẽ(2)(R′) (121)

= − 1
σ̄
∫
Ω
d2R′∇R′ ⋅ (GN(R,R′)Ẽ(2)(R′)) +

1

σ̄
∫
Ω
d2R′ (∇R′GN(R,R′)) ⋅ Ẽ(2)(R′) +

1

σ̄
∫
C
dℓ′GN(R,R′)N̂ ⋅ Ẽ(2)(R′)

(122)

But the divergence theorem in 2D for a vector field A states that

∫
Ω
d2r∇ ⋅A = ∫

C
dℓ n̂ ⋅A. (123)

Therefore, the first and the last terms in the last line of (122) cancel and we have

ϕ(1)(R) = 1

σ̄
∫
Ω
d2R′ (∇R′GN(R,R′)) ⋅ Ẽ(2)(R′). (124)

This expression is valid for any anisotropy ∆σ of the linear tensor in the range 0 ≤ ∣∆σ
σ̄
∣ < 1. The Eq. (124) has a

physical interpretation – the nonlinear potential ϕ(1)(R) is given by a dot product of two electric fields: one is the
field ∇R′GN(R,R′) emanating from a δ−source located at the "observation" point; the other one – is the electric
field generated by the nonlinearity ∝ Ẽ(2).

VI. SYMMETRIES OF THE POTENTIAL UPON INTERCHANGE OF SOURCE AND DRAIN

It turns out that the Ohm’s law equation enjoys nontrivial symmetries upon the interchange of source and drain.
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A. 180○-degrees configuration

Let us provide an example for 180○ source and drain configuration. We shall consider the C3-symmetric case first
and then generalize our results. Consider the Ohm’s law equation for the linear component in the first order in I with
the continuity equation. Combining the two together we get

−σ(1)
+
∇2Φ(0)(r, rS) = I (δ(r − rS) − δ(r + rS)) , (125)

where we used that rD = −rS in the 180○ configuration and explicitly substituted E(0) = −∇Φ(0). Let us swap source
and drain in the right-hand-side of (125):

I (δ(r + rS) − δ(r − rS)) .

The right-hand-side changes sign, therefore, Φ(0) also has to change sign under such transformation, i.e.,

Φ(0)(r,−rS) = −Φ(0)(r, rS). (126)

Now let us change r to −r without swapping source and drain. The right-hand-side of Eq. (125) then yields

I (δ(−r − rS) − δ(−r + rS)) = I (δ(r + rS) − δ(r − rS)) ,

i.e., remains invariant under such transformation since δ−function is even. But the left-hand-side now experiences a
sign change, hence, the potential Φ(0) has to satisfy

Φ(0)(−r, rS) = −Φ(0)(r, rS). (127)

We just established the symmetry property for the linear potential Φ(0)(r, rS). Let’s see what consequences these
symmetries have for the nonlinear potential Φ(1)(r, rS). The nonlinear potential is defined by the equation

∇2Φ(1)(r, rS) =
1

σ
(1)
+

∇ ⋅ E(2)(r, rS),

n̂ ⋅ ∇Φ(1)∣boundary =
1

σ
(1)
+

n̂ ⋅ E(2)∣boundary
(128)

E(2)(r, rS) ∝ (E(0))2 by construction, therefore, it is even under r → −r, rS → −rS . Differential operator ∇ doesn’t
change under rS → −rS but it flips sign under r→ −r. Thus, we obtain the following symmetry properties of Φ(1):

Φ(1)(r, rS) = Φ(1)(r,−rS) (129)

Φ(1)(−r, rS) = −Φ(1)(r, rS). (130)

We now generalize our results to the general non-C3-symmetric case in the absence of linear Hall component of the
tensor. The linear current component now acquires an additional term and reads

j(0)x + ij(0)y = σ(1)
+
(E(0)x + iE(0)y ) + σ

(1)
−
(E(0)x − iE(0)y ) . (131)

If we take divergence of the left-hand-side we will get

−(σ(1)
+
∇2

x + σ
(1)
−
∇2

y)Φ(0) = I (δ(r − rS) − δ(r + rS)) .

Clearly, this is not a Poisson equation. To cure this we now perform change of variables like in [26]

X = x√
1 + σ

(1)
+
−σ
(1)
−

σ
(1)
+
+σ
(1)
−

, (132)

Y = y√
1 − σ

(1)
+
−σ
(1)
−

σ
(1)
+
+σ
(1)
−

, (133)
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so that we recover the Poisson equation for Φ(0) like in Eq. (125) but in new rescaled variables:

−∇2
RΦ(0)(R,RS) =

I√
σ
(1)
+
σ
(1)
−

(δ(R −RS) − δ(R +RS)) (134)

with R = (X,Y ). Clearly Eq. (134) has the same symmetry properties as Eq. (125):

Φ(0)(R,−RS) = −Φ(0)(R,RS), (135)

Φ(0)(−R,RS) = −Φ(0)(R,RS). (136)

Now we proceed to the nonlinear potential Φ(1). Here the source term has two additional terms and reads

E(2)(R,RS) = σ(2)− (E(0)x − iE(0)y )2 + σ
(2)
+
(E(0)x + iE(0)y )2 + σ

(2)
0 [(E(0)x )2 + (E(0)y )2], (137)

where the electric field E(0) depends on R,RS . As in the C3-symmetric case, all terms in the right-hand-side are
quadratic in the electric field E(0) and, hence, the right-hand-side is even under R → −R,RS → −RS . As in the
C3-symmetric case the nonlinear potential is given by

∇2
RΦ(1)(R,RS) = ∇R ⋅ E(2)(R,RS). (138)

This equation is mathematically identical to Eq. (128), therefore, the symmetry properties of the non-C3-symmetric
case are the same as of the C3-symmetric case.

VII. NEUMANN GREEN’S FUNCTION GN(r, r
′
) OF A CIRCLE

It can be verified by a direct calculation that for a unit circle

GN(r, r′) = −
1

4π
ln ((z − z′) (z∗ − z′∗)) − 1

4π
ln((z′ − 1

z∗
)(z′∗ − 1

z
)) (139)

= − 1

4π
ln ((z − z′) (z∗ − z′∗)) − 1

4π
ln(( 1

z∗
− z′)(1

z
− z′∗)) (140)

satisfies Eq.(113) and Eq.(115). For the verification, is useful to remember that

∂x = ∂z + ∂z∗ , (141)
∂y = i (∂z − ∂z∗) , (142)

∂z∗
1

z
= πδ(r). (143)

To verify the above claim, note that

n̂ ⋅ ∇r′GN(r, r′) =
z′∗

2∣z′∣ (∂x
′GN(r, r′) + i∂y′GN(r, r′)) +

z′

2∣z′∣ (∂x
′GN(r, r′) − i∂y′GN(r, r′)) (144)

= z
′∗

∣z′∣∂z
′∗GN(r, r′) +

z′

∣z′∣∂z
′GN(r, r′) =

z′∗

∣z′∣
1

4π
( 1

z∗ − z′∗ +
1

1
z
− z′∗

) + z′

∣z′∣
1

4π
( 1

z − z′ +
1

1
z∗
− z′
) (145)

Now, we place z′ on the unit circle, i.e. z′ = eiϕ. Then,

n̂ ⋅ ∇r′GN(r, r′)∣r′∈boundary =
1

4π
( e−iϕ

z∗ − e−iϕ +
e−iϕ

1
z
− e−iϕ

+ eiϕ

z − eiϕ +
eiϕ

1
z∗
− eiϕ

) (146)

= 1

4π
( e−iϕ

z∗ − e−iϕ +
z

eiϕ − z +
eiϕ

z − eiϕ +
z∗

e−iϕ − z∗ ) (147)

= − 1

2π
→ − 1

2πa
(148)

where in the last line we restored the proper dimensions.
The Green’s function GN(r, r′) is valid for any points inside the circle. Therefore, in our subsequent treatment

of the problem we will first need to put source and drain inside the circle and then continuously move them to the
boundary.
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VIII. ANALYTICAL SOLUTION FOR THE ISOTROPIC LINEAR CONDUCTIVITY TENSOR CASE

In this section we provide a full analytical solution for the nonlinear potential Φ(1)(r) in the case of fully isotropic
linear conductivity tensor. Strictly speaking, having a perfectly isotropic linear tensor puts severe restrictions on the
nonlinear conductivity tensor. Here we assume that no restrictions are imposed on the nonlinear tensor and consider
the most general case: all of its components to be nonzero. In practice our result from this section can be applied
to the case of small anisotropy of linear conductivity tensor, when the anisotropy of the linear tensor can be safely
disregarded.

To find the solution we employ the general formula for the potential

ϕ(1)(R) = 1

σ̄
∫
Ω
d2R′ (∇R′GN(R,R′)) ⋅ Ẽ(2)(R′). (149)

In the isotropic limit, it becomes

Φ
(1)
iso(r) =

1

σ
∫
Ω
d2r′ (∇r′GN(r, r′)) ⋅ E(2)(r′) (150)

= 1

σ
∫
Ω
d2r′ [( ∂

∂x′
GN(r, r′))E(2)x (r′) + (

∂

∂y′
GN(r, r′))E(2)y (r′)] (151)

= 1

σ
∫
Ω
d2r′ [( ∂

∂z′
GN(r, r′)) (E(2)x (r′) + iE(2)y (r′)) + (

∂

∂z′∗
GN(r, r′)) (E(2)x (r′) − iE(2)y (r′))] (152)

= 1

σ
∫
Ω
d2r′ ( ∂

∂z′
GN(r, r′)) (E(2)x (r′) + iE(2)y (r′)) + c.c. (153)

where Ω – is the disk of radius 1 and

E(2)x (r′) + iE(2)y (r′) = σ
(2)
−
eiχ

(2)
− (E(0)x − iE(0)y )

2
+ σ(2)
+
eiχ

(2)
+ (E(0)x + iE(0)y )

2
+ σ(2)0 eiχ

(2)
0 (E(0)x

2
+E(0)y

2
) . (154)

The solution for the 0th-order (linear) potential reads

Φ
(0)
iso(r) = − I

4πσ
ln ((z − zS) (z∗ − z∗S)) −

I

4πσ
ln(( 1

z∗
− zS)(

1

z
− z∗S))

+ I

4πσ
ln ((z − zD) (z∗ − z∗D)) +

I

4πσ
ln(( 1

z∗
− zD)(

1

z
− z∗D)) (155)

and gives rise to the 0th-order electric field E(0)

E(0)x + iE(0)y = −(∂x + i∂y)Φ(0)iso(r) = −2∂z∗Φ
(0)
iso(r) =

= (−2) (− I

4πσ
)( 1

z∗ − z∗S
− 1

z∗ − z∗D
+ 1

1
z∗
− zS

−1
(z∗)2 −

1
1
z∗
− zD

−1
(z∗)2 ) (156)

= I

2πσ

⎛
⎝

1

z∗ − z∗S
+ 1

z∗ − 1
zS

− 1

z∗ − z∗D
− 1

z∗ − 1
zD

⎞
⎠
, (157)

where zS,D = xS,D + iyS,D – are positions of source and drain on the complex plane and the potential is given at r
specified by z = x + iy. Later we will find those additional expression useful:

E(0)x − iE(0)y = I

2πσ

⎛
⎝

1

z − zS
+ 1

z − 1
z∗
S

− 1

z − zD
− 1

z − 1
z∗
D

⎞
⎠

(158)

and

∂

∂z′
GN(r, r′) = −

1

4π
( 1

z′ − z +
1

z′ − 1
z∗

) . (159)
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A. The basis function concept

Eq. (154) allows for a very convenient interpretation and analysis of the solution for the potential Φ(1)iso(r). In the
perturbative approach the source field for the nonlinear response comes from the linear combination of three terms,
which are quadratic in the electric field that is generated in the linear case. Therefore, the nonlinear potential can be
decomposed into three parts, each of which is generated solely by one of the three terms: only σ(2)

−
, only σ(2)

+
, or only

σ
(2)
0 . Each of these three terms in (154) carries information about 2 out of 6 parameters that define the nonlinear

conductivity tensor.
In the case of vanishing anisotropy of the linear conductivity tensor one can explicitly write

Φ
(1)
iso(r) = Φ

(11)
iso (r) +Φ

(12)
iso (r) +Φ

(13)
iso (r), (160)

where

Φ
(11)
iso (r) =

1

σ
∫
Ω
d2r′ ( ∂

∂z′
GN(r, r′))(σ(2)− eiχ

(2)
− (E(0)x (r′) − iE(0)y (r′))

2
) + c.c. (161)

Φ
(12)
iso (r) =

1

σ
∫
Ω
d2r′ ( ∂

∂z′
GN(r, r′))(σ(2)+ eiχ

(2)
+ (E(0)x (r′) + iE(0)y (r′))

2
) + c.c. (162)

Φ
(13)
iso (r) =

1

σ
∫
Ω
d2r′ ( ∂

∂z′
GN(r, r′))(σ(2)0 eiχ

(2)
0 (E(0)x

2
(r′) +E(0)y

2
(r′))) + c.c. (163)

– are the basis functions, since their linear combination provides the full nonlinear potential generated in the system in
the I2 regime. Similar decomposition is applied to the anisotropic linear conductivity case. There, the basis functions
have to be redefined because of the mixing between the original ones. We discuss anisotropic basis functions later in
the text. We also look for basis functions’ values only at the boundary of the disk sample, as in realistic experiments
the voltage drop is measured between two contacts located at the boundary of the sample.

It is important to mention that the basis functions depend on the shape of the source and drain. In this work we
consider only the arc-like contacts, i.e., contacts that on the boundary of the sample are small arcs of the circle, see
sketch in Fig. 8.

S

D

S

D

�
�

Figure 8. Left: sketch illustrating the geometry of the leads (gray rectangles) and the sample (orange disk). Right: illustration
of the box distribution regularization of point-like sources for source (S) and drain (D), where λ defines the angular size of the
arc-shaped contact. The gray rectangle here depicts the distribution function describing the physical finite-size lead.

B. A simple proof that in the linear isotropic case the nonlinear signal consists of single-harmonic
contributions

In the case of vanishing anisotropy of the linear conductivity tensor one can explicitly prove (without solving for
the potential) that the basis functions for every term consist of a single harmonic as a function of the rotation angle
ϕR. Below we provide such a simple proof.
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Figure 9. Sketch illustrating rotation of the disk sample in the fixed reference frame and the definition of the angle ϕR.
The leads (S,D – source, drain and A,B – the two measurement points) are depicted in the perpendicular measurement
configuration for illustrative purposes.

1. The σ
(2)
− term

As we know from our previous symmetry analysis, this term respects C3 symmetry. Let us consider a generic source
and drain configuration. The measurement is performed by rigidly rotating the position of all contacts around the
sample, therefore,

zS = ei(ϕS+ϕR), zD = ei(ϕD+ϕR), z = ei(ϕ+ϕR),

where ϕR is the rotation angle with respect to the original reference frame and ϕ is the angle specifying a point on
the disc in which the potential is measured, see Fig. 9. According to (154), the σ(2)

−
term can be written as

σ
(2)
−
eiχ

(2)
− (E(0)x − iE(0)y )2 = σ

(2)
−
eiχ

(2)
−

I2

π2σ2
( 1

z − zD
− 1

z − zS
)
2

= E(2)x + iE(2)y . (164)

The integrand in the (153) upon substitution of z, zS , zD becomes

( ∂
∂z′

GN(r, r′)) (E(2)x (r′) + iE(2)y (r′)) + c.c. = −
σ
(2)
−
eiχ

(2)
− I2

2π3σ2
( 1

z′ − z )(
1

z′ − zD
− 1

z′ − zS
)
2

+ c.c. =

= −σ
(2)
−
eiχ

(2)
− I2

2π3σ2
( 1

z′ − ei(ϕ+ϕR)
)( 1

z′ − ei(ϕD+ϕR)
− 1

z′ − ei(ϕS+ϕR)
)
2

+ c.c. =

= −σ
(2)
−
eiχ

(2)
− I2

2π3σ2
e−3iϕR ( 1

z′ − eiϕ )(
1

z′ − eiϕD
− 1

z′ − eiϕS
)
2

+ c.c., (165)

where we took advantage of z′ being a dummy variable by redefining z′ = z′e−iϕR . We see that the expression above
is manifestly single-harmonic and three-fold symmetric in terms of ϕR dependence.

2. The σ
(2)
+ term

Let us now focus on the σ(2)
+

term:

σ
(2)
+
eiχ

(2)
+ (E(0)x + iE(0)y )2 = σ

(2)
+
eiχ

(2)
+

I2

π2σ2
( 1

z∗ − z∗D
− 1

z∗ − z∗S
)
2

. (166)



34

Just like in the σ(2)
−

term case we plug in the definitions of z’s into the expression for the integrand and obtain

( ∂
∂z′

GN(r, r′)) (E(2)x (r′) + iE(2)y (r′)) + c.c. = −
σ
(2)
+
eiχ

(2)
+ I2

2π3σ2
( 1

z′ − z )(
1

z′∗ − z∗D
− 1

z′∗ − z∗S
)
2

+ c.c. =

= −σ
(2)
+
eiχ

(2)
+ I2

2π3σ2
( 1

z′ − ei(ϕ+ϕR)
)( 1

z′∗ − e−i(ϕD+ϕR)
− 1

z′∗ − e−i(ϕS+ϕR)
)
2

+ c.c. =

= −σ
(2)
+
eiχ

(2)
+ I2

2π3σ2
eiϕR ( 1

z′ − eiϕ )(
1

z′∗ − e−iϕD
− 1

z′∗ − e−iϕS
)
2

+ c.c., (167)

where we again took advantage of z′ being a dummy variable. The expression above now is manifestly single-harmonic
and one-fold symmetric in terms of ϕR dependence.

3. The σ
(2)
0 term

We finally proceed to the σ(2)0 term

σ
(2)
0 eiχ

(2)
0 [(E(0)x )2 + (E(0)y )2] = σ

(2)
0 eiχ

(2)
0 (E(0)x − iE(0)y )(E(0)x + iE(0)y ) = σ

(2)
0 eiχ

(2)
0

I2

π2σ2
( 1

z − zD
− 1

z − zS
)( 1

z∗ − z∗D
− 1

z∗ − z∗S
) ,

(168)
for which

( ∂
∂z′

GN(r, r′)) (E(2)x (r′) + iE(2)y (r′)) + c.c. =

= −σ
(2)
0 eiχ

(2)
0 I2

2π3σ2
( 1

z′ − z )(
1

z′ − zD
− 1

z′ − zS
)( 1

z′∗ − z∗D
− 1

z′∗ − z∗S
) + c.c. =

= −σ
(2)
0 eiχ

(2)
0 I2

2π3σ2
( 1

z′ − ei(ϕ+ϕR)
)( 1

z′ − ei(ϕD+ϕR)
− 1

z′ − ei(ϕS+ϕR)
)( 1

z′∗ − e−i(ϕD+ϕR)
− 1

z′∗ − e−i(ϕS+ϕR)
) + c.c.

= −σ
(2)
0 eiχ

(2)
0 I2

2π3σ2
e−iϕR ( 1

z′ − eiϕ )(
1

z′ − eiϕD
− 1

z′ − eiϕS
)( 1

z′∗ − e−iϕD
− 1

z′∗ − e−iϕS
) + c.c., (169)

where again z′ was redefined to absorb the eiϕR factor. As for σ(2)
+

term, the result is single-harmonic and one-fold
symmetric, however, the phase winding (the sign of ϕR in the exponent) is the opposite.

C. σ
(2)
− basis function (the C3 symmetric term)

In this and the following subsections we explicitly derive the three basis functions for the case of vanishing anisotropy
in the linear conductivity tensor. We start with the basis function for the σ(2)

−
term and place z on the edge of the

unit circle while keeping zS and zD inside:

Φ
(11)
iso (r) =

1

σ
∫
Ω
d2r′ ( ∂

∂z′
GN(r, r′))(σ(2)− eiχ

(2)
− (E(0)x (r′) − iE(0)y (r′))

2
) + c.c. = (170)

= 1

σ
∫
Ω
d2r′ (− 1

4π
( 2

z′ − z ))
⎛
⎜
⎝
σ
(2)
−
eiχ

(2)
−

I2

4π2σ2

⎛
⎝

1

z′ − zS
+ 1

z′ − 1
z∗
S

− 1

z′ − zD
− 1

z′ − 1
z∗
D

⎞
⎠

2⎞
⎟
⎠
+ c.c. = (171)

= −σ
(2)
−
eiχ

(2)
− I2

8π3σ3 ∫
Ω
d2r′ ( 1

z′ − z )
⎛
⎝

1

z′ − zS
+ 1

z′ − 1
z∗
S

− 1

z′ − zD
− 1

z′ − 1
z∗
D

⎞
⎠

2

+ c.c. (172)
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This expression consists of base integrals of generic type

σ
(2)
−
eiχ

(2)
− I2

(2πσ)3 ∫
Ω
d2r′

1

z − z′
1

z′ − zi
1

z′ − zj
= −σ

(2)
−
eiχ

(2)
− I2

(2πσ)3 ∫
Ω
d2r′

1

z′ − z
1

z′ − zi
1

z′ − zj
= (173)

−σ
(2)
−
eiχ

(2)
− I2

(2πσ)3 ( 1

z − zi
1

z − zj ∫Ω
d2r′

z′ − z −
1

z − zi
1

zi − zj ∫Ω
d2r′

z′ − zi
+ 1

z − zj
1

zi − zj ∫Ω
d2r′

z′ − zj
) = (174)

σ
(2)
−
eiχ

(2)
− I2

(2πσ)3
⎛
⎝

πz∗

(z − zi)(z − zj)
−

π
zi
Θ(∣zi∣ − 1) + πz∗i Θ(1 − ∣zi∣)
(z − zi)(zi − zj)

+
π
zj
Θ(∣zj ∣ − 1) + πz∗jΘ(1 − ∣zj ∣)
(z − zj)(zi − zj)

⎞
⎠

≡ σ
(2)
−
eiχ

(2)
− I2

(2πσ)3 F (z, zi, zj). (175)

where we used partial fractions decomposition

1

z′ − z
1

z′ − zi
1

z′ − zj
= 1

z − zi
1

z − zj
1

z′ − z −
1

z − zi
1

zi − zj
1

z′ − zi
+ 1

z − zj
1

zi − zj
1

z′ − zj
(176)

and a contour integral

∫ d2r′
1

z′ − zk
= ∫

1

0
dρρ∮

dζ

iζ

1

ρζ − zk
= ∫

1

0
dρ∮

dζ

iζ

1

ζ − zk
ρ

= 2π∫
1

0
dρ

1

− zk
ρ

+ 2πΘ(1 − ∣zk ∣) ∫
1

∣zk ∣
dρ

ρ

zk

= − π
zk
+ πΘ(1 − ∣zk ∣)

zk
(1 − ∣zk ∣2) = −

π

zk
Θ(1 − ∣zk ∣) −

π

zk
Θ(∣zk ∣ − 1) + π

Θ(1 − ∣zk ∣)
zk

(1 − ∣zk ∣2) (177)

= − π
zk

Θ(∣zk ∣ − 1) − πz∗kΘ(1 − ∣zk ∣). (178)

Using the base integrals one can express the basis function as

Φ
(11)
iso (r) =

σ
(2)
−
eiχ

(2)
− I2

(2πσ)3 ∑
µν

⎛
⎜⎜⎜⎜⎜
⎝

F ′(z, zS , z̃S) F ′(z, zS , 1
z̃∗
S
) −F ′(z, zS , z̃D) −F ′(z, zS , 1

z̃∗
D
)

F ′(z, zS , 1
z̃∗
S
) F ′(z, 1

z̃∗
S
, 1
z∗
S
) −F ′(z, 1

z∗
S
, z̃D) −F ′(z, 1

z∗
S
, 1
z̃∗
D
)

−F ′(z, zS , z̃D) −F ′(z, 1
z∗
S
, z̃D) F ′(z, zD, z̃D) F ′(z, zD, 1

z̃∗
D
)

−F ′(z, zS , 1
z̃∗
D
) −F ′(z, 1

z∗
S
, 1
z̃∗
D
) F ′(z, zD, 1

z̃∗
D
) F ′(z, 1

z̃∗
D
, 1
z∗
D
)

⎞
⎟⎟⎟⎟⎟
⎠
µν

+ c.c. (179)

The general F -function is given by

F (z, zi, zj) =
πz∗

(z − zi)(z − zj)
−

π
zi
Θ(∣zi∣ − 1) + πz∗i Θ(1 − ∣zi∣)
(z − zi)(zi − zj)

+
π
zj
Θ(∣zj ∣ − 1) + πz∗jΘ(1 − ∣zj ∣)
(z − zj)(zi − zj)

, (180)

where Heaviside Θ-functions control whether the source/drain is located inside or outside of the unit disk sample.
F−functions that depend on both source and drain are given by

F (z, zS , zD) =
πz∗

(z − zS)(z − zD)
− πz∗S
(z − zS)(zS − zD)

+ πz∗D
(z − zD)(zS − zD)

(181)

F (z, zS ,
1

z∗D
) = πz∗

(z − zS) (z − 1
z∗
D
)
− πz∗S

(z − zS) (zS − 1
z∗
D
)
+ πz∗D

(z − 1
z∗
D
) (zS − 1

z∗
D
)

(182)

F (z, 1

z∗S
, zD) =

πz∗

(z − zD) (z − 1
z∗
S
)
− πz∗D

(z − zD) (zD − 1
z∗
S
)
+ πz∗S

(z − 1
z∗
S
) (zD − 1

z∗
S
)

(183)

F (z, 1

z∗S
,
1

z∗D
) = πz∗

(z − 1
z∗
S
) (z − 1

z∗
D
)
− πz∗S

(z − 1
z∗
S
) ( 1

z∗
S
− 1

z∗
D
)
+ πz∗D

(z − 1
z∗
D
) ( 1

z∗
S
− 1

z∗
D
)
. (184)

When zS and zD are on the boundary or the unit disk, all four of the above functions are the same.
The F -functions that depend only on the position of source (or drain) experience divergence and have to be

regularized by considering the source/drain being distributed. In our calculations we use a box distribution, see
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sketch in Fig. 8. It also turns out that the potential at the boundary of the disk does depend on the shape of
source/drain: we find different results for circularly-symmetric distribution and for arc distribution. In this work we
focus only on arc distribution as it is the case realized in experiments. To regularize the divergent F−functions we
consider two points zA, z̃A with A = S,D that belong to the distributed source/drain. We first match magnitudes of
zA and z̃A, then bring both to the boundary, and then match their phases. This would correspond to a source without
circular symmetry (an arc of a circle). Taking those limits we obtain

F (z, zA, z̃A) =
πz∗

(z − zA)(z − z̃A)
− πz∗A
(z − zA)(zA − z̃A)

+ πz̃∗A
(z − z̃A)(zA − z̃A)

=

= πz∗

(z − zA)(z − z̃A)
− πe−iϕA

(z − zA)(eiϕA − eiϕ̃A)
+ πe−iϕ̃A

(z − z̃A)(eiϕA − eiϕ̃A)
→ πz∗

(z − zA)2
+ πe

−2iϕA

(z − zA)
− πz∗A
(z − zA)2

;

F (z, zA,
1

z̃∗A
) = πz∗

(z − zA)(z − 1
z̃∗
A
)
− πz∗A
(z − zA)(zA − 1

z̃∗
A
)
+ πz̃∗A
(z − 1

z̃∗
A
)(zA − 1

z̃∗
A
)
→ πz∗

(z − zA)2
+ π (z

∗

A)
2 (−2zA + z)
(z − zA)2

;

F (z, 1

z∗A
,
1

z̃∗A
) = πz∗

(z − 1
z∗
A
)
2
− πz∗A

(z − 1
z∗
A
) ( 1

z∗
A
− 1

z̃∗
A
)
+ πz̃∗A

(z − 1
z̃∗
A
) ( 1

z∗
A
− 1

z̃∗
A
)
→
π (z∗ − 2z∗A + z(z∗A)2)

(z − 1
z∗
A
)
2

,

(185)

all three results are identical when zA is at the boundary. The basis function then reads

Φ
(1′1)
iso (r) =

σ
(2)
−
eiχ

(2)
− I2

(2σ)3π2
( ∑

A=S,D

[ 4

zz2A
] − 8( z∗

(z − zS)(z − zD)
+ z∗S
(zS − z)(zS − zD)

+ z∗D
(zD − z)(zD − zS)

)) + c.c. (186)

D. σ
(2)
+ basis function (non-divergent C3 breaking term)

Consider the second basis function given by

Φ
(12)
iso (r) =

1

σ
∫
Ω
d2r′ ( ∂

∂z′
GN(r, r′))(σ(2)+ eiχ

(2)
+ (E(0)x (r′) + iE(0)y (r′))

2
) + c.c. = (187)

= 1

σ
∫
Ω
d2r′ (− 1

4π
( 2

z′ − z ))
⎛
⎜
⎝
σ
(2)
+
eiχ

(2)
+

I2

4π2σ2

⎛
⎝

1

z′∗ − z∗S
+ 1

z′∗ − 1
zS

− 1

z′∗ − z∗D
− 1

z′∗ − 1
zD

⎞
⎠

2⎞
⎟
⎠
+ c.c. = (188)

= −σ
(2)
+
eiχ

(2)
+ I2

8π3σ3 ∫
Ω
d2r′ ( 1

z′ − z )
⎛
⎝

1

z′∗ − z∗S
+ 1

z′∗ − 1
zS

− 1

z′∗ − z∗D
− 1

z′∗ − 1
zD

⎞
⎠

2

+ c.c. (189)

As for the σ(2)
−

-term, the basis function can be expressed through one base integral

σ
(2)
+
eiχ

(2)
+ I2

(2πσ)3 ∫
Ω
d2r′

1

z − z′
1

z′∗ − z∗i
1

z′∗ − zj
. (190)
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We place z on the edge of the unit circle and evaluate the base integral:

σ
(2)
+
eiχ

(2)
+ I2

(2πσ)3 ∫
Ω
d2r′

1

z − z′
1

z′∗ − z∗i
1

z′∗ − zj
= −σ

(2)
+
eiχ

(2)
+ I2

(2πσ)3 ∫
Ω
d2r′

1

z′ − z
1

z′∗ − z∗i
1

z′∗ − z∗j
= (191)

−σ
(2)
+
eiχ

(2)
+ I2

(2πσ)3
1

z∗i − z∗j
∫
Ω
d2r′

1

z′ − z (
1

z′∗ − z∗i
− 1

z′∗ − z∗j
) = −σ

(2)
+
eiχ

(2)
+ I2

(2πσ)3
1

z∗i − z∗j
∫

1

0
dρρ∮

dζ

iζ

1

ρζ − z
⎛
⎝

1
ρ
ζ
− z∗i

− 1
ρ
ζ
− z∗j
⎞
⎠
=

−σ
(2)
+
eiχ

(2)
+ I2

(2πσ)3
1

z∗i − z∗j
∫

1

0
dρ∮

dζ

i

1

ζ − z
ρ

( 1

ρ − z∗i ζ
− 1

ρ − z∗j ζ
) = σ

(2)
+
eiχ

(2)
+ I2

(2πσ)3
1

z∗i − z∗j
∫

1

0
dρ∮

dζ

i

1

ζ − z
ρ

⎛
⎜
⎝
1

z∗i

1

ζ − ρ
z∗i

− 1

z∗j

1

ζ − ρ
z∗j

⎞
⎟
⎠

= σ
(2)
+
eiχ

(2)
+ I2

(2πσ)3
2π

z∗i − z∗j
∫

1

0
dρ
⎛
⎜
⎝
Θ(∣zi∣ − ρ)

z∗i

1
ρ
z∗i
− z

ρ

− Θ(∣zj ∣ − ρ)
z∗j

1
ρ
z∗j
− z

ρ

⎞
⎟
⎠

= σ
(2)
+
eiχ

(2)
+ I2

(2πσ)3
⎛
⎜
⎝

2π

z∗i − z∗j
Θ(∣zi∣ − 1)

z∗i
∫

1

0

dρ
ρ
z∗i
− z

ρ

− 2π

z∗i − z∗j
Θ(∣zj ∣ − 1)

z∗j
∫

1

0

dρ
ρ
z∗j
− z

ρ

⎞
⎟
⎠
+

+σ
(2)
+
eiχ

(2)
+ I2

(2πσ)3
⎛
⎜
⎝

2π

z∗i − z∗j
Θ(1 − ∣zi∣)

z∗i
∫
∣zi∣

0

dρ
ρ
z∗i
− z

ρ

− 2π

z∗i − z∗j
Θ(1 − ∣zj ∣)

z∗j
∫
∣zj ∣

0

dρ
ρ
z∗j
− z

ρ

⎞
⎟
⎠

= σ
(2)
+
eiχ

(2)
+ I2

(2πσ)3 ( 2π

z∗i − z∗j
Θ(∣zi∣ − 1)∫

1

0

dρρ

ρ2 − zz∗i
− 2π

z∗i − z∗j
Θ(∣zj ∣ − 1)∫

1

0

dρρ

ρ2 − z∗j z
) +

+σ
(2)
+
eiχ

(2)
+ I2

(2πσ)3 ( 2π

z∗i − z∗j
Θ(1 − ∣zi∣) ∫

∣zi∣

0

dρρ

ρ2 − zz∗i
− 2π

z∗i − z∗j
Θ(1 − ∣zj ∣) ∫

∣zj ∣

0

dρρ

ρ2 − z∗j z
)

= σ
(2)
+
eiχ

(2)
+ I2

(2πσ)3 ( π

z∗i − z∗j
Θ(∣zi∣ − 1) (ln[1 − zz∗i ] − ln[−zz∗i ]) −

π

z∗i − z∗j
Θ(∣zj ∣ − 1) (ln[1 − zz∗j ] − ln[−zz∗j ])) +

+σ
(2)
+
eiχ

(2)
+ I2

(2πσ)3 ( π

z∗i − z∗j
Θ(1 − ∣zi∣) (ln[∣zi∣2 − zz∗i ] − ln[−zz∗i ]) −

π

z∗i − z∗j
Θ(1 − ∣zj ∣) (ln[∣zj ∣2 − zz∗j ] − ln[−zz∗j ]))

≡ σ
(2)
+
eiχ

(2)
+ I2

(2πσ)3 F ′ (z, zi, zj) , (192)

where

F ′ (z, zi, zj) =
π

z∗i − z∗j
(ln [−zz∗j ] − ln [−zz∗i ]) (193)

+ π

z∗i − z∗j
(Θ (∣zi∣ − 1) ln [1 − zz∗i ] +Θ (1 − ∣zi∣) ln [∣zi∣2 − zz∗i ]) (194)

− π

z∗i − z∗j
(Θ (∣zj ∣ − 1) ln [1 − zz∗j ] +Θ (1 − ∣zj ∣) ln [∣zj ∣2 − zz∗j ]) (195)

This allows us to express the second basis function as

Φ
(12)
iso (r) =

σ
(2)
+
eiχ

(2)
+ I2

(2πσ)3 ∑
µν

⎛
⎜⎜⎜⎜⎜
⎝

F ′(z, zS , z̃S) F ′(z, zS , 1
z̃∗
S
) −F ′(z, zS , z̃D) −F ′(z, zS , 1

z̃∗
D
)

F ′(z, zS , 1
z̃∗
S
) F ′(z, 1

z̃∗
S
, 1
z∗
S
) −F ′(z, 1

z∗
S
, z̃D) −F ′(z, 1

z∗
S
, 1
z̃∗
D
)

−F ′(z, zS , z̃D) −F ′(z, 1
z∗
S
, z̃D) F ′(z, zD, z̃D) F ′(z, zD, 1

z̃∗
D
)

−F ′(z, zS , 1
z̃∗
D
) −F ′(z, 1

z∗
S
, 1
z̃∗
D
) F ′(z, zD, 1

z̃∗
D
) F ′(z, 1

z̃∗
D
, 1
z∗
D
)

⎞
⎟⎟⎟⎟⎟
⎠
µν

+ c.c. (196)

F ′ (z, zi, zj) =
π

z∗i − z∗j
(ln [−zz∗j ] − ln [−zz∗i ]) (197)

+ π

z∗i − z∗j
(Θ (∣zi∣ − 1) ln [1 − zz∗i ] +Θ (1 − ∣zi∣) ln [∣zi∣2 − zz∗i ]) (198)

− π

z∗i − z∗j
(Θ (∣zj ∣ − 1) ln [1 − zz∗j ] +Θ (1 − ∣zj ∣) ln [∣zj ∣2 − zz∗j ]) (199)
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As in the previous case, F−functions that depend solely on positions of source/drain need to be regularized. We use
the same regularization for arc-shaped contacts: we first match magnitudes of zA and z̃A, then take zA and z̃A to the
boundary, and then finally match their phases, to obtain

F ′ (z, zA, z̃A) =
π

z∗A − z̃∗A
(ln [−zz̃∗A] − ln [−zz∗A]) +

π

z∗A − z̃∗A
(ln [∣zA∣2 − zz∗A] − ln [∣z̃A∣2 − zz̃∗A]) =

= π

z∗A − z̃∗A
ln [ z̃

∗

A

z∗A
] + π

z∗A − z̃∗A
ln [ ∣zA∣

2 − zz∗A
∣z̃A∣2 − zz̃∗A

] = π

z∗A − z̃∗A
ln [ z̃

∗

A

z∗A
] + π

z∗A − z̃∗A
ln [z

∗

A(zA − z)
z̃∗A(z̃A − z)

] =

= π

z∗A − z̃∗A
ln [(zA − z)(z̃A − z)

] = π

∣zA∣ (e−iϕA − e−iϕ̃A)
ln [ ∣zA∣e

iϕA − z
∣zA∣eiϕ̃A − z

] =

= π

∣zA∣ (e−iϕA − e−iϕ̃A)
ln
⎡⎢⎢⎢⎣
1 + ∣zA∣e

iϕA − ∣zA∣eiϕ̃A

∣zA∣eiϕ̃A − z

⎤⎥⎥⎥⎦
= π

∣zA∣ (e−iϕA − e−iϕ̃A)
ln
⎡⎢⎢⎢⎣
1 + ∣zA∣(e

iϕA − eiϕ̃A)
∣zA∣eiϕ̃A − z

⎤⎥⎥⎥⎦
≃

≃ π

∣zA∣ (e−iϕA − e−iϕ̃A)
∣zA∣(eiϕA − eiϕ̃A)
∣zA∣eiϕ̃A − z

→ πe2iϕA

z − zA

(200)

F ′ (z, zA,
1

z̃∗A
) = π

z∗A − 1
z̃A

(ln [− z
z̃A
] − ln [−zz∗A] + ln [∣zA∣2 − zz∗A] − ln [1 −

z

z̃A
]) =

= π

z∗A − 1
z̃A

(ln [ 1

z̃Az∗A
] + ln [z∗A(zA − z)] − ln [

z̃A − z
z̃A
]) = π

z∗A − 1
z̃A

(ln [ z̃Az
∗

A(zA − z)
z̃Az∗A(z̃A − z)

]) =

= π

z∗A − 1
z̃A

ln [zA − z̃A + z̃A − z
z̃A − z

] ≃ π

z∗A − 1
z̃A

zA − z̃A
z̃A − z

= π∣zA∣
∣zA∣e−iϕA − e−iϕ̃A

∣zA∣

eiϕA − eiϕ̃A

z̃A − z
=

= π

e−iϕA − e−iϕ̃A

eiϕA − eiϕ̃A

z̃A − z
→ πe2iϕA

z − zA

(201)

F ′ (z, 1

z∗A
,
1

z̃∗A
) = π

1
zA
− 1

z̃A

(ln [− z
z̃A
] − ln [− z

zA
] + ln [1 − z

zA
] − ln [1 − z

z̃A
]) =

= π
1
zA
− 1

z̃A

ln [zA − z
z̃A − z

] ≃ π
1
zA
− 1

z̃A

zA − z̃A
z̃A − z

= πzAz̃A
z̃A − zA

zA − z̃A
z̃A − z

→ πe2iϕA

z − zA

(202)

Therefore, the second basis function reads

Φ
(12)
iso (r) =

σ
(2)
+
eiχ

(2)
+ I2

(2πσ)3 ( 4πz2S
z − zS

+ 4πz2D
z − zD

− 8π

z∗S − z∗D
(ln [−zz∗D] − ln [−zz∗S] + ln [1 − zz∗S] − ln [1 − zz∗D])) + c.c.

(203)

E. A simple proof of logarithmic divergence of the basis function for the σ
(2)
0 (divergent C3 breaking) term

To show the presence of logarithmic divergence we split the gradient of the Green’s function into a singular at
source part and into a regular part:

∇r′GN(r, r′) = B(r, r′) = B(r, r′S) + (B(r, r′) −B(r, r′S)) . (204)

The part in the brackets is regular as the singularity at rS is subtracted from the full expression; the first term
contains the singularity, however, one can pull it out of the integral as it doesn’t depend on the integration variable
anymore. So, let us consider a basis integral

−∫
Ω
d2r′

1

z′ − zS
1

z′∗ − z∗S
1

z′ − z = −∫Ω d
2r′

1

z′ − zS
1

z′∗ − z∗S
( 1

zS − z
+ 1

z′ − z −
1

zS − z
) (205)
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and focus only on the singular part:

−∫
Ω
d2r′

1

z′ − zS
1

z′∗ − z∗S
1

zS − z
= − 1

zS − z ∫Ω
d2r′

1

z′ − zS
1

z′∗ − z∗S
= − 1

zS − z ∫Ω
d2r′

1

∣z′ − zS ∣2
(206)

We now puncture a disk around zS and split the integration region in two parts: (i) a tiny annulus An with an outer
radius λout being the radius of the disk surrounding zS and the inner radius λin being our small parameter λ, which
we eventually will take to zero, and (ii) the rest of the initial unit disk: Ω/An. Then the integral over Ω/An gives a
correction to the regular part as long as the outer radius of the annulus is finite. For the integral over the annulus we
shift the origin of coordinates to zS and obtain

− 1

zS − z ∫An
d2r′

1

∣z′ − zS ∣2
= − 1

zS − z ∫An
d2r̃′

1

(r̃′)2 = −
2π

zS − z
ln(λout

λin
) = − 2π

zS − z
lnλout +

2π

zS − z
lnλin, (207)

where the log with λout just corrects the regular part and the second log is divergent in the limit of λin → 0.
In the next subsection we derive the base integrals and select the regular part of the basis function for the term

σ
(2)
0 .

F. Basis function for the σ
(2)
0 term (divergent C3 breaking)

We finally proceed to the last basis function in the isotropic linear conducitivity case. The σ(2)0 basis function reads

Φ
(13)
iso (r) =

1

σ
∫
Ω
d2r′ [( ∂

∂z′
GN(r, r′))(σ(2)0 eiχ

(2)
0 (E(0)x

2
+E(0)y

2
)) + c.c.] , (208)

where

E(0)x + iE(0)y = I

2πσ

⎛
⎝

1

z∗ − z∗S
+ 1

z∗ − 1
zS

− 1

z∗ − z∗D
− 1

z∗ − 1
zD

⎞
⎠

(209)

E(0)x − iE(0)y = I

2πσ

⎛
⎝

1

z − zS
+ 1

z − 1
z∗
S

− 1

z − zD
− 1

z − 1
z∗
D

⎞
⎠

(210)

∂

∂z′
GN(r, r′) = −

1

4π
( 1

z′ − z +
1

z′ − 1
z∗

) . (211)

As in the two previous cases, we put z on the boundary of the disk and define the base integral

F ′′(z, zi, zj) = ∫
Ω
d2r′

1

z − z′
1

z′ − zi
1

z′∗ − z∗j
. (212)

While in the above z is on the boundary of the disk, zi and zj can be inside or outside of the disk. Then the basis
function is given by the following expression

Φ
(13)
iso (r) =

σ
(2)
0 eiχ

(2)
0 I2

(2πσ)3 ∑
µν

⎛
⎜⎜⎜⎜⎜
⎝

F ′′(z, zS , z̃S) F ′′(z, zS , 1
z̃∗
S
) −F ′′(z, zS , z̃D) −F ′′(z, zS , 1

z̃∗
D
)

F ′′(z, 1
z∗
S
, z̃S) F ′′(z, 1

z∗
S
, 1
z̃∗
S
) −F ′′(z, 1

z∗
S
, z̃D) −F ′′(z, 1

z∗
S
, 1
z̃∗
D
)

−F ′′(z, zD, z̃S) −F ′′(z, zD, 1
z̃∗
S
) F ′′(z, zD, z̃D) F ′′(z, zD, 1

z̃∗
D
)

−F ′′(z, 1
z∗
D
, 1
z̃∗
D
) −F ′′(z, 1

z∗
D
, 1
z̃∗
S
) F ′′(z, 1

z∗
D
, z̃D) F ′′(z, 1

z∗
D
, 1
z̃∗
D
)

⎞
⎟⎟⎟⎟⎟
⎠
µν

+ c.c. (213)
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We evaluate the base integral for arbitrary i, j:

F ′′(z, zi, zj) = ∫
1

∣zi∣

dρρ

ziz∗j − ρ2
2πΘ(1 − ∣zi∣)

zi − z
− ∫

1

0

dρ

ziz∗j − ρ2
2πΘ(∣zj ∣ − 1)

ρ
z∗j
− z

ρ

− ∫
∣zj ∣

0

dρ

ziz∗j − ρ2
2πΘ(1 − ∣zj ∣)

ρ
z∗j
− z

ρ

(214)

= πΘ(1 − ∣zi∣)
z − zi

(ln [1 − ziz∗j ] − ln [∣zi∣2 − ziz∗j ]) (215)

+ z∗j πΘ(∣zj ∣ − 1)∫
1

0

dx

(x − ziz∗j )
1

(x − zz∗j )
+ z∗j πΘ(1 − ∣zj ∣) ∫

∣zj ∣
2

0

dx

(x − ziz∗j )
1

(x − zz∗j )
(216)

= πΘ(1 − ∣zi∣)
z − zi

(ln [1 − ziz∗j ] − ln [∣zi∣2 − ziz∗j ])

+ πΘ(∣zj ∣ − 1)
zi − z

(ln [1 − ziz∗j ] − ln [−ziz∗j ] − ln [1 − zz∗j ] + ln [−zz∗j ])

+ πΘ(1 − ∣zj ∣)
zi − z

(ln [∣zj ∣2 − ziz∗j ] − ln [−ziz∗j ] − ln [∣zj ∣2 − zz∗j ] + ln [−zz∗j ]) . (217)

Again, the base integral is divergent for i = j = S,D, therefore, regularization is needed.
We will select the regular contribution to the basis function. To do so we substitute zi = zA,1/z∗A and zj = z̃A,1/z̃∗A

into Eq. (212) and keep zA, z̃A explicitly inside the disk, and then collect only the terms that are divergent in the
limit of z̃A → zA and ∣zA∣ → 1:

F ′′(z, zA, z̃A)singular =
π

z − zA
[ln (1 − zAz̃∗A) − ln (∣zA∣2 − zAz̃∗A) − ln (∣z̃∗A∣2 − zAz̃∗A)] , (218)

F ′′(z, zA,1/z̃∗A)singular = −
π

z − zA
ln (∣zA∣2 − zA/z̃A) , (219)

F ′′(z,1/z∗A, z̃A)singular = −
π

z − 1/z∗A
ln(1 − z̃

∗

A

z∗A
) , (220)

F ′′(z,1/z∗A,1/z̃∗A)singular = −
π

z − 1/z∗A
ln(1 − 1

z∗Az̃A
) , (221)

We can see that every term above diverges either for z̃A → zA, or for ∣zA∣ → 1. Now we can subtract our result (218)
from (217) to obtain the regular part. Note that this only applies to terms involving only zS or only zD but not the
cross terms, as they don’t experience any singularities. Subtracting the singular part from the full expression and
substituting zA = zS , zD inside the disk we obtain

F ′′(z, zA, z̃A)regular = F ′′(z, zA, z̃A) − F ′′(z, zA, z̃A)singular =
π

z − zA
[ln (−zAz̃∗A) + ln (∣z̃A∣2 − zz̃∗A) − ln (−zz̃∗A)] ,

F ′′(z, zA,1/z̃∗A)regular =
π

z − zA
[ln(−zA

z̃A
) + ln(1 − z

z̃A
) − ln(−z

z̃A
)] ,

F ′′(z,1/z∗A, z̃∗A)regular =
π

z − 1/z∗A
[ln(−z̃

∗

A

z∗A
) + ln (1 − zz̃∗A) − ln (−zz̃∗A)] ,

F ′′(z,1/z∗A,1/z̃∗A)regular =
π

z − 1/z∗A
[ln( −1

z∗Az̃A
) + ln(1 − z

z̃A
) − ln(−z

z̃A
)] .

(222)
We consider the limit of ∣z̃A∣ → ∣zA∣ first and then take ∣zA∣ → 1. Then we get

F ′′(z, zA, z̃A)regular = F ′′(z, zA,1/z̃∗A)regular = F ′′(z,1/z∗A, z̃∗A)regular = F ′′(z,1/z∗A,1/z̃∗A)regular =

= π

z − zA
[ln (−zAz̃∗A) + ln (∣z̃A∣2 − zz̃∗A) − ln (−zz̃∗A)] =

= π

z − zA
[ln (−∣zA∣2ei(ϕA−ϕ̃A)) + ln (∣zA∣2 − zz̃∗A) − ln (−zz̃∗A)] =

= π

z − eiϕA
[ln (−ei(ϕA−ϕ̃A)) + ln (1 − ze−iϕ̃A) − ln (−ze−iϕ̃A)] .

(223)

We can also get the expression for the singular part of the basis function for the arc contact:

F ′′(z, zA, z̃A)singular = F ′′(z, zA,1/z̃∗A)singular = (224)

= F ′′(z,1/z∗A, z̃∗A)singular = F ′′(z,1/z∗A,1/z̃∗A)singular = −
π

z − zA
ln (1 − ei(ϕA−ϕ̃A)) . (225)
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Now we will need to integrate both regular and singular contributions with some distribution function corresponding
to arc width of the contact. Let us assume a box distribution function with width λ (in experimental setting λ is
given by the angular width of a lead measured in radians). We calculate the sum of two integrals:

Lλ =
1

λ2
∫

λ
2

−
λ
2

dϕA ∫
λ
2

−
λ
2

dϕ̃A [ln (1 − ei(ϕA−ϕ̃A)) − ln (−ei(ϕA−ϕ̃A))] =

= 1

λ2
[λ
2
(λ − i ln (−e−iλ) + i ln (−eiλ)) (ln (−e−iλ) + ln (−eiλ)) + Li3(eiλ) + Li3(e−iλ) − 2ζ(3)] .

(226)

This expression is very well approximated by − 3
2
+ ln(λ) in the range of λ ∼ 0.5. Before we proceed further we also

write down the expression for F ′′(z, zS , zD) using an explicit sum of logs:

F ′′(z, zS , zD) =
π

z − zS
[ln (1 − zz∗D) − ln (−zz∗D) − ln (1 − zSz∗D) + ln (−zSz∗D)] ,

F ′′(z, zD, zS) =
π

z − zD
[ln (1 − zz∗S) − ln (−zz∗S) − ln (1 − zDz∗S) + ln (−zDz∗S)] .

(227)

where z = eiϕ, zS = eiϕS , zD = eiϕD . The combinations with 1/zD and 1/zS give the same result.
Now we combine all terms together to get the final result for the full (both singular and regular parts) basis function

for arc contact:

Φ
(1arc

3 )

iso (r) = σ
(2)
0 eiχ

(2)
0 I2

(2πσ)3
⎛
⎝
⎛
⎝ ∑A=S,D

4π

zA − z
(Lλ − ln [1 −

z

zA
] + ln [− z

zA
])
⎞
⎠
− (228)

( 4π

zS − z
(ln [1 − zS

zD
] − ln [− zS

zD
] − ln [1 − z

zD
] + ln [− z

zD
]) + S ↔D)) + c.c. (229)

Note, that this basis does depend on the angular size of source/drain – a property that distinguishes it from the other
two basis functions. It diverges logarithmically in the limit of valishingly small angular width of contacts. Therefore,
one needs to know the size of contacts to properly extract the components of nonlinear tensor.

IX. NEUMANN GREEN’S FUNCTION FOR THE ELLIPSE IN ZHUKOVSKY’S COORDINATES

For the more general case of anisotropic linear conductivity, we will need the Neumann Green’s function on an
ellipse, as the in the anisotropic case the Poisson equation is defined on an ellipse, see [26].

Let’s try to determine the Green’s function in this case. To do so we proceed the same way as in the linear case: we
define the coordinate system such that the coordinate axes coincide with the principal axes of the linear conductivity
tensor and then rescale the original x − y variables into X − Y . This turns the boundary region from a circle to an
ellipse and transforms the differential operator into a Laplacian. Then the Green’s function satisfies

( ∂2

∂2u′
+ ∂2

∂2v′
)G(u, v;u′, v′) = −δ(u − u′)δ(v − v′) (230)

where (as a result of the Zhukovsky conformal mapping of an ellipse to an annulus [26])

w = u + iv (231)

X + iY = Z = α+w +
α−
w

(232)

X = x√
1 + ∆σ

σ̄

(233)

Y = y√
1 − ∆σ

σ̄

(234)

Ω =

¿
ÁÁÁÁÀ

√
1 − ∆σ

σ̄
−
√

1 + ∆σ
σ̄√

1 − ∆σ
σ̄
+
√

1 + ∆σ
σ̄

. (235)
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Now, we switch to polar coordinates

ρ =
√
u2 + v2 (236)

ϕ = tan−1
v

u
(237)

A vector normal to the original circle (boundary of the disk-shaped sample) is ((1+δ)x−x)x̂+((1+δ)y−y)ŷ, where x̂
is a unit vector perpendicular to the constant x surface and ŷ is a unit vector perpendicular to the constant y surface.
Note that a perpendicular vector to the normal, i.e. tangential to surface vector, is ẑ×((1+δ)x−x)x̂+((1+δ)y−y)ŷ =
((1+ δ)x−x)ŷ−((1+ δ)y − y)x̂. Moving by an infinitesimal distance along this tangential vector still places us on the
circle.

Rescaling to X,Y does not change the orientation of the unit vectors, but it does change the orientation of the
normal vector to e1 =

√
1 + ∆σ

σ̄
((1 + δ)X −X)x̂ +

√
1 − ∆σ

σ̄
((1 + δ)Y − Y )ŷ. The original tangential vector in turn

changes to e2 =
√

1 + ∆σ
σ̄
((1+ δ)X −X)ŷ−

√
1 − ∆σ

σ̄
((1+ δ)Y −Y )x̂. Clearly we still have e1 ⋅e2 = 0. But since points

on the circle map onto points on the ellipse, the e2 must move us along the edge of the ellipse. So if we have a vector
∇Φ and we take its scalar product with the normal of the circle in the x − y coordinate system n̂ ⋅ ∇Φ = ∂Φ

∂n
, we also

take the normal to the ellipse derivative in the X − Y system.
The Green’s function for the Laplacian now reads

( 1
ρ′

∂

∂ρ′
ρ′

∂

∂ρ′
+ 1

ρ′2
∂2

∂2ϕ′
)G(ρ,ϕ;ρ′, ϕ′) = − 1

ρ′
δ(ρ − ρ′)δ(ϕ − ϕ′) (238)

⇒ ( ∂

∂ρ′
ρ′

∂

∂ρ′
+ 1

ρ′
∂2

∂2ϕ′
)G(ρ,ϕ;ρ′, ϕ′) = −δ(ρ − ρ′)δ(ϕ − ϕ′) (239)

We need to distinguish the two regions, region 1: ρ′ < ρ and region 2: ρ′ > ρ. In each region G must satisfy the Laplace
equation. The boundary conditions in the region 1 are the same as in [26].

This restriction also applies in the region 2 because we can have ρ′ → Ω + 2ϵ while ρ → Ω + ϵ, and as ϵ → 0+ the
solution has to be continuous and differentiable across the line segment joining the foci of the X −Y ellipse. This can
be accomplished by requiring continuity across ρ = ρ′ and for ϕ ≠ ϕ′ differentiability as well. In addition, we wish for
the normal derivative of GN at ρ′ = 1 to be independent of ρ,ϕ. Thus,

For ρ′ < ρ ∶

G(ρ,ϕ;ρ′, ϕ′) = A0(ρ,ϕ) +B0(ρ,ϕ) lnρ′ + ∑
m=1

A∣m∣(ρ,ϕ)(
ρ′m

Ωm
+ Ωm

ρ′m
) cos(mϕ′) +B∣m∣(ρ,ϕ)(

ρ′m

Ωm
− Ωm

ρ′m
) sin(mϕ′)

(240)
For ρ′ > ρ ∶

G(ρ,ϕ;ρ′, ϕ′) = C0(ρ,ϕ) +D0 lnρ
′ + ∑

m∈Z/{0}
Cm(ρ,ϕ) (ρ′m +

1

ρ′m
) eimϕ′ .

(241)

The Green’s function has to be continuous across ρ′ = ρ circle:

lim
ϵ→0+

G(ρ,ϕ;ρ + ϵ, ϕ′) = lim
ϵ→0+

G(ρ,ϕ;ρ − ϵ, ϕ′). (242)

We integrate the Poisson equation over a small interval around ρ,

lim
ϵ→0+
∫

ρ+ϵ

ρ−ϵ
dρ′ ( ∂

∂ρ′
ρ′

∂

∂ρ′
+ 1

ρ′
∂2

∂2ϕ′
)G(ρ,ϕ;ρ′, ϕ′) = − lim

ϵ→0+
∫

ρ+ϵ

ρ−ϵ
dρ′δ(ρ − ρ′)δ(ϕ − ϕ′)

⇒ lim
ϵ→0+

ρ( ∂
∂ρ′

G(ρ,ϕ;ρ′, ϕ′)∣ρ′=ρ+ϵ −
∂

∂ρ′
G(ρ,ϕ;ρ′, ϕ′)∣ρ′=ρ−ϵ) = −δ(ϕ − ϕ′). (243)
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To evaluate the limit one needs to know ρ′ ∂
∂ρ′
G(ρ,ϕ;ρ′, ϕ′) for ρ′ ≶ ρ. It is given by

For ρ′ < ρ ∶

ρ′
∂

∂ρ′
G(ρ,ϕ;ρ′, ϕ′) = B0(ρ,ϕ) + ∑

m=1

mA∣m∣(ρ,ϕ)(
ρ′m

Ωm
− Ωm

ρ′m
) cos(mϕ′) +mB∣m∣(ρ,ϕ)(

ρ′m

Ωm
+ Ωm

ρ′m
) sin(mϕ′)

For ρ′ > ρ ∶

ρ′
∂

∂ρ′
G(ρ,ϕ;ρ′, ϕ′) =D0 + ∑

m∈Z/{0}
mCm(ρ,ϕ) (ρ′m −

1

ρ′m
) eimϕ′ .

Substituting into the derivative discontinuity equation (243) we have

D0 + ∑
m∈Z/{0}

mCm(ρ,ϕ) (ρm −
1

ρm
) eimϕ′

−[B0(ρ,ϕ) + ∑
m=1

mA∣m∣(ρ,ϕ) (
ρm

Ωm
− Ωm

ρm
) cos(mϕ′) +mB∣m∣(ρ,ϕ) (

ρm

Ωm
+ Ωm

ρm
) sin(mϕ′)]

= − 1

2π
∑
m∈Z

eimϕe−imϕ′ , (244)

where we used

δ(ϕ − ϕ′) = 1

2π
∑
m∈Z

eimϕe−imϕ′ = 1

2π
+ 1

π

∞

∑
m=1

(cosmϕ cosmϕ′ + sinmϕ sinmϕ′) . (245)

At the same time, the continuity of G at ρ = ρ′ requires

C0(ρ,ϕ) +D0 lnρ + ∑
m∈Z/{0}

Cm(ρ,ϕ) (ρm +
1

ρm
) eimϕ′

= A0(ρ,ϕ) +B0(ρ,ϕ) lnρ + ∑
m=1

A∣m∣(ρ,ϕ) (
ρm

Ωm
+ Ωm

ρm
) cos(mϕ′) +B∣m∣(ρ,ϕ) (

ρm

Ωm
− Ωm

ρm
) sin(mϕ′). (246)

Each ϕ′ angular harmonic must be matched on the two sides of the Eq. (244). Therefore, B0(ρ,ϕ) = D0 + 1
2π

. For
non-zero m, by matching the ϕ′ angular harmonics, we get two linear equations relating A∣m∣,B∣m∣,C∣m∣ and two linear
equations relating A∣m∣,B∣m∣,C−∣m∣. So, in total we get four linear equations of four variables which we investigate
below.

A. Fourier coefficients

To find the harmonic coefficients we match the terms for ρ′ < ρ and ρ′ > ρ

∑
m∈Z/{0}

Cm(ρ,ϕ) (ρm +
1

ρm
) eimϕ′ = ∑

m=1

A∣m∣(ρ,ϕ) (
ρm

Ωm
+ Ωm

ρm
) cos(mϕ′) +B∣m∣(ρ,ϕ) (

ρm

Ωm
− Ωm

ρm
) sin(mϕ′),

∑
m∈Z/{0}

mCm(ρ,ϕ) (ρm −
1

ρm
) eimϕ′ − [∑

m=1

mA∣m∣(ρ,ϕ) (
ρm

Ωm
− Ωm

ρm
) cos(mϕ′) +mB∣m∣(ρ,ϕ) (

ρm

Ωm
+ Ωm

ρm
) sin(mϕ′)]

= − 1

2π
∑

m∈Z/{0}
e−imϕeimϕ′ (247)

Matching the coefficients for harmonics we get the two conditions for different signs of m:
● For m > 0:

Cm(ρ,ϕ) (ρm +
1

ρm
) = 1

2
A∣m∣(ρ,ϕ) (

ρm

Ωm
+ Ωm

ρm
) + 1

2i
B∣m∣(ρ,ϕ) (

ρm

Ωm
− Ωm

ρm
) , (248)

mCm(ρ,ϕ) (ρm −
1

ρm
) − [m

2
A∣m∣(ρ,ϕ) (

ρm

Ωm
− Ωm

ρm
) + m

2i
B∣m∣(ρ,ϕ) (

ρm

Ωm
+ Ωm

ρm
)] = − 1

2π
e−imϕ.
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● For m < 0:

Cm(ρ,ϕ) (ρm +
1

ρm
) = 1

2
A∣m∣(ρ,ϕ)(

ρ∣m∣

Ω∣m∣
+ Ω∣m∣

ρ∣m∣
) − 1

2i
B∣m∣(ρ,ϕ)(

ρ∣m∣

Ω∣m∣
− Ω∣m∣

ρ∣m∣
) , (249)

mCm(ρ,ϕ) (ρm −
1

ρm
) − [ ∣m∣

2
A∣m∣(ρ,ϕ)(

ρ∣m∣

Ω∣m∣
− Ω∣m∣

ρ∣m∣
) − ∣m∣

2i
B∣m∣(ρ,ϕ)(

ρ∣m∣

Ω∣m∣
+ Ω∣m∣

ρ∣m∣
)] = − 1

2π
e−imϕ.

Eliminating Cm we have for m > 0:

ρ2m − 1
ρ2m + 1 (A∣m∣(ρ,ϕ) (

ρm

Ωm
+ Ωm

ρm
) − iB∣m∣(ρ,ϕ) (

ρm

Ωm
− Ωm

ρm
))

−A∣m∣(ρ,ϕ) (
ρm

Ωm
− Ωm

ρm
) + iB∣m∣(ρ,ϕ) (

ρm

Ωm
+ Ωm

ρm
) = − 1

πm
e−imϕ, (250)

which can be rewritten as

[ρ
2m − 1
ρ2m + 1 (

ρm

Ωm
+ Ωm

ρm
) − ( ρ

m

Ωm
− Ωm

ρm
)]A∣m∣(ρ,ϕ) + i [(

ρm

Ωm
+ Ωm

ρm
) − ρ

2m − 1
ρ2m + 1 (

ρm

Ωm
− Ωm

ρm
)]B∣m∣(ρ,ϕ) = −

e−imϕ

πm
.

Now we eliminate Cm for m < 0 and get:

(ρm − 1
ρm )

(ρm + 1
ρm )
(A∣m∣(ρ,ϕ)(

ρ∣m∣

Ω∣m∣
+ Ω∣m∣

ρ∣m∣
) + iB∣m∣(ρ,ϕ)(

ρ∣m∣

Ω∣m∣
− Ω∣m∣

ρ∣m∣
))

+A∣m∣(ρ,ϕ)(
ρ∣m∣

Ω∣m∣
− Ω∣m∣

ρ∣m∣
) + iB∣m∣(ρ,ϕ)(

ρ∣m∣

Ω∣m∣
+ Ω∣m∣

ρ∣m∣
) = − 1

πm
e−imϕ. (251)

Equivalently we can right the same expression as

−ρ
2∣m∣ − 1
ρ2∣m∣ + 1 (A∣m∣(ρ,ϕ)(

ρ∣m∣

Ω∣m∣
+ Ω∣m∣

ρ∣m∣
) + iB∣m∣(ρ,ϕ)(

ρ∣m∣

Ω∣m∣
− Ω∣m∣

ρ∣m∣
))

+A∣m∣(ρ,ϕ)(
ρ∣m∣

Ω∣m∣
− Ω∣m∣

ρ∣m∣
) + iB∣m∣(ρ,ϕ)(

ρ∣m∣

Ω∣m∣
+ Ω∣m∣

ρ∣m∣
) = 1

π∣m∣e
i∣m∣ϕ, (252)

or

[−ρ
2∣m∣ − 1
ρ2∣m∣ + 1 (

ρ∣m∣

Ω∣m∣
+ Ω∣m∣

ρ∣m∣
) + ( ρ

∣m∣

Ω∣m∣
− Ω∣m∣

ρ∣m∣
)]A∣m∣(ρ,ϕ)

+i [( ρ
∣m∣

Ω∣m∣
+ Ω∣m∣

ρ∣m∣
) − ρ

2∣m∣ − 1
ρ2∣m∣ + 1 (

ρ∣m∣

Ω∣m∣
− Ω∣m∣

ρ∣m∣
)]B∣m∣(ρ,ϕ) =

1

π∣m∣e
i∣m∣ϕ. (253)

This implies

[ρ
2∣m∣ − 1
ρ2∣m∣ + 1 (

ρ∣m∣

Ω∣m∣
+ Ω∣m∣

ρ∣m∣
) − ( ρ

∣m∣

Ω∣m∣
− Ω∣m∣

ρ∣m∣
)]A∣m∣(ρ,ϕ) = −

1

2π∣m∣
(ei∣m∣ϕ + e−i∣m∣ϕ) , (254)

which can be transformed into

A∣m∣(ρ,ϕ) = −
ρ∣m∣ + ρ−∣m∣

4π∣m∣ (e
i∣m∣ϕ + e−i∣m∣ϕ
Ω∣m∣ −Ω−∣m∣ ) . (255)

Performing similar manipulations for

2i [( ρ
∣m∣

Ω∣m∣
+ Ω∣m∣

ρ∣m∣
) − ρ

2∣m∣ − 1
ρ2∣m∣ + 1 (

ρ∣m∣

Ω∣m∣
− Ω∣m∣

ρ∣m∣
)]B∣m∣(ρ,ϕ) =

1

π∣m∣
(ei∣m∣ϕ − e−i∣m∣ϕ) (256)
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we obtain

B∣m∣(ρ,ϕ) =
ρ∣m∣ + ρ−∣m∣
4πi∣m∣

(ei∣m∣ϕ − e−i∣m∣ϕ)
Ω∣m∣ +Ω−∣m∣ . (257)

Then for m > 0 we get

Cm(ρ,ϕ) (ρm +
1

ρm
) = 1

2
A∣m∣(ρ,ϕ) (

ρm

Ωm
+ Ωm

ρm
) + 1

2i
B∣m∣(ρ,ϕ) (

ρm

Ωm
− Ωm

ρm
) , (258)

and for m < 0

Cm(ρ,ϕ) (ρm +
1

ρm
) = 1

2
A∣m∣(ρ,ϕ)(

ρ∣m∣

Ω∣m∣
+ Ω∣m∣

ρ∣m∣
) − 1

2i
B∣m∣(ρ,ϕ)(

ρ∣m∣

Ω∣m∣
− Ω∣m∣

ρ∣m∣
) . (259)

This implies that for any sign of m we can write

Cm(ρ,ϕ) = 1

2

1

(ρ∣m∣ + ρ−∣m∣)
(A∣m∣(ρ,ϕ)(

ρ∣m∣

Ω∣m∣
+ Ω∣m∣

ρ∣m∣
) − isign(m)B∣m∣(ρ,ϕ)(

ρ∣m∣

Ω∣m∣
− Ω∣m∣

ρ∣m∣
)) =

= −1
8π∣m∣ (

ei∣m∣ϕ + e−i∣m∣ϕ
Ω∣m∣ −Ω−∣m∣ (

ρ∣m∣

Ω∣m∣
+ Ω∣m∣

ρ∣m∣
) + sign(m)e

i∣m∣ϕ − e−i∣m∣ϕ
Ω∣m∣ +Ω−∣m∣ (

ρ∣m∣

Ω∣m∣
− Ω∣m∣

ρ∣m∣
)) . (260)

Using

∞

∑
m=1

xm

m
= − ln (1 − x) (261)

1

Ω∣m∣ ±Ω−∣m∣ = ±Ω
∣m∣ 1

1 ±Ω2∣m∣
= ±Ω∣m∣

∞

∑
n=0

(∓1)n (Ω2∣m∣)n (262)

and Eqs. (255), (257), (260) we can now compute the Neumann Green’s function for the ellipse:

For ρ′ < ρ ∶

G(ρ,ϕ;ρ′, ϕ′) = 1

2π
lnρ′ + ∑

m=1

A∣m∣(ρ,ϕ)(
ρ′m

Ωm
+ Ωm

ρ′m
) cos(mϕ′) +B∣m∣(ρ,ϕ)(

ρ′m

Ωm
− Ωm

ρ′m
) sin(mϕ′)

For ρ′ > ρ ∶

G(ρ,ϕ;ρ′, ϕ′) = 1

2π
lnρ + ∑

m∈Z/{0}
Cm(ρ,ϕ) (ρ′m +

1

ρ′m
) eimϕ′ , (263)

where

A∣m∣(ρ,ϕ) = −
ρ∣m∣ + ρ−∣m∣

4π∣m∣ (e
i∣m∣ϕ + e−i∣m∣ϕ
Ω∣m∣ −Ω−∣m∣ ) (264)

B∣m∣(ρ,ϕ) =
ρ∣m∣ + ρ−∣m∣
4πi∣m∣

(ei∣m∣ϕ − e−i∣m∣ϕ)
Ω∣m∣ +Ω−∣m∣ (265)

Cm(ρ,ϕ) =
−1

8π∣m∣ (
ei∣m∣ϕ + e−i∣m∣ϕ
Ω∣m∣ −Ω−∣m∣ (

ρ∣m∣

Ω∣m∣
+ Ω∣m∣

ρ∣m∣
) + sign(m)e

i∣m∣ϕ − e−i∣m∣ϕ
Ω∣m∣ +Ω−∣m∣ (

ρ∣m∣

Ω∣m∣
− Ω∣m∣

ρ∣m∣
)) . (266)

Thus, for ρ′ < ρ:

G(ρ,ϕ;ρ′, ϕ′) = 1

2π
lnρ′− ∑

m=1

ρ∣m∣ + ρ−∣m∣
4π∣m∣ (e

i∣m∣ϕ + e−i∣m∣ϕ
Ω∣m∣ −Ω−∣m∣ )(

ρ′m

Ωm
+ Ωm

ρ′m
) cos(mϕ′)

+ ∑
m=1

ρ∣m∣ + ρ−∣m∣
4πi∣m∣

(ei∣m∣ϕ − e−i∣m∣ϕ)
Ω∣m∣ +Ω−∣m∣ (ρ

′m

Ωm
− Ωm

ρ′m
) sin(mϕ′), (267)
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and for ρ′ > ρ:

G(ρ,ϕ;ρ′, ϕ′) = 1

2π
lnρ +

∞

∑
m=1

Cm(ρ,ϕ) (ρ′m + ρ′−m) eimϕ′ +
∞

∑
m=1

C−m(ρ,ϕ) (ρ′m + ρ′−m) e−imϕ′ = (268)

1

2π
lnρ +

∞

∑
m=1

(Cm(ρ,ϕ) +C−m(ρ,ϕ)) (ρ′m + ρ′−m) cos(mϕ′) + i
∞

∑
m=1

(Cm(ρ,ϕ) −C−m(ρ,ϕ)) (ρ′m + ρ′−m) sin (mϕ′)

= 1

2π
lnρ −

∞

∑
m=1

1

4π∣m∣
ei∣m∣ϕ + e−i∣m∣ϕ
Ω∣m∣ −Ω−∣m∣ (

ρ∣m∣

Ω∣m∣
+ Ω∣m∣

ρ∣m∣
)(ρ′m + ρ′−m) cos(mϕ′)

−i
∞

∑
m=1

1

4πm
(e

i∣m∣ϕ − e−i∣m∣ϕ
Ω∣m∣ +Ω−∣m∣ (

ρ∣m∣

Ω∣m∣
− Ω∣m∣

ρ∣m∣
))(ρ′m + ρ′−m) sin (mϕ′) . (269)

Therefore for ρ′ > ρ:

G(ρ,ϕ;ρ′, ϕ′) = 1

2π
lnρ− 1

2π

∞

∑
m=1

1

m

cos(mϕ)
Ωm −Ω−m (

ρm

Ωm
+ Ωm

ρm
) (ρ′m + ρ′−m) cos(mϕ′)

+ 1

2π

∞

∑
m=1

1

m

sin(mϕ)
Ωm +Ω−m (

ρm

Ωm
− Ωm

ρm
) (ρ′m + ρ′−m) sin (mϕ′) . (270)

and for ρ′ < ρ:

G(ρ,ϕ;ρ′, ϕ′) = 1

2π
lnρ′− 1

2π
∑
m=1

ρ∣m∣ + ρ−∣m∣
m

( cos(mϕ)
Ω∣m∣ −Ω−∣m∣ )(

ρ′m

Ωm
+ Ωm

ρ′m
) cos(mϕ′)

+ 1

2π
∑
m=1

ρ∣m∣ + ρ−∣m∣
m

sin(mϕ)
Ω∣m∣ +Ω−∣m∣ (

ρ′m

Ωm
− Ωm

ρ′m
) sin(mϕ′) (271)

This makes the symmetry of the Neumann Green’s function under (ρ,ϕ) ↔ (ρ′, ϕ′), explicit.

We can therefore write the Green’s function succinctly as

G(ρ,ϕ;ρ′, ϕ′) = 1

2π
(lnρ< −

∞

∑
m=1

1

m

1

Ωm −Ω−m (
ρm
<

Ωm
+ Ωm

ρm
<

)(ρm
>
+ ρ−m
>
) cos(mϕ) cos(mϕ′)

+
∞

∑
m=1

1

m

1

Ωm +Ω−m (
ρm
<

Ωm
− Ωm

ρm
<

)(ρm
>
+ ρ−m
>
) sin(mϕ) sin (mϕ′)) . (272)

Furthermore, we can use

∞

∑
m=1

xm

m
= − ln (1 − x) (273)

1

Ωm ±Ω−m = ±Ω
m 1

1 ±Ω2m
= ±Ωm

∞

∑
n=0

(∓1)n (Ω2m)n (274)
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to sum over m and write a rapidly convergent series expression for G:

G(ρ,ϕ;ρ′, ϕ′) = 1

2π

⎛
⎝
lnρ< +

1

4

∞

∑
n=0

∑
s1,s2,s3,s4=±1

∞

∑
m=1

1

m
Ω(2n+1)m (ρ<

Ω
)
s1m

ρs2m
>

eis3mϕeis4mϕ′

+ −1
4

∞

∑
n=0

(−1)n ∑
s1,s2,s3,s4=±1

s1s3s4
∞

∑
m=1

1

m
Ω(2n+1)m (ρ<

Ω
)
s1m

ρs2m
>

eis3mϕeis4mϕ′⎞
⎠

(275)

= 1

2π

⎛
⎝
lnρ< −

1

4

∞

∑
n=0

∑
s1,s2,s3,s4=±1

ln [1 −Ω(2n+1) (ρ<
Ω
)
s1

ρs2
>
eis3ϕeis4ϕ

′

]

+ 1

4

∞

∑
n=0

(−1)n ∑
s1,s2,s3,s4=±1

s1s3s4 ln [1 −Ω(2n+1) (
ρ<
Ω
)
s1

ρs2
>
eis3ϕeis4ϕ

′

]
⎞
⎠

(276)

= 1

2π

⎛
⎝
lnρ< −

1

4

∞

∑
n=0,2,4,...

∑
s1,s2,s3,s4=±1

(1 − s1s3s4) ln [1 −Ω(2n+1) (
ρ<
Ω
)
s1

ρs2
>
eis3ϕeis4ϕ

′

] (277)

− 1

4

∞

∑
n=1,3,5...

∑
s1,s2,s3,s4=±1

(1 + s1s3s4) ln [1 −Ω(2n+1) (
ρ<
Ω
)
s1

ρs2
>
eis3ϕeis4ϕ

′

]
⎞
⎠

(278)

= 1

2π
(lnρ< (279)

−1
2

∞

∑
n=0,2,4,...

∑
s2=±1

ln [(1 −Ω(2n+1) (ρ<
Ω
)
−1

ρs2
>
eiϕeiϕ

′

)(1 −Ω(2n+1) (ρ<
Ω
)ρs2
>
e−iϕeiϕ

′

)] (280)

−1
2

∞

∑
n=0,2,4,...

∑
s2=±1

ln [(1 −Ω(2n+1) (ρ<
Ω
)ρs2
>
eiϕe−iϕ

′

)(1 −Ω(2n+1) (ρ<
Ω
)
−1

ρs2
>
e−iϕe−iϕ

′

)] (281)

− 1

4

∞

∑
n=1,3,5...

∑
s1,s2,s3,s4=±1

(1 + s1s3s4) ln [1 −Ω(2n+1) (
ρ<
Ω
)
s1

ρs2
>
eis3ϕeis4ϕ

′

]
⎞
⎠
. (282)

Now, because the expression is symmetric under ϕ and ϕ′, we can assign either one of these with > and <. For the n
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even case this gives

G(ρ,ϕ;ρ′, ϕ′) = 1

2π
(lnρ< (283)

−1
2

∞

∑
n=0,2,4,...

∑
s2=±1

ln [(1 −Ω(2n+1) (ρ<
Ω
)
−1

ρs2
>
eiϕ<eiϕ>)(1 −Ω(2n+1) (ρ<

Ω
)ρs2
>
e−iϕ<eiϕ>)] (284)

−1
2

∞

∑
n=0,2,4,...

∑
s2=±1

ln [(1 −Ω(2n+1) (ρ<
Ω
)ρs2
>
eiϕ<e−iϕ>)(1 −Ω(2n+1) (ρ<

Ω
)
−1

ρs2
>
e−iϕ<e−iϕ>)] (285)

− 1

4

∞

∑
n=1,3,5...

∑
s1,s2,s3,s4=±1

(1 + s1s3s4) ln [1 −Ω(2n+1) (
ρ<
Ω
)
s1

ρs2
>
eis3ϕeis4ϕ

′

]
⎞
⎠

(286)

= 1

2π
(lnρ< (287)

−1
2

∞

∑
n=0,2,4,...

∑
s2=±1

ln [(1 −Ω(2n+1) Ω
w̄<

ρs2
>
eiϕ>)(1 −Ω(2n+1) w̄<

Ω
ρs2
>
eiϕ>)] (288)

−1
2

∞

∑
n=0,2,4,...

∑
s2=±1

ln [(1 −Ω(2n+1)w<
Ω
ρs2
>
e−iϕ>)(1 −Ω(2n+1) Ω

w<
ρs2
>
e−iϕ>)] (289)

− 1

4

∞

∑
n=1,3,5...

∑
s1,s2,s3,s4=±1

(1 + s1s3s4) ln [1 −Ω(2n+1) (
ρ<
Ω
)
s1

ρs2
>
eis3ϕeis4ϕ

′

]
⎞
⎠

(290)

= 1

2π
(lnρ< (291)

−1
2

∞

∑
n=0,2,4,...

∑
s2=±1

(ln [(1 −Ω(2n+1)w<
Ω
ρs2
>
e−iϕ>)(1 −Ω(2n+1) Ω

w<
ρs2
>
e−iϕ>)] + c.c.) (292)

− 1

4

∞

∑
n=1,3,5...

∑
s1,s2,s3,s4=±1

(1 + s1s3s4) ln [1 −Ω(2n+1) (
ρ<
Ω
)
s1

ρs2
>
eis3ϕeis4ϕ

′

]
⎞
⎠
. (293)

Therefore,

G(ρ,ϕ;ρ′, ϕ′) = 1

2π
(lnρ< (294)

−1
2

∞

∑
n=0,2,4,...

∑
s2=±1

(ln [(1 −Ω2nZ<
α+
ρs2
>
e−iϕ> +Ω4n+2ρ2s2

>
e−2iϕ>)] + c.c.) (295)

− 1

4

∞

∑
n=1,3,5...

∑
s1,s2,s3,s4=±1

(1 + s1s3s4) ln [1 −Ω(2n+1) (
ρ<
Ω
)
s1

ρs2
>
eis3ϕeis4ϕ

′

]
⎞
⎠

(296)

= 1

2π
(lnρ< (297)

−1
2

∞

∑
n=0,2,4,...

⎛
⎝
ln [∣w> −Ω2nZ<

α+
+Ω4n+2 1

w>
∣
2

] + ln
⎡⎢⎢⎢⎢⎣
∣ 1
w∗
>

−Ω2nZ<
α+
+Ω4n+2w∗

>
∣
2⎤⎥⎥⎥⎥⎦

⎞
⎠

(298)

− 1

4

∞

∑
n=1,3,5...

∑
s1,s2,s3,s4=±1

(1 + s1s3s4) ln [1 −Ω(2n+1) (
ρ<
Ω
)
s1

ρs2
>
eis3ϕeis4ϕ

′

]
⎞
⎠
. (299)
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For the odd n terms

G(ρ,ϕ;ρ′, ϕ′) = 1

2π
(lnρ< (300)

−1
2

∞

∑
n=0,2,4,...

⎛
⎝
ln [∣w> −Ω2nZ<

α+
+Ω4n+2 1

w>
∣
2

] + ln
⎡⎢⎢⎢⎢⎣
∣ 1
w∗
>

−Ω2nZ<
α+
+Ω4n+2w∗

>
∣
2⎤⎥⎥⎥⎥⎦

⎞
⎠

(301)

− 1

2

∞

∑
n=1,3,5...

∑
s2=±1

(ln [1 −Ω(2n+1) (ρ<
Ω
)ρs2
>
eiϕ<eiϕ>] + ln [1 −Ω(2n+1) (ρ<

Ω
)ρs2
>
e−iϕ<e−iϕ>]+ (302)

ln [1 −Ω(2n+1) (ρ<
Ω
)
−1

ρs2
>
e−iϕ<eiϕ>] + ln [1 −Ω(2n+1) (ρ<

Ω
)
−1

ρs2
>
eiϕ<e−iϕ>])) (303)

= 1

2π
(lnρ< (304)

−1
2

∞

∑
n=0,2,4,...

⎛
⎝
ln [∣w> −Ω2nZ<

α+
+Ω4n+2 1

w>
∣
2

] + ln
⎡⎢⎢⎢⎢⎣
∣ 1
w∗
>

−Ω2nZ<
α+
+Ω4n+2w∗

>
∣
2⎤⎥⎥⎥⎥⎦

⎞
⎠

(305)

− 1

2

∞

∑
n=1,3,5...

∑
s2=±1

(ln [1 −Ω2nZ<
α+
ρs2
>
eiϕ> +Ω4n+2ρ2s2

>
e2iϕ>] + c.c.)

⎞
⎠

(306)

= 1

2π
(lnρ< (307)

−1
2

∞

∑
n=0,2,4,...

⎛
⎝
ln [∣w> −Ω2nZ<

α+
+Ω4n+2 1

w>
∣
2

] + ln
⎡⎢⎢⎢⎢⎣
∣ 1
w∗
>

−Ω2nZ<
α+
+Ω4n+2w∗

>
∣
2⎤⎥⎥⎥⎥⎦

⎞
⎠

(308)

− 1

2

∞

∑
n=1,3,5...

⎛
⎝
ln [∣1 −Ω2nZ<

α+
w> +Ω4n+2w2

>
∣
2

] + ln
⎡⎢⎢⎢⎢⎣
∣1 −Ω2nZ<

α+

1

w∗
>

+Ω4n+2 1

w∗2
>

∣
2⎤⎥⎥⎥⎥⎦

⎞
⎠
⎞
⎠
. (309)

Now, notice that if we isolate the n = 0 term in the sum, which should dominate at low Ω, the Green’s function reads

G(ρ,ϕ;ρ′, ϕ′) = 1

2π

⎛
⎝
lnρ< −

1

2

⎛
⎝
ln [∣w> −

Z<
α+
+Ω2 1

w>
∣
2

] + ln
⎡⎢⎢⎢⎢⎣
∣ 1
w∗
>

− Z<
α+
+Ω2w∗

>
∣
2⎤⎥⎥⎥⎥⎦

⎞
⎠

−1
2

∞

∑
n=2,4,...

⎛
⎝
ln [∣w> −Ω2nZ<

α+
+Ω4n+2 1

w>
∣
2

] + ln
⎡⎢⎢⎢⎢⎣
∣ 1
w∗
>

−Ω2nZ<
α+
+Ω4n+2w∗

>
∣
2⎤⎥⎥⎥⎥⎦

⎞
⎠

(310)

− 1

2

∞

∑
n=1,3,5...

⎛
⎝
ln [∣1 −Ω2nZ<

α+
w> +Ω4n+2w2

>
∣
2

] + ln
⎡⎢⎢⎢⎢⎣
∣1 −Ω2nZ<

α+

1

w∗
>

+Ω4n+2 1

w∗2
>

∣
2⎤⎥⎥⎥⎥⎦

⎞
⎠
⎞
⎠

(311)

Using w + Ω2

w
= Z

α+
, we have

G(ρ,ϕ;ρ′, ϕ′) = 1

2π

⎛
⎝
lnρ< −

1

2

⎛
⎝
ln [∣Z> −Z<

α+
∣
2

] + ln
⎡⎢⎢⎢⎢⎣
∣ 1
w∗
>

− Z<
α+
+Ω2w∗

>
∣
2⎤⎥⎥⎥⎥⎦

⎞
⎠

−1
2

∞

∑
n=2,4,...

⎛
⎝
ln

⎡⎢⎢⎢⎢⎣
∣1 −Ω2n Z<

α+w>
+Ω4n+2 1

w2
>

∣
2⎤⎥⎥⎥⎥⎦
+ ln [∣1 −Ω2nZ<

α+
w∗
>
+Ω4n+2w∗

2
>
∣
2

]
⎞
⎠

(312)

− 1

2

∞

∑
n=1,3,5...

⎛
⎝
ln [∣1 −Ω2nZ<

α+
w> +Ω4n+2w2

>
∣
2

] + ln
⎡⎢⎢⎢⎢⎣
∣1 −Ω2nZ<

α+

1

w∗
>

+Ω4n+2 1

w∗2
>

∣
2⎤⎥⎥⎥⎥⎦

⎞
⎠
⎞
⎠
. (313)

And if the Z> is on the boundary, then

( 1

w∗
>

− Z<
α+
+Ω2w∗

>
)∣

w∗
>
∈outer boundary

→ (w> −
Z<
α+
+ Ω2

w>
)∣

w>∈outer boundary
= (Z> −Z<

α+
)∣

Z>∈outer boundary
(314)

The α+ in the denominator just corresponds to an overall constant to G which does not change the resulting
potential. So we see that when Z> is placed on the boundary, and if Ω is small, then the leading order term Green’s
function is the same as in the isotropic case except that the coordinate z is replaced by Z, i.e. it is rescaled.
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X. ANALYTICAL SOLUTION FOR THE ANISOTROPIC LINEAR CONDUCTIVITY TENSOR CASE

In this section we seek for a nonlinear electrostatic potential Φ(1)ani(R) in the case of arbitrary anisotropy of linear
conductivity tensor. As we established in Eq. (124), the solution for nonlinear potential in the case of arbitrary
anisotropy of the linear conductivity tensor is given by

ϕ(R) = 1

σ̄
∫
Ω
d2R′ (∇R′GN(R,R′)) ⋅ Ẽ(2)(R′), (315)

which can be reexpressed as

Φ
(1)
ani(R) =

1

σ̄
∫
Ω
d2R′ [( ∂

∂Z ′
GN(R,R′)) (Ẽ(2)x (R′) + iẼ(2)y (R′)) + (

∂

∂Z ′∗
GN(R,R′)) (Ẽ(2)x (R′) − iẼ(2)y (R′))]

(316)

where the integration region is defined by an ellipse and

Ẽ(2)x (R′) + iẼ(2)y (R′) =
1√

1 + ∆σ
σ̄

E(2)x (r′) +
i√

1 − ∆σ
σ̄

E(2)y (r′) = (317)

1√
1 + ∆σ

σ̄

⎛
⎝
E(2)x (r′) + iE(2)y (r′)

2
+ E

(2)
x (r′) − iE(2)y (r′)

2

⎞
⎠
+ 1√

1 − ∆σ
σ̄

⎛
⎝
E(2)x (r′) + iE(2)y (r′)

2
− E

(2)
x (r′) − iE(2)y (r′)

2

⎞
⎠

= α+ (E(2)x (r′) + iE(2)y (r′)) + α− (E(2)x (r′) − iE(2)y (r′)) = (318)

= α+ ((σ(2)− eiχ
(2)
− +Ω2σ

(2)
+
e−iχ

(2)
+ ) (E(0)x − iE(0)y )

2
+ (σ(2)

+
eiχ

(2)
+ +Ω2σ

(2)
−
e−iχ

(2)
− ) (E(0)x + iE(0)y )

2
+ (319)

+σ(2)0 (eiχ
(2)
0 +Ω2e−iχ

(2)
0 )(E(0)x

2
+E(0)y

2
)) , (320)

where E(0)x,y are functions of r′. To avoid confusion, we note that r′ = r′(R′) via Eq. (321):

Z = x√
1 + ∆σ

σ̄

+ i y√
1 − ∆σ

σ̄

. (321)

The electric field E(0) can be explicitly expressed via the linear electrostatic potential

E(0)x (r) − iE(0)y (r) = (−
∂

∂x
+ i ∂
∂y
)Φ(0)ani(R) = (−

∂Z

∂x

∂

∂Z
− ∂Z

∗

∂x

∂

∂Z∗
+ i∂Z

∂y

∂

∂Z
+ i∂Z

∗

∂y

∂

∂Z∗
)Φ(0)ani(R) =

⎛
⎜
⎝
− 1√

1 + ∆σ
σ̄

∂

∂Z
− 1√

1 + ∆σ
σ̄

∂

∂Z∗
− 1√

1 − ∆σ
σ̄

∂

∂Z
+ 1√

1 − ∆σ
σ̄

∂

∂Z∗

⎞
⎟
⎠
Φ
(0)
ani(R) = (322)

(−2α+
∂

∂Z
− 2α−

∂

∂Z∗
)Φ(0)ani(R), (323)
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with a = 1 (we consider unit disk sample). As we showed in the previous section, Neumann Green’s function for the
ellipse reads

GN(ρ,ϕ;ρ′, ϕ′) =
Θ(ρ − ρ′)

2π

⎛
⎝
lnρ′ − 1

2

⎛
⎝
ln

⎡⎢⎢⎢⎢⎣
∣Z −Z

′

α+
∣
2⎤⎥⎥⎥⎥⎦
+ ln
⎡⎢⎢⎢⎢⎣
∣ 1
w∗
− Z

′

α+
+Ω2w∗∣

2⎤⎥⎥⎥⎥⎦

⎞
⎠

−1
2

∞

∑
n=2,4,...

⎛
⎝
ln

⎡⎢⎢⎢⎢⎣
∣1 −Ω2n Z ′

α+w
+Ω4n+2 1

w2
∣
2⎤⎥⎥⎥⎥⎦
+ ln
⎡⎢⎢⎢⎢⎣
∣1 −Ω2n Z

′

α+
w∗ +Ω4n+2w∗

2∣
2⎤⎥⎥⎥⎥⎦

⎞
⎠

(324)

− 1

2

∞

∑
n=1,3,5...

⎛
⎝
ln

⎡⎢⎢⎢⎢⎣
∣1 −Ω2n Z

′

α+
w +Ω4n+2w2∣

2⎤⎥⎥⎥⎥⎦
+ ln
⎡⎢⎢⎢⎢⎣
∣1 −Ω2n Z

′

α+

1

w∗
+Ω4n+2 1

w∗2
∣
2⎤⎥⎥⎥⎥⎦

⎞
⎠
⎞
⎠

(325)

+Θ(ρ
′ − ρ)
2π

⎛
⎝
lnρ − 1

2

⎛
⎝
ln

⎡⎢⎢⎢⎢⎣
∣Z
′ −Z
α+

∣
2⎤⎥⎥⎥⎥⎦
+ ln [∣ 1

w′∗
− Z

α+
+Ω2w′∗∣

2

]
⎞
⎠

−1
2

∞

∑
n=2,4,...

(ln [∣1 −Ω2n Z

α+w′
+Ω4n+2 1

w′2
∣
2

] + ln [∣1 −Ω2n Z

α+
w′∗ +Ω4n+2w′∗

2∣
2

]) (326)

− 1

2

∞

∑
n=1,3,5...

(ln [∣1 −Ω2n Z

α+
w′ +Ω4n+2w′2∣

2

] + ln [∣1 −Ω2n Z

α+

1

w′∗
+Ω4n+2 1

w′∗2
∣
2

])
⎞
⎠

(327)

with

w

Ω
= Z

2α+Ω
+ sign(ReZ)

¿
ÁÁÀ( Z

2α+Ω
)
2

− 1.

We can use the expressions above and

∇ ⋅ j(0)(r) = −∇ ⋅ σ ⋅ ∇Φ(0)ani(r) (328)

∇ ⋅ j(0)(r) = I (δ(r − rS) − δ(r − rD)) (329)

−σ̄ ( ∂2

∂X2
+ ∂2

∂Y 2
)Φ(0)ani(R) =

I√
1 − (∆σ

σ̄
)2
(δ(R −RS) − δ(R −RD)) (330)

to determine the closed form of Φ(0)ani(R) via

Φ
(0)
ani(R) = −∫

Ω
d2R′GN(R,R′)∇2

R′Φ
(0)
ani(R

′) + ∫
C
dℓ′GN(R,R′)N̂ ⋅ ∇R′Φ

(0)
ani(R

′) (331)

Φ
(0)
ani(R) = I

σ̄
√

1 − (∆σ
σ̄
)2
(GN(R,RS) −GN(R,RD)) (332)

It will prove convenient to work in the Zhukovsky coordinates, where Neumann Green’s function takes the form

GN(ρ,ϕ;ρ′, ϕ′) =
1

2π
(lnρ< (333)

−1
2

∞

∑
n=0,2,4,...

⎛
⎝
ln [∣w> −Ω2nZ<

α+
+Ω4n+2 1

w>
∣
2

] + ln
⎡⎢⎢⎢⎢⎣
∣ 1
w∗
>

−Ω2nZ<
α+
+Ω4n+2w∗

>
∣
2⎤⎥⎥⎥⎥⎦

⎞
⎠

(334)

− 1

2

∞

∑
n=1,3,5...

⎛
⎝
ln [∣1 −Ω2nZ<

α+
w> +Ω4n+2w2

>
∣
2

] + ln
⎡⎢⎢⎢⎢⎣
∣1 −Ω2nZ<

α+

1

w∗
>

+Ω4n+2 1

w∗2
>

∣
2⎤⎥⎥⎥⎥⎦

⎞
⎠
⎞
⎠
. (335)

For the source and drain at the boundary of the original disk, w> is tied to RS,D, And, as shown in [26], it is just the
original coordinate. So, the linear potential reads

Φ
(0)
ani(R) = I

2πσ̄
√

1 − (∆σ
σ̄
)2

⎛
⎜⎜
⎝

∞

∑
n=0,2,4,...

ln
∣1 +Ω4n+2z∗D

2 −Ω2n Z
α+
z∗D∣

2

∣1 +Ω4n+2z∗S
2 −Ω2n Z

α+
z∗S ∣

2
+

∞

∑
n=1,3,5,...

ln
∣1 +Ω4n+2z2D −Ω2n Z

α+
zD∣

2

∣1 +Ω4n+2z2S −Ω2n Z
α+
zS ∣

2

⎞
⎟⎟
⎠
(336)
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We will find it helpful to transform the 2D integration in R variables to Zhukovsky variables as well. For this we
will need the Jacobian [26]

∫
ellipse

dXdY (. . .) = ∫
annulus

dudvJ (X,Y
u, v
) (. . .) = α2

+ ∫
annulus

dudv (1 − Ω2

w2
)(1 − Ω2

w∗2
)(. . .) (337)

= α2
+ ∫

1

Ω
dρρ∫

2π

0
dθ (1 − Ω2

ρ2
e−2iθ)(1 − Ω2

ρ2
e2iθ)(. . .). (338)

Knowing the linear potential Φ(0)ani(R) allows us to find an explicit expression for the electric field E(0):

E(0)x (r) − iE(0)y (r) = (−2α+
∂

∂Z
− 2α−

∂

∂Z∗
)Φ(0)ani(R) (339)

= (−2α+) I
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⎠
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+
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⎠
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+
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Ω2n

1 +Ω4n+2z∗S
2 −Ω2n Z∗

α+
z∗S
− (S →D)

⎞
⎠

= −I

πσ̄
√

1 − (∆σ
σ̄
)2
⎛
⎝

∞

∑
n=0,2,4,...

z∗SΩ
2n

1 +Ω4n+2z∗S
2 −Ω2n Z

α+
z∗S
+

∞

∑
n=1,3,5,...

zSΩ
2n

1 +Ω4n+2z2S −Ω2n Z
α+
zS
− (S →D)

⎞
⎠

+ −I

πσ̄
√

1 − (∆σ
σ̄
)2
⎛
⎝

∞

∑
n=0,2,4,...

zSΩ
2n+2

1 +Ω4n+2zS2 −Ω2n Z∗

α+
zS
+

∞

∑
n=1,3,5,...

z∗SΩ
2n+2

1 +Ω4n+2z∗S
2 −Ω2n Z∗

α+
z∗S
− (S →D)

⎞
⎠

= −I

πσ̄
√

1 − (∆σ
σ̄
)2
⎛
⎝

∞

∑
n=0,2,4,...

Ω2n

zS +Ω4n+2z∗S −Ω2n Z
α+

+
∞

∑
n=1,3,5,...

Ω2n

z∗S +Ω4n+2zS −Ω2n Z
α+

− (S →D)
⎞
⎠

+ −I

πσ̄
√

1 − (∆σ
σ̄
)2
⎛
⎝

∞

∑
n=0,2,4,...

Ω2n+2

z∗S +Ω4n+2zS −Ω2n Z∗

α+

+
∞

∑
n=1,3,5,...

Ω2n+2

zS +Ω4n+2z∗S −Ω2n Z∗

α+

− (S →D)
⎞
⎠

In Zhukovsky variables Z = α+w + α−
w

and α−
α+
= Ω2. Therefore, the electric field can be cast into a convenient form

E(0)x (r) − iE(0)y (r) (340)

= −I

πσ̄
√

1 − (∆σ
σ̄
)2
⎛
⎝

∞

∑
n=0,2,4,...

Ω2n

zS +Ω4n+2z∗S −Ω2n (w + Ω2

w
)
+

∞

∑
n=1,3,5,...

Ω2n

z∗S +Ω4n+2zS −Ω2n (w + Ω2

w
)
− (S →D)

⎞
⎠

+ −I

πσ̄
√

1 − (∆σ
σ̄
)2
⎛
⎝

∞

∑
n=0,2,4,...

Ω2n+2

z∗S +Ω4n+2zS −Ω2n (w∗ + Ω2

w∗
)
+

∞

∑
n=1,3,5,...

Ω2n+2

zS +Ω4n+2z∗S −Ω2n (w∗ + Ω2

w∗
)
− (S →D)

⎞
⎠

For the “observation” point R on the boundary, R′ is inside and we find

∂

∂Z ′
GN(R,R′) =

∂

∂Z ′
1

2π

⎛
⎝
ln ∣Z ′∣ −

∞

∑
n=0,2,4,...

ln

⎡⎢⎢⎢⎢⎣
∣1 −Ω2n Z

′

α+
z∗ +Ω4n+2z∗

2∣
2⎤⎥⎥⎥⎥⎦
−

∞

∑
n=1,3,5...

ln

⎡⎢⎢⎢⎢⎣
∣1 −Ω2n Z

′

α+
z +Ω4n+2z2∣

2⎤⎥⎥⎥⎥⎦

⎞
⎠
. (341)
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The first term in the expression above can be ignored as it does not depend on R and, therefore, only contributes to
an overall shift of the potential. Thus,

∂

∂Z ′
GN(R,R′) →

1

2π

⎛
⎜
⎝

∞

∑
n=0,2,4,...

z∗

α+

Ω2n

(1 −Ω2n Z′

α+
z∗ +Ω4n+2z∗2)

+
∞

∑
n=1,3,5...

z

α+

Ω2n

1 −Ω2n Z′

α+
z +Ω4n+2z2

⎞
⎟
⎠

(342)

= 1

2πα+

⎛
⎝

∞

∑
n=0,2,4,...

Ω2n

z +Ω4n+2z∗ −Ω2n Z′

α+

+
∞

∑
n=1,3,5...

Ω2n

z∗ −Ω2n Z′

α+
+Ω4n+2z

⎞
⎠

(343)

= 1

2πα+

⎛
⎝

∞

∑
n=0,2,4,...

Ω2n

z +Ω4n+2z∗ −Ω2n (w′ + Ω2

w′
)
+

∞

∑
n=1,3,5...

Ω2n

z∗ +Ω4n+2z −Ω2n (w′ + Ω2

w′
)
⎞
⎠
. (344)

To evaluate relevant integrals in Zhukovsky variables we need to know the structure of poles of the integrand. We
study it below.

A. Analysis of the poles

When performing the integrals over w′, we encounter terms in the denominator whose factors we will need. They
can be brought to the form

w

Ω
+ Ω

w
= Q, (345)

where Q is a complex number. Decomposing into the amplitude and the phase, w = ρeiθ and setting ζ = eiθ, we have

ρ

Ω
ζ + Ω

ρ

1

ζ
= Q. (346)

Let

ζ ′ = ρ
Ω
ζ. (347)

Then

ζ ′ + 1

ζ ′
= Q. (348)

Therefore, if ζ ′ is a solution then so is 1/ζ ′. Moreover, unless Q is real and −2 < Q < 2, one of the ζ ′ solutions has an
amplitude larger than 1 and the other smaller than 1, because the solution of the above quadratic equation is

ζ ′
±
= Q

2
±
√

Q2

4
− 1. (349)

There are two possibilities then
● If ReQ > 0 then ζ ′

>
= Q

2
+
√

Q2

4
− 1 is the root with the larger amplitude, and ζ ′

<
= Q

2
−
√

Q2

4
− 1 is the root with the

smaller amplitude. ζ ′
>

must be outsize unit complex circle and ζ ′
<

inside.

● If ReQ < 0 then ζ ′
>
= Q

2
−
√

Q2

4
− 1 is the root with the larger amplitude, and ζ ′

<
= Q

2
+
√

Q2

4
− 1 is the root with the

smaller amplitude. Again, ζ ′
>

must be outsize unit complex circle and ζ ′
<

inside.

The smaller root then leads to ζ< = Ω
ρ
ζ ′
<
, which is guaranteed to be inside the unit circle because Ω

ρ
< 1. The larger

root leads to ζ> = Ω
ρ
ζ ′
>
. Although ζ ′

>
is outside the unit circle, the parameter Ω

ρ
scales down its radius. Therefore,

depending on the value of ∣ζ ′
>
∣ and the value of Ω

ρ
, the variable ζ> may be either inside or outside the unit circle. It is

outside if ρ
Ω
< ∣ζ ′

>
∣ and inside otherwise.

The expression for ζ ′
±

can be significantly simplified for ∣z∣ = 1:

ζ ′
±
= Q

2
±
√

Q2

4
− 1 = z +Ω

4n+2z∗

2Ω2n+1
±
√
(z +Ω4n+2z∗)2

4Ω4n+2
− 1 = z +Ω

4n+2z∗

2Ω2n+1
±
√

z2 + 2Ω4n+2z∗z +Ω8n+4(z∗)2 − 4Ω4n+2

4Ω4n+2
=

= z +Ω
4n+2z∗

2Ω2n+1
±
√

z2 − 2Ω4n+2z∗z +Ω8n+4(z∗)2
4Ω4n+2

= z +Ω
4n+2z∗

2Ω2n+1
±

¿
ÁÁÀ(z −Ω

4n+2z∗

2Ω2n+1
)
2

= z +Ω
4n+2z∗

2Ω2n+1
± z −Ω

4n+2z∗

2Ω2n+1
.
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Therefore,

ζ ′
+
= z

Ω2n+1
, (350)

ζ ′
−
= z∗Ω2n+1. (351)

This means that the larger root is always ζ ′
+

as 0 < Ω < 1 and ∣z∣ = 1.
We also encounter terms of the form

w∗

Ω
+ Ω

w∗
= P, (352)

where P is a complex number. With w∗ = ρe−iθ and ζ = eiθ this expression becomes

ρ

Ω

1

ζ
+ Ω

ρ
ζ = P (353)

As in the previous case we introduce

ξ′ = Ω

ρ
ζ. (354)

Then,

1

ξ′
+ ξ′ = P. (355)

Therefore if ξ′ is a solution then so is 1/ξ′. Similar to the above analysis,

ξ′
±
= P

2
±
√

P 2

4
− 1, (356)

and we again encounter the two possibilities:
● If ReP > 0, then ξ′

>
= P

2
+
√

P 2

4
− 1 is the root with the larger amplitude, and ξ′

<
= P

2
−
√

P 2

4
− 1 is the root with the

smaller amplitude. ξ′
>

must be outsize unit complex circle and ξ′
<

inside.

● If ReP < 0, then ξ′
>
= P

2
−
√

P 2

4
− 1 is the root with the larger amplitude, and ξ′

<
= P

2
+
√

P 2

4
− 1 is the root with the

smaller amplitude. Again, ξ′
>

must be outsize unit complex circle and ξ′
<

inside; and ξ′
<
ξ′
>
= 1.

The larger root leads to ζ> = ρ
Ω
ξ′
>
. Since Ω < ρ < 1 the ratio is ρ

Ω
larger than 1, and since ξ′

>
is guaranteed to be

outside the unit complex circle, ζ> is guaranteed to be outside the unit circle. The smaller root leads to ζ< = ρ
Ω
ξ′
<
.

Although ξ′
<

is guaranteed to be inside the unit complex circle, ζ< is not guaranteed to be inside the unit circle because
the factor ρ

Ω
> 1 can dilate it outside. ζ< is inside if ρ < Ω

∣ξ′
<
∣
. The two roots can be simplified in the same way as

previously.

B. Base integral 1

The nonlinear electrostatic potential can be expressed in terms of the base integrals. In this and the following
subsection we evaluate the two base integrals.

The first base integral is given by

I1(Q) ≡ α2
+ ∫

annulus
dudv (1 − Ω2

w2
)(1 − Ω2

w∗2
) 1

Q − (w
Ω
+ Ω

w
)
= ΩΥ(Q) (357)

and let

Q = z +Ω
4n+2z∗

Ω2n+1
.
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Then integration can be split into three independent terms as follows:

Υ = −α
2
+

Ω
∫

annulus
dudv (1 − Ω2

w2
)(1 − Ω2

w∗2
) 1

w
Ω
+ Ω

w
−Q

(358)

= −α
2
+

Ω
∫

1

Ω
dρρ∮

dζ

iζ
(1 − Ω2

ρ2ζ2
)(1 − Ω2ζ2

ρ2
) 1

ρ
Ω
ζ + Ω

ρ
1
ζ
−Q

(359)

= iα
2
+

Ω2 ∫
1

Ω
dρρ2 ∮ dζ (1 − Ω2

ρ2ζ2
)(1 − Ω2ζ2

ρ2
) Ω

ρζ

1
ρ
Ω
ζ + Ω

ρ
1
ζ
−Q

(360)

= iα
2
+

Ω2 ∫
1

Ω
dρρ2 ∮ dζ (1 − Ω2

ρ2ζ2
)(1 − Ω2ζ2

ρ2
) 1

( ρ
Ω
ζ − ζ ′

+
) ( ρ

Ω
ζ − ζ ′

−
)

(361)

= iα2
+ ∫

1

Ω
dρ∮ dζ (1 − Ω2

ρ2ζ2
)(1 − Ω2ζ2

ρ2
) 1

(ζ − Ω
ρ
ζ ′
<
) (ζ − Ω

ρ
ζ ′
>
)

(362)

= iα2
+ ∫

1

Ω
dρ(1 + Ω4

ρ4
)∮

dζ

(ζ − Ω
ρ
ζ ′
<
) (ζ − Ω

ρ
ζ ′
>
)

(363)

−iα2
+ ∫

1

Ω
dρ∮ dζ ( Ω2

ρ2ζ2
+ Ω2ζ2

ρ2
) 1

(ζ − Ω
ρ
ζ ′
<
) (ζ − Ω

ρ
ζ ′
>
)

(364)

= Υ1 +Υ2 +Υ3. (365)

Below we evaluate the three terms one by one using ζ ′
<
ζ ′
>
= 1. The first component is given by

Υ1 = iα2
+ ∫

1

Ω
dρ(1 + Ω4

ρ4
)∮

dζ

(ζ − Ω
ρ
ζ ′
<
) (ζ − Ω

ρ
ζ ′
>
)
= iα2

+ ∫
1

Ω
dρ(1 + Ω4

ρ4
)Θ(Ω

ρ
∣ζ ′
>
∣ − 1) 2πi

(Ω
ρ
ζ ′
<
− Ω

ρ
ζ ′
>
)

= − 2πα2
+

Ω (ζ ′
<
− ζ ′
>
) ∫

1

Ω
dρρ(1 + Ω4

ρ4
)Θ (Ω∣ζ ′

>
∣ − ρ) = − 2πα2

+

Ω (ζ ′
<
− ζ ′
>
) ∫

min(1,Ω∣ζ′
>
∣)

Ω
dρρ(1 + Ω4

ρ4
) (366)

= − πα2
+

Ω (ζ ′
<
− ζ ′
>
) (min (1,Ω2∣ζ ′

>
∣2) − Ω4

min (1,Ω2∣ζ ′
>
∣2)) (367)

The second component reads

Υ2 = −iα2
+
Ω2 ∫

1

Ω

dρ

ρ2
∮

dζ

ζ2
1

(ζ − Ω
ρ
ζ ′
<
) (ζ − Ω

ρ
ζ ′
>
)

(368)

= 2πα2
+
Ω2 ∫

1

Ω

dρ

ρ2

⎛
⎜⎜
⎝

−1

(−Ω
ρ
ζ ′
<
)
2
(−Ω

ρ
ζ ′
>
)
+ −1

(−Ω
ρ
ζ ′
<
) (−Ω

ρ
ζ ′
>
)
2

⎞
⎟⎟
⎠

(369)

+2πα2
+
Ω2 ∫

1

Ω

dρ

ρ2
1

(Ω
ρ
ζ ′
<
)
2

1

(Ω
ρ
ζ ′
<
− Ω

ρ
ζ ′
>
)

(370)

+2πα2
+
Ω2 ∫

1

Ω

dρ

ρ2
Θ (ρ −Ω∣ζ ′

>
∣)

(Ω
ρ
ζ ′
>
)
2

1

(Ω
ρ
ζ ′
>
− Ω

ρ
ζ ′
<
)
= (371)

= πα2
+

Ω
[ 1 −Ω2

(ζ ′
<
)2(ζ ′

<
− ζ ′
>
) +

ζ ′
<
+ ζ ′
>

(ζ ′
<
)2(ζ ′

>
)2 (1 −Ω

2) −Θ(1 −Ω∣ζ ′
>
∣)1 −max(Ω2,Ω2∣ζ ′

>
∣2)

(ζ ′
>
)2(ζ ′

<
− ζ ′
>
) ] = (372)

= πα2
+

Ω
(1 −Ω2) [ 1

(ζ ′
<
)2(ζ ′

<
− 1/ζ ′

<
) + ζ

′

<
+ ζ ′
>
] − πα

2
+

Ω
Θ(1 −Ω∣ζ ′

>
∣) 1 −Ω2∣ζ ′

>
∣2

(1/ζ ′
<
)2(ζ ′

<
− 1/ζ ′

<
) = (373)

= πα2
+

Ω
[ (ζ

′

<
)3

(ζ ′
<
)2 − 1(1 −Ω

2) −Θ(1 −Ω∣ζ ′
>
∣) (1 −Ω2∣ζ ′

>
∣2) (ζ

′

<
)3

(ζ ′
<
)2 − 1] , (374)

where we used ζ ′
>
= 1/ζ ′

<
, ζ ′
<
ζ ′
>
= 1, and the fact that Ω2∣ζ ′

>
∣2 > Ω2. The last component is evaluated in the similar
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fashion:

Υ3 = −iα2
+
Ω2 ∫

1

Ω

dρ

ρ2
∮

dζζ2

(ζ − Ω
ρ
ζ ′
<
) (ζ − Ω

ρ
ζ ′
>
)
= (375)

− iα2
+
Ω2 ∫

1

Ω

dρ

ρ2
∮

dζζ2

Ω
ρ
ζ ′
<
− Ω

ρ
ζ ′
>

⎛
⎝

1

ζ − Ω
ρ
ζ ′
<

− 1

ζ − Ω
ρ
ζ ′
>

⎞
⎠
= (376)

= 2πα2
+
Ω3

ζ ′
<
− ζ ′
>

[∫
1

Ω

dρ′(ζ ′
<
)2

(ρ′)3 −Θ(1 −Ω∣ζ ′
>
∣) ∫

1

max(Ω,Ω∣ζ′
>
∣)

dρ′(ζ ′
>
)2

(ρ′)3 ] = (377)

= πα2
+
Ω3

ζ ′
<
− ζ ′
>

[(ζ ′
<
)2 ( 1

Ω2
− 1) −Θ(1 −Ω∣ζ ′

>
∣)(ζ ′

>
)2 ( 1

max(Ω2,Ω2∣ζ ′
>
∣2) − 1)] = (378)

= πα2
+
Ω3

ζ ′
<
− ζ ′
>

[(ζ ′
<
)2 ( 1

Ω2
− 1) −Θ(1 −Ω∣ζ ′

>
∣)(ζ ′

>
)2 ( 1

Ω2∣ζ ′
>
∣2 − 1)] = (379)

= πα2
+
Ω

ζ ′
<
− ζ ′
>

[(ζ ′
<
)2 (1 −Ω2) −Θ(1 −Ω∣ζ ′

>
∣)(ζ ′

>
)2 ( 1

∣ζ ′
>
∣2 −Ω

2)] . (380)

Using

ζ ′
+
= z

Ω2n+1
, (381)

ζ ′
−
= z∗Ω2n+1. (382)

allows to significantly simplify the base integral. Note that ζ ′
>
= ζ ′
+

and ζ ′
<
= ζ ′
−
. Then it is obvious that Ω∣ζ ′

>
∣ = 1

Ω2n ,
hence

Θ(1 −Ω∣ζ ′
>
∣) = 0, (383)

min (1,Ω2∣ζ ′
>
∣2) = 1. (384)

Therefore,

Υ = Υ1 +Υ2 +Υ3 = −
πα2
+

Ω (ζ ′
<
− ζ ′
>
)
(1 −Ω4) + πα

2
+

Ω

(ζ ′
<
)3

(ζ ′
<
)2 − 1(1 −Ω

2) + πα2
+
Ω

ζ ′
<
− ζ ′
>

(ζ ′
<
)2 (1 −Ω2) = (385)

=
πα2
+
(1 −Ω4) ζ ′

<

Ω
. (386)

Employing the expressions for Υ and for ζ ′
<

we can present an explicit expression for I1(Q):
I1(Q) = ΩΥ(Q) = πα2

+
(1 −Ω4) ζ ′

<
= πα2

+
(1 −Ω4) z∗Ω2n+1. (387)

C. Base integral 2

To find the full expression for the potential we also need to evaluate the second bsae integral:

I2(P,Q) ≡ α2
+ ∫

annulus
dudv (1 − Ω2

w2
)(1 − Ω2

w∗2
) 1

Q − (w
Ω
+ Ω

w
)

1

P − (w∗
Ω
+ Ω

w∗
)
. (388)

For brevity, let us introduce auxiliary functions:

F1(ρ) =
1

(Ω
ρ
ζ ′
<
− Ω

ρ
ζ ′
>
) (Ω

ρ
ζ ′
<
− ρ

Ω
ξ′
>
) (Ω

ρ
ζ ′
<
− ρ

Ω
ξ′
<
)
, (389)

F2(ρ) =
1

(Ω
ρ
ζ ′
<
− Ω

ρ
ζ ′
>
) (Ω

ρ
ζ ′
>
− ρ

Ω
ξ′
>
) (Ω

ρ
ζ ′
>
− ρ

Ω
ξ′
<
)
, (390)

F3(ρ) =
1

(Ω
ρ
ζ ′
<
− ρ

Ω
ξ′
>
) (Ω

ρ
ζ ′
>
− ρ

Ω
ξ′
>
) ( ρ

Ω
ξ′
>
− ρ

Ω
ξ′
<
)
, (391)

F4(ρ) =
1

(Ω
ρ
ζ ′
<
− ρ

Ω
ξ′
<
) (Ω

ρ
ζ ′
>
− ρ

Ω
ξ′
<
) ( ρ

Ω
ξ′
>
− ρ

Ω
ξ′
<
)
. (392)
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Using these auxiliary functions we can express the base integral 2 as

I2(P,Q) ≡ α2
+ ∫

annulus
dudv (1 − Ω2

w2
)(1 − Ω2

w∗2
) 1

Q − (w
Ω
+ Ω

w
)

1

P − (w∗
Ω
+ Ω

w∗
)
= (393)

= α2
+ ∫

1

Ω
dρρ∮ dζ

ζ

i
(1 − Ω2

ρ2
1

ζ2
)(1 − Ω2

ρ2
ζ2) 1

(ζ − Ω
ρ
ζ ′
<
) (ζ − Ω

ρ
ζ ′
>
)

1

(ζ − ρ
Ω
ξ′
>
) (ζ − ρ

Ω
ξ′
<
)
= (394)

= α2
+ ∫

1

Ω
dρρ∮ dζ

ζ

i
(1 − Ω2

ρ2
1

ζ2
)(1 − Ω2

ρ2
ζ2)
⎡⎢⎢⎢⎢⎢⎣

F1(ρ)
(ζ − Ω

ρ
ζ ′
<
)
− F2(ρ)
(ζ − Ω

ρ
ζ ′
>
)
+ F3(ρ)
(ζ − ρ

Ω
ξ′
>
)
− F4(ρ)
(ζ − ρ

Ω
ξ′
<
)

⎤⎥⎥⎥⎥⎥⎦
(395)

= α2
+ ∫

1

Ω
dρρ∮ dζ

ζ

i
(1 + Ω4

ρ4
− Ω2

ρ2
ζ2 − Ω2

ρ2
1

ζ2
)
⎡⎢⎢⎢⎢⎢⎣

F1(ρ)
(ζ − Ω

ρ
ζ ′
<
)
− F2(ρ)
(ζ − Ω

ρ
ζ ′
>
)
+ F3(ρ)
(ζ − ρ

Ω
ξ′
>
)
− F4(ρ)
(ζ − ρ

Ω
ξ′
<
)

⎤⎥⎥⎥⎥⎥⎦
(396)

= ℵ1,1 + ℵ1,2 + ℵ1,3 + ℵ1,4 − ℵ2,1 − ℵ2,2 − ℵ2,3 − ℵ2,4 − ℵ3,1 − ℵ3,2 − ℵ3,3 − ℵ3,4 (397)

Then the base integral 2 can be evaluated term by term:

ℵ1,1 = α2
+ ∫

1

Ω
ρdρ(1 + Ω4

ρ4
)F1(ρ)∮

dζ

i

ζ

ζ − Ω
ρ
ζ ′
<

= (398)

= 2πα2
+
ζ ′
<
Ω∫

1

Ω
dρ(1 + Ω4

ρ4
)F1(ρ) = (399)

= 2πα2
+
ζ ′
<
Ω2

(ζ ′
<
− ζ ′
>
) ∫

1

Ω
ρ3dρ(1 + Ω4

ρ4
) 1

(ρ2 − Ω2ζ′
<

ξ′
>

) (ρ2 − Ω2ζ′
<

ξ′
<

)
= (400)

= πα2
+
Ω2ζ ′

<

(ζ ′
<
− ζ ′
>
) ξ′
<
ξ′
>

∫
1

Ω2
dx(x + Ω4

x
)
⎡⎢⎢⎢⎢⎢⎣

1

(x − Ω2ζ′
<

ξ′
>

)
1

(x − Ω2ζ′
<

ξ′
<

)

⎤⎥⎥⎥⎥⎥⎦
= (401)

= − πα2
+
Ω2

ζ ′
<
(ζ ′
<
− ζ ′
>
) ln
(Ω2) + πα2

+

(ζ ′
<
− ζ ′
>
) (ξ′

<
− ξ′
>
)[
(Ω

2ζ′
<

ξ′
>

)
2

+Ω4

Ω2ζ′
<

ξ′
>

(ln [1 − Ω2ζ ′
<

ξ′
>

] − ln [Ω2 − Ω2ζ ′
<

ξ′
>

]) (402)

−
(Ω

2ζ′
<

ξ′
<

)
2

+Ω4

Ω2ζ′
<

ξ′
<

(ln [1 − Ω2ζ ′
<

ξ′
<

] − ln [Ω2 − Ω2ζ ′
<

ξ′
<

])] (403)

ℵ1,2 = −α2
+ ∫

1

Ω
ρdρ(1 + Ω4

ρ4
)F2(ρ)∮

dζ

i

ζ

ζ − Ω
ρ
ζ ′
>

= (404)

= −2πα2
+
ζ ′
>
Ω∫

1

Ω∣ζ′
>
∣

dρ(1 + Ω4

ρ4
)F2(ρ)Θ (1 −Ω∣ζ ′>∣) = (405)

= −2πα
2
+
ζ ′
>
Ω2

(ζ ′
<
− ζ ′
>
) ∫

1

Ω∣ζ′
>
∣

ρdρ(1 + Ω4

ρ4
) ρ2

(ρ2ξ′
>
−Ω2ζ ′

>
) (ρ2ξ′

<
−Ω2ζ ′

>
)Θ (1 −Ω∣ζ

′

>
∣) = (406)

= − πα2
+
ζ ′
>
Ω2

(ζ ′
<
− ζ ′
>
) ξ′
>
ξ′
<

∫
1

Ω2∣ζ′
>
∣2
dx(x + Ω4

x
) 1

(x − Ω2ζ′
>

ξ′
>

) (x − Ω2ζ′
>

ξ′
<

)
Θ (1 −Ω∣ζ ′

>
∣) = (407)

= − πα2
+

(ζ ′
<
− ζ ′
>
) (ξ′

<
− ξ′
>
)[
(Ω

2ζ′
>

ξ′
>

)
2

+Ω4

Ω2ζ′
>

ξ′
>

(ln [1 − Ω2ζ ′
>

ξ′
>

] − ln [Ω2∣ζ ′
>
∣2 − Ω2ζ ′

>

ξ′
>

]) − (408)

−
(Ω

2ζ′
>

ξ′
<

)
2

+Ω4

Ω2ζ′
>

ξ′
<

(ln [1 − Ω2ζ ′
>

ξ′
<

] − ln [Ω2∣ζ ′
>
∣2 − Ω2ζ ′

>

ξ′
<

])]Θ (1 −Ω∣ζ ′
>
∣) + (409)

+ πα2
+
Ω2

ζ ′
>
(ζ ′
<
− ζ ′
>
) ln
(Ω2∣ζ ′

>
∣2)Θ (1 −Ω∣ζ ′

>
∣) (410)
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ℵ1,3 = α2
+ ∫

1

Ω
ρdρ(1 + Ω4

ρ4
)F3(ρ)∮

dζ

i

ζ

ζ − ρ
Ω
ξ′
>

´¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¶
outside

= 0 (411)

ℵ1,4 = −α2
+ ∫

1

Ω
ρdρ(1 + Ω4

ρ4
)F4(ρ)∮

dζ

i

ζ

ζ − ρ
Ω
ξ′
<

= (412)

= −2πα
2
+
ξ′
<

Ω
∫

min(1, Ω
∣ξ′
<
∣
)

Ω
ρ2dρ(1 + Ω4

ρ4
)F4(ρ) = (413)

= − 2πα2
+
Ω2

(ξ′
>
− ξ′
<
) ξ′
<

∫
min(1, Ω

∣ξ′
<
∣
)

Ω
ρ3dρ(1 + Ω4

ρ4
) 1

(ρ2 − Ω2ζ′
<

ξ′
<

) (ρ2 − Ω2ζ′
>

ξ′
<

)
= (414)

= − πα2
+
Ω2

(ξ′
>
− ξ′
<
) ξ′
<

∫
min(1, Ω2

∣ξ′
<
∣
2 )

Ω2
dx(x + Ω4

x
)
⎛
⎜
⎝

1

(x − Ω2ζ′
<

ξ′
<

)
1

(x − Ω2ζ′
>

ξ′
<

)

⎞
⎟
⎠
= (415)

= πα2
+

(ξ′
>
− ξ′
<
) (ζ ′

<
− ζ ′
>
)[
(Ω

2ζ′
>

ξ′
<

)
2

+Ω4

Ω2ζ′
>

ξ′
<

(ln [min(1, Ω2

∣ξ′
<
∣2 ) −

Ω2ζ ′
>

ξ′
<

] − ln [Ω2 − Ω2ζ ′
>

ξ′
<

]) − (416)

−
(Ω

2ζ′
<

ξ′
<

)
2

+Ω4

Ω2ζ′
<

ξ′
<

(ln [min(1, Ω2

∣ξ′
<
∣2 ) −

Ω2ζ ′
<

ξ′
<

] − ln [Ω2 − Ω2ζ ′
<

ξ′
<

])] − (417)

− πα2
+
Ω2ξ′

<

(ξ′
>
− ξ′
<
) ζ ′
<
ζ ′
>

(ln [min(1, Ω2

∣ξ′
<
∣2 )] − ln

[Ω2]) (418)

ℵ2,1 = α2
+ ∫

1

Ω
ρdρF1(ρ)∮

dζ

i

Ω2ζ2

ρ2
ζ

ζ − Ω
ρ
ζ ′
<

= (419)

= 2πα2
+
Ω4 (ζ ′

<
)3

(ζ ′
<
− ζ ′
>
) ∫

1

Ω

ρdρ

ρ4
1

(Ω
ρ
ζ ′
<
− ρ

Ω
ξ′
>
) (Ω

ρ
ζ ′
<
− ρ

Ω
ξ′
<
)
= (420)

= πα2
+
Ω6 (ζ ′

<
)3

(ζ ′
<
− ζ ′
>
) ξ′
<
ξ′
>

∫
1

Ω2
dx

⎡⎢⎢⎢⎢⎢⎣

1

x (x − Ω2ζ′
<

ξ′
>

) (x − Ω2ζ′
<

ξ′
<

)

⎤⎥⎥⎥⎥⎥⎦
= (421)

= πα2
+
Ω4 (ζ ′

<
)2

(ζ ′
<
− ζ ′
>
) (ξ′

<
− ξ′
>
)[(

ξ′
>

Ω2ζ ′
<

)(ln [1 − Ω2ζ ′
<

ξ′
>

] − ln [Ω2 − Ω2ζ ′
<

ξ′
>

]) − (422)

− ( ξ′
<

Ω2ζ ′
<

)(ln [1 − Ω2ζ ′
<

ξ′
<

] − ln [Ω2 − Ω2ζ ′
<

ξ′
<

])] − πα
2
+
Ω2ζ ′

<

(ζ ′
<
− ζ ′
>
) ln
[Ω2] (423)
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ℵ2,2 = −α2
+ ∫

1

Ω
ρdρF2(ρ)∮

dζ

i

Ω2ζ2

ρ2
ζ

ζ − Ω
ρ
ζ ′
>

= (424)

= −Θ (1 −Ω∣ζ ′
>
∣) 2πα

2
+
Ω6 (ζ ′

>
)3

(ζ ′
<
− ζ ′
>
) ξ′
<
ξ′
>

∫
1

Ω∣ζ′
>
∣

ρdρ

⎡⎢⎢⎢⎢⎢⎣

1

ρ2 (ρ2 − Ω2ζ′
>

ξ′
>

) (ρ2 − Ω2ζ′
>

ξ′
<

)

⎤⎥⎥⎥⎥⎥⎦
= (425)

= −Θ (1 −Ω∣ζ ′
>
∣) πα

2
+
Ω6 (ζ ′

>
)3

(ζ ′
<
− ζ ′
>
) ξ′
<
ξ′
>

∫
1

Ω2∣ζ′
>
∣2
dx

⎡⎢⎢⎢⎢⎢⎣

1

x (x − Ω2ζ′
>

ξ′
>

) (x − Ω2ζ′
>

ξ′
<

)

⎤⎥⎥⎥⎥⎥⎦
= (426)

= −Θ (1 −Ω∣ζ ′
>
∣) πα2

+
Ω4 (ζ ′

>
)2

(ζ ′
<
− ζ ′
>
) (ξ′

<
− ξ′
>
)[(

ξ′
>

Ω2ζ ′
>

)(ln [1 − Ω2ζ ′
>

ξ′
>

] − ln [Ω2∣ζ ′
>
∣2 − Ω2ζ ′

>

ξ′
>

]) − (427)

− ( ξ′
<

Ω2ζ ′
>

)(ln [1 − Ω2ζ ′
>

ξ′
<

] − ln [Ω2∣ζ ′
>
∣2 − Ω2ζ ′

>

ξ′
>

])] +Θ (1 −Ω∣ζ ′
>
∣) πα

2
+
Ω2ζ ′

>

(ζ ′
<
− ζ ′
>
) ln
[Ω2∣ζ ′

>
∣2] (428)

ℵ2,3 = α2
+ ∫

1

Ω
ρdρF3(ρ)∮

dζ

i

Ω2ζ2

ρ2
ζ

ζ − ρ
Ω
ξ′
>

´¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¶
outside

= 0 (429)

ℵ2,4 = −α2
+ ∫

1

Ω
ρdρF4(ρ)∮

dζ

i

Ω2ζ2

ρ2
ζ

ζ − ρ
Ω
ξ′
<

= (430)

= −2πα
2
+
Ω2 (ξ′

<
)

(ξ′
>
− ξ′
<
) ∫

min(1, Ω
∣ξ′
<
∣
)

Ω
ρ3dρ

⎡⎢⎢⎢⎢⎢⎣

1

(ρ2 − Ω2ζ′
<

ξ′
<

) (ρ2 − Ω2ζ′
>

ξ′
<

)

⎤⎥⎥⎥⎥⎥⎦
= (431)

= −πα
2
+
Ω2 (ξ′

<
)

(ξ′
>
− ξ′
<
) ∫

min(1, Ω2

∣ξ′
<
∣
2 )

Ω2
xdx

⎡⎢⎢⎢⎢⎢⎣

1

(x − Ω2ζ′
<

ξ′
<

) (x − Ω2ζ′
>

ξ′
<

)

⎤⎥⎥⎥⎥⎥⎦
= (432)

= − πα2
+
(ξ′
<
)Ω2

(ξ′
>
− ξ′
<
) (ζ ′

<
− ζ ′
>
)[ζ

′

<
(ln [min(1, Ω2

∣ξ′
<
∣2 ) −

Ω2ζ ′
<

ξ′
<

] − ln [Ω2 − Ω2ζ ′
<

ξ′
<

]) − (433)

− ζ ′
>
(ln [min(1, Ω2

∣ξ′
<
∣2 ) −

Ω2ζ ′
>

ξ′
<

] − ln [Ω2 − Ω2ζ ′
>

ξ′
<

])] (434)

ℵ3,1 = α2
+ ∫

1

Ω
ρdρF1(ρ)∮

dζ

i

Ω2

ρ2ζ2
ζ

ζ − Ω
ρ
ζ ′
<

= α2
+ ∫

1

Ω
ρdρF1(ρ)

Ω2

ρ2
∮

dζ

iζ

1

ζ − Ω
ρ
ζ ′
<

= 0 (435)

ℵ3,2 = −α2
+ ∫

1

Ω
ρdρF2(ρ)∮

dζ

i

Ω2

ρ2ζ2
ζ

ζ − Ω
ρ
ζ ′
>

= (436)

= 2πα2
+
Ω2

(ζ ′
<
− ζ ′
>
) ξ′
<
ξ′
>
ζ ′
>

∫
min(1,Ω∣ζ′

>
∣)

Ω
ρ3dρ

⎡⎢⎢⎢⎢⎢⎣

1

(ρ2 − Ω2ζ′
>

ξ′
>

) (ρ2 − Ω2ζ′
>

ξ′
<

)

⎤⎥⎥⎥⎥⎥⎦
= (437)

= πα2
+
Ω2

(ζ ′
<
− ζ ′
>
) ξ′
<
ξ′
>
ζ ′
>

∫
min(1,Ω2

∣ζ′
>
∣
2
)

Ω2
xdx

⎡⎢⎢⎢⎢⎢⎣

1

(x − Ω2ζ′
>

ξ′
>

) (x − Ω2ζ′
>

ξ′
<

)

⎤⎥⎥⎥⎥⎥⎦
= (438)

= πα2
+
Ω2

(ζ ′
<
− ζ ′
>
) (ξ′

<
− ξ′
>
) (ζ ′

>
)[

1

ξ′
>

(ln [min (1,Ω2∣ζ ′
>
∣2) − Ω2ζ ′

>

ξ′
>

] − ln [Ω2 − Ω2ζ ′
>

ξ′
>

]) − (439)

− 1

ξ′
<

(ln [min (1,Ω2∣ζ ′
>
∣2) − Ω2ζ ′

>

ξ′
<

] − ln [Ω2 − Ω2ζ ′
>

ξ′
<

])] (440)
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ℵ3,3 = α2
+ ∫

1

Ω
ρdρF3(ρ)∮

dζ

i

Ω2

ρ2ζ2
ζ

ζ − ρ
Ω
ξ′
>

= (441)

= − 2πα2
+
Ω6

(ξ′
>
− ξ′
<
) (ξ′

>
)3 ∫

1

Ω

ρdρ

ρ2 (ρ2 − Ω2ζ′
<

ξ′
>

) (ρ2 − Ω2ζ′
>

ξ′
>

)
= (442)

= − πα2
+
Ω6

(ξ′
>
− ξ′
<
) (ξ′

>
)3 ∫

1

Ω2
dx

⎡⎢⎢⎢⎢⎢⎣

1

x (x − Ω2ζ′
<

ξ′
>

) (x − Ω2ζ′
>

ξ′
>

)

⎤⎥⎥⎥⎥⎥⎦
= (443)

= − πα2
+
Ω4

(ξ′
>
− ξ′
<
) (ζ ′

<
− ζ ′
>
) (ξ′

>
)2
[( ξ′

>

Ω2ζ ′
<

)(ln [1 − Ω2ζ ′
<

ξ′
>

] − ln [Ω2 − Ω2ζ ′
<

ξ′
>

]) − (444)

− ( ξ′
>

Ω2ζ ′
>

)(ln [1 − Ω2ζ ′
>

ξ′
>

] − ln [Ω2 − Ω2ζ ′
>

ξ′
>

])] + πα2
+
Ω2

(ξ′
>
− ξ′
<
) ζ ′
<
ζ ′
>
ξ′
>

ln [Ω2] (445)

ℵ3,4 = −α2
+ ∫

1

Ω
ρdρF4(ρ)∮

dζ

i

Ω2

ρ2ζ2
ζ

ζ − ρ
Ω
ξ′
<

= (446)

= 2πα2
+
Ω6

(ξ′
>
− ξ′
<
) (ξ′

<
)3 ∫

1

Ω
∣ξ′
<
∣

ρdρ

ρ2 (ρ2 − Ω2ζ′
<

ξ′
<

) (ρ2 − Ω2ζ′
>

ξ′
<

)
Θ( ∣ξ

′

<
∣

Ω
− 1) = (447)

= πα2
+
Ω6

(ξ′
>
− ξ′
<
) (ξ′

<
)3 ∫

1

Ω2

∣ξ′
<
∣
2

dx

x (x − Ω2ζ′
<

ξ′
<

) (x − Ω2ζ′
>

ξ′
<

)
Θ( ∣ξ

′

<
∣

Ω
− 1) = (448)

= πα2
+
Ω4

(ξ′
>
− ξ′
<
) (ζ ′

<
− ζ ′
>
) (ξ′

<
)2
[( ξ′

<

Ω2ζ ′
<

)(ln [1 − Ω2ζ ′
<

ξ′
<

] − ln [ Ω2

∣ξ′
<
∣2 −

Ω2ζ ′
<

ξ′
<

]) − (449)

− ( ξ′
<

Ω2ζ ′
>

)(ln [1 − Ω2ζ ′
>

ξ′
<

] − ln [ Ω2

∣ξ′
<
∣2 −

Ω2ζ ′
>

ξ′
<

])]Θ( ∣ξ
′

<
∣

Ω
− 1) − (450)

− πα2
+
Ω2

(ξ′
>
− ξ′
<
) ζ ′
<
ζ ′
>
ξ′
<

ln [ Ω2

∣ξ′
<
∣2 ]Θ(

∣ξ′
<
∣

Ω
− 1) (451)

Using our explicit expressions for ζ ′
<,> and ξ′

<,> we can simplify ℵ-integrals as well. We make use of the expressions

Ω2∣ζ ′
>
∣2 = 1

Ω4n
≥ 1, Ω2

∣ξ′
<
∣2 =

1

Ω4n
≥ 1, (452)

therefore,

Θ( ∣ξ
′

<
∣

Ω
− 1) = Θ (1 −Ω∣ζ ′

>
∣) = 0, (453)

min(1, Ω2

∣ξ′
<
∣2 ) =min (1,Ω2∣ζ ′

>
∣2) = 1. (454)

Then it is easy to see that

ℵ1,2 = ℵ2,2 = ℵ3,4 = 0. (455)

We employ useful identities

( ζ
′

<

ξ′
>

)
2

+ 1
ζ′
<

ξ′
>

= ζ
′

<

ξ′
>

+ ξ
′

>

ζ ′
<

;
( ζ

′

<

ξ′
<

)
2

+ 1
ζ′
<

ξ′
<

= ζ
′

<

ξ′
<

+ ξ
′

<

ζ ′
<

;
( ζ

′

>

ξ′
<

)
2

+ 1
ζ′
>

ξ′
<

= ζ
′

>

ξ′
<

+ ξ
′

<

ζ ′
>

;
( ζ

′

<

ξ′
<

)
2

+ 1
ζ′
<

ξ′
<

= ζ
′

<

ξ′
<

+ ξ
′

<

ζ ′
<

(456)

to simplify other ℵ-integrals:

ℵ1,1 =
πα2
+
Ω2

(ζ ′
<
− ζ ′
>
) (ξ′

<
− ξ′
>
)[(

ζ ′
<

ξ′
>

+ ξ
′

>

ζ ′
<

)(ln [1 − Ω2ζ ′
<

ξ′
>

] − ln [Ω2 − Ω2ζ ′
<

ξ′
>

]) (457)

− (ζ
′

<

ξ′
<

+ ξ
′

<

ζ ′
<

)(ln [1 − Ω2ζ ′
<

ξ′
<

] − ln [Ω2 − Ω2ζ ′
<

ξ′
<

])] − πα2
+
Ω2

ζ ′
<
(ζ ′
<
− ζ ′
>
) ln
(Ω2) (458)
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ℵ1,4 =
πα2
+
Ω2

(ξ′
<
− ξ′
>
) (ζ ′

<
− ζ ′
>
)[(

ζ ′
<

ξ′
<

+ ξ
′

<

ζ ′
<

)(ln [1 − Ω2ζ ′
<

ξ′
<

] − ln [Ω2 − Ω2ζ ′
<

ξ′
<

]) − (459)

− (ζ
′

>

ξ′
<

+ ξ
′

<

ζ ′
>

)(ln [1 − Ω2ζ ′
>

ξ′
<

] − ln [Ω2 − Ω2ζ ′
>

ξ′
<

])] + πα
2
+
Ω2ξ′

<

(ξ′
>
− ξ′
<
) ln
[Ω2] (460)

ℵ2,1 =
πα2
+
Ω2

(ζ ′
<
− ζ ′
>
) (ξ′

<
− ξ′
>
)[
ξ′
>

ζ ′
>

(ln [1 − Ω2ζ ′
<

ξ′
>

] − ln [Ω2 − Ω2ζ ′
<

ξ′
>

]) − (461)

− ξ′
<

ζ ′
>

(ln [1 − Ω2ζ ′
<

ξ′
<

] − ln [Ω2 − Ω2ζ ′
<

ξ′
<

])] − πα
2
+
Ω2ζ ′

<

(ζ ′
<
− ζ ′
>
) ln
[Ω2] (462)

ℵ2,4 =
πα2
+
Ω2

(ξ′
<
− ξ′
>
) (ζ ′

<
− ζ ′
>
)[
ζ ′
<

ξ′
>

(ln [1 − Ω2ζ ′
<

ξ′
<

] − ln [Ω2 − Ω2ζ ′
<

ξ′
<

]) − (463)

− ζ ′
>

ξ′
>

(ln [1 − Ω2ζ ′
>

ξ′
<

] − ln [Ω2 − Ω2ζ ′
>

ξ′
<

])] (464)

ℵ3,2 =
πα2
+
Ω2

(ζ ′
<
− ζ ′
>
) (ξ′

<
− ξ′
>
)[
ζ ′
<

ξ′
>

(ln [1 − Ω2ζ ′
>

ξ′
>

] − ln [Ω2 − Ω2ζ ′
>

ξ′
>

]) − (465)

− ζ ′
<

ξ′
<

(ln [1 − Ω2ζ ′
>

ξ′
<

] − ln [Ω2 − Ω2ζ ′
>

ξ′
<

])] (466)

ℵ3,3 =
πα2
+
Ω2

(ξ′
<
− ξ′
>
) (ζ ′

<
− ζ ′
>
)[(

ξ′
<

ζ ′
<

)(ln [1 − Ω2ζ ′
<

ξ′
>

] − ln [Ω2 − Ω2ζ ′
<

ξ′
>

]) − (467)

− (ξ
′

<

ζ ′
>

)(ln [1 − Ω2ζ ′
>

ξ′
>

] − ln [Ω2 − Ω2ζ ′
>

ξ′
>

])] + πα2
+
Ω2

(ξ′
>
− ξ′
<
) ξ′
>

ln [Ω2] (468)

We take sums of ℵ−integrals separately:

ℵ1,1 + ℵ1,4 =
πα2
+
Ω2

(ζ ′
<
− ζ ′
>
) (ξ′

<
− ξ′
>
) (

ζ ′
<

ξ′
>

+ ξ
′

>

ζ ′
<

)[(ln [1 − Ω2ζ ′
<

ξ′
>

] − ln [Ω2 − Ω2ζ ′
<

ξ′
>

]) (469)

−(ln [1 − Ω2ζ ′
>

ξ′
<

] − ln [Ω2 − Ω2ζ ′
>

ξ′
<

])] − πα2
+
Ω2

ζ ′
<
(ζ ′
<
− ζ ′
>
) ln
(Ω2) + πα

2
+
Ω2ξ′

<

(ξ′
>
− ξ′
<
) ln
[Ω2] (470)

ℵ2,1 + ℵ2,4 + ℵ3,2 + ℵ3,3 =
πα2
+
Ω2

(ζ ′
<
− ζ ′
>
) (ξ′

<
− ξ′
>
) (

ζ ′
>

ξ′
>

+ ξ
′

>

ζ ′
>

)[(ln [1 − Ω2ζ ′
<

ξ′
>

] − ln [Ω2 − Ω2ζ ′
<

ξ′
>

]) (471)

−(ln [1 − Ω2ζ ′
>

ξ′
<

] − ln [Ω2 − Ω2ζ ′
>

ξ′
<

])] − πα
2
+
Ω2ζ ′

<

(ζ ′
<
− ζ ′
>
) ln
[Ω2] + πα2

+
Ω2

(ξ′
>
− ξ′
<
) ξ′
>

ln [Ω2] (472)

Thus we get an expression for the base integral 2:

I2(P,Q) = ℵ1,1 + ℵ1,2 + ℵ1,3 + ℵ1,4 − ℵ2,1 − ℵ2,2 − ℵ2,3 − ℵ2,4 − ℵ3,1 − ℵ3,2 − ℵ3,3 − ℵ3,4 = (473)

= πα2
+
Ω2

(ζ ′
<
− ζ ′
>
) (ξ′

<
− ξ′
>
) (

ζ ′
<

ξ′
>

+ ξ
′

>

ζ ′
<

− ζ
′

>

ξ′
>

− ξ
′

>

ζ ′
>

)[(ln [1 − Ω2ζ ′
<

ξ′
>

] − ln [Ω2 − Ω2ζ ′
<

ξ′
>

]) (474)

−(ln [1 − Ω2ζ ′
>

ξ′
<

] − ln [Ω2 − Ω2ζ ′
>

ξ′
<

])] − πα2
+
Ω2

ζ ′
<
(ζ ′
<
− ζ ′
>
) ln
(Ω2) − πα

2
+
Ω2ζ ′

<

(ζ ′
<
− ζ ′
>
) ln
[Ω2] = (475)

= πα2
+
Ω2 (ln [1 − Ω2ζ ′

<

ξ′
>

] − ln [Ω2 − Ω2ζ ′
<

ξ′
>

] − ln [1 − Ω2ζ ′
>

ξ′
<

] + ln [Ω2 − Ω2ζ ′
>

ξ′
<

]) − (476)

− πα2
+
Ω2

ζ ′
<
(ζ ′
<
− ζ ′
>
) ln
(Ω2) + πα

2
+
Ω2ζ ′

<

(ζ ′
<
− ζ ′
>
) ln
[Ω2] = (477)

= πα2
+
Ω2 (ln [1 − Ω2ζ ′

<

ξ′
>

] − ln [Ω2 − Ω2ζ ′
<

ξ′
>

] − ln [1 − Ω2ζ ′
>

ξ′
<

] + ln [Ω2 − Ω2ζ ′
>

ξ′
<

] + ln [Ω2]) . (478)
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We can simplify the expression for I2(P,Q) even further by involving explicit expressions for the roots:

ζ ′
<
= z∗1Ω2n+1, ζ ′

>
= z2
Ω2m+1

(479)

Ω2ζ ′
<

ξ′
>

= z∗1z∗2Ω2n+2m+4,
Ω2ζ ′

>

ξ′
<

= 1

z∗1z
∗

2Ω
2n+2m

. (480)

Then

I2(Pm(z2),Qn(z1)) = πα2
+
Ω2 (ln [1 − z∗1z∗2Ω2n+2m+4] − ln [Ω2 − z∗1z∗2Ω2n+2m+4]− (481)

− ln [1 − 1

z∗1z
∗

2Ω
2n+2m

] + ln [Ω2 − 1

z∗1z
∗

2Ω
2n+2m

] + ln [Ω2]) . (482)

Note that for m = n = 0 and z1 = z∗2 this integral diverges because of the third log term in the brackets (also keep
in mind that Q∗n(z) = Qn(z∗)). Importantly, this divergence is the same as in the isotropic case, see arc integrals
in (226). Therefore, one needs to regularize this integral by considering the arc contact limit. Later we encounter
integrals of the kind I2(Q∗m(z2),Qn(z1)), so we will consider

I2(Q∗0(z2),Q0(z1)) = πα2
+
Ω2 (ln [1 − z∗1z2Ω4] − ln [Ω2 − z∗1z2Ω4] − ln [1 − 1

z∗1z2
] + ln [Ω2 − 1

z∗1z2
] + ln [Ω2]) .

To keep an exact analogy with the isotropic case we regularize the two logs (third and fourth) for z1 = eiϕA , z2 = eiϕ̃A .
To evaluate regularized integrals we change variables to u = ϕA − ϕ̃A and v = ϕA+ϕ̃A

2
and Taylor expand cos over small

λ inside the logs up to quadratic order:

1

λ2
∫

λ
2

−
λ
2

dϕA ∫
λ
2

−
λ
2

dϕ̃A [ln (1 − ei(ϕA−ϕ̃A)) − ln (Ω2 − ei(ϕA−ϕ̃A))] = (483)

1

λ2
∫

0

−λ
du∫

u+λ
2

−
u+λ
2

dv [ln (1 − eiu) − ln (Ω2 − eiu)] + 1

λ2
∫

λ

0
du∫

λ−u
2

u−λ
2

dv [ln (1 − eiu) − ln (Ω2 − eiu)] = (484)

= 1

λ2
∫

λ

0
du (λ − u) [ln (2 − 2 cosu) − ln (1 +Ω4 − 2Ω2 cosu)] ≃ (485)

≃ 1

λ2
∫

λ

0
du (λ − u) [ln (u2) − ln ((1 −Ω2)2 +Ω2u2)] = (486)

= ln(λ) − 2Ω
2 − 1
λΩ

arctan( λΩ

Ω2 − 1) − (
(Ω2 − 1)2
λ2Ω2

) ln(1 −Ω2) + (1 −Ω
2)2 − λ2Ω2

2λ2Ω2
ln ((1 −Ω2)2 + λ2Ω2)

= ln(λ) + 2γ arctan(−1
γ
) − γ2 ln(1 −Ω2) + (1 −Ω

2)2 − λ2Ω2

2λ2Ω2
ln ((1 −Ω2)2 + λ2Ω2) = (487)

= ln(λ) − 2γ arccot (γ) − γ2 ln(1 −Ω2) + γ
2 − 1
2

ln ((1 + γ2)λ2Ω2) = (488)

= ln(λ) − 2γ arccot (γ) − γ2 ln(1 −Ω2) + γ
2 − 1
2
(2 ln (λΩ) + ln (1 + γ2)) , (489)

where γ = 1

λΩ
− Ω

λ
. (490)

D. Anisotropic case – combining terms together

As we mentioned above, the nonlinear electrostatic potential is given by

Φ
(1)
ani(R) =

1

σ̄
∫
Ω
d2R′ [( ∂

∂Z ′
GN(R,R′)) (Ẽ(2)x (R′) + iẼ(2)y (R′)) + c.c.] (491)

with x−axis along the higher resistivity principal axis (∆σ < 0) and

Ẽ(2)x (R′) + iẼ(2)y (R′) = (492)

α+ ((σ(2)− eiχ
(2)
− +Ω2σ

(2)
+
e−iχ

(2)
+ ) (E(0)x − iE(0)y )

2
+ (σ(2)

+
eiχ

(2)
+ +Ω2σ

(2)
−
e−iχ

(2)
− ) (E(0)x + iE(0)y )

2
+ (493)

+σ(2)0 (eiχ
(2)
0 +Ω2e−iχ

(2)
0 )(E(0)x

2
+E(0)y

2
)) . (494)
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Combining the two expressions together we obtain

Φ
(1)
ani(R) =

1

σ̄
∫
Ω
d2R′ [( ∂

∂Z ′
GN(R,R′)) (Ẽ(2)x (R′) + iẼ(2)y (R′)) + c.c.] = (495)

= α+
σ̄
∫
Ω
d2R′ [( ∂

∂Z ′
GN(R,R′))((σ(2)− eiχ

(2)
− +Ω2σ

(2)
+
e−iχ

(2)
+ ) (E(0)x − iE(0)y )

2
+ (496)

+(σ(2)
+
eiχ

(2)
+ +Ω2σ

(2)
−
e−iχ

(2)
− ) (E(0)x + iE(0)y )

2
+ σ(2)0 (eiχ

(2)
0 +Ω2e−iχ

(2)
0 )(E(0)x

2
+E(0)y

2
)) + c.c.] . (497)

For brevity let us introduce the following notation

T e(n, z) = Ω2n

z +Ω4n+2z∗ −Ω2n (w + Ω2

w
)
= 1

z+Ω4n+2z∗

Ω2n+1 − (w
Ω
+ Ω

w
)
1

Ω
= 1

Qn(z) − (wΩ +
Ω
w
)
1

Ω
= T e(n, z,w), (498)

T o(n, z) = Ω2n

z∗ +Ω4n+2z −Ω2n (w + Ω2

w
)
= 1

z∗+Ω4n+2z
Ω2n+1 − (w

Ω
+ Ω

w
)
1

Ω
= 1

Q∗n(z) − (wΩ +
Ω
w
)
1

Ω
= T o(n, z,w), (499)

T̃ e(n, z) = Ω2n+2

z∗ +Ω4n+2z −Ω2n (w∗ + Ω2

w∗
)
= Ω2T o(n, z,w∗), (500)

T̃ o(n, z) = Ω2n+2

z +Ω4n+2z∗ −Ω2n (w∗ + Ω2

w∗
)
= Ω2T e(n, z,w∗), (501)

to rewrite the electric field

E(0)x (r) − iE(0)y (r) (502)

= −I

πσ̄
√

1 − (∆σ
σ̄
)2
⎛
⎝

∞

∑
n=0,2,4,...

Ω2n

zS +Ω4n+2z∗S −Ω2n (w + Ω2

w
)
+

∞

∑
n=1,3,5,...

Ω2n

z∗S +Ω4n+2zS −Ω2n (w + Ω2

w
)
− (S →D)

⎞
⎠

+ −I

πσ̄
√

1 − (∆σ
σ̄
)2
⎛
⎝

∞

∑
n=0,2,4,...

Ω2n+2

z∗S +Ω4n+2zS −Ω2n (w∗ + Ω2

w∗
)
+

∞

∑
n=1,3,5,...

Ω2n+2

zS +Ω4n+2z∗S −Ω2n (w∗ + Ω2

w∗
)
− (S →D)

⎞
⎠
=

= −I

πσ̄
√

1 − (∆σ
σ̄
)2
⎛
⎝

∞

∑
n=0,2,4,...

T e(n, zS) +
∞

∑
n=1,3,5,...

T o(n, zS) +
∞

∑
n=0,2,4,...

T̃ e(n, zS) +
∞

∑
n=1,3,5,...

T̃ o(n, zS) − (S →D)
⎞
⎠
(503)

and the derivative of the Green’s function

∂

∂Z ′
GN(R,R′) =

1

2πα+

⎛
⎝

∞

∑
n=0,2,4,...

Ω2n

z +Ω4n+2z∗ −Ω2n (w′ + Ω2

w′
)
+

∞

∑
n=1,3,5...

Ω2n

z∗ +Ω4n+2z −Ω2n (w′ + Ω2

w′
)
⎞
⎠
= (504)

= 1

2πα+

⎛
⎝

∞

∑
n=0,2,4,...

T e(n, z) +
∞

∑
n=1,3,5...

T o(n, z)
⎞
⎠
= 1

2πα+

⎛
⎝

∞

∑
n=0,2,4,...

T e(n, z,w′) +
∞

∑
n=1,3,5...

T o(n, z,w′)
⎞
⎠
. (505)

We will also find useful the expression for the complex conjugated field:

E(0)x (r) + iE(0)y (r) (506)

= −I

πσ̄
√

1 − (∆σ
σ̄
)2
⎛
⎝

∞

∑
n=0,2,4,...

Ω2n

z∗S +Ω4n+2zS −Ω2n (w∗ + Ω2

w∗
)
+

∞

∑
n=1,3,5,...

Ω2n

zS +Ω4n+2z∗S −Ω2n (w∗ + Ω2

w∗
)
− (S →D)

⎞
⎠

+ −I

πσ̄
√

1 − (∆σ
σ̄
)2
⎛
⎝

∞

∑
n=0,2,4,...

Ω2n+2

zS +Ω4n+2z∗S −Ω2n (w + Ω2

w
)
+

∞

∑
n=1,3,5,...

Ω2n+2

z∗S +Ω4n+2zS −Ω2n (w + Ω2

w
)
− (S →D)

⎞
⎠
=

= −I

πσ̄
√

1 − (∆σ
σ̄
)2
⎛
⎝

∞

∑
n=0,2,4,...

T̃ e(n, zS)
Ω2

+
∞

∑
n=1,3,5,...

T̃ o(n, zS)
Ω2

+
∞

∑
n=0,2,4,...

Ω2T e(n, zS) +
∞

∑
n=1,3,5,...

Ω2T o(n, zS) − (S →D)
⎞
⎠
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Now we use partial fraction decomposition on the integral of the kind:

α2
+ ∫

annulus
dudv (1 − Ω2

w2
)(1 − Ω2

w∗2
) 1

Ω3

1

Q1 − (wΩ +
Ω
w
)

1

Q2 − (wΩ +
Ω
w
)

1

Q3 − (wΩ +
Ω
w
)
= (507)

= 1

Ω3
[ I1(Q1)
(Q1 −Q2)(Q1 −Q3)

+ I1(Q2)
(Q2 −Q1)(Q2 −Q3)

+ I1(Q3)
(Q3 −Q1)(Q3 −Q2)

] , (508)

α2
+ ∫

annulus
dudv (1 − Ω2

w2
)(1 − Ω2

w∗2
) 1

Ω3

1

Q1 − (wΩ +
Ω
w
)

1

Q2 − (wΩ +
Ω
w
)

1

Q3 − (w
∗

Ω
+ Ω

w∗
)
= (509)

= 1

Ω3
[I2(Q3,Q1)
Q2 −Q1

+ I2(Q3,Q2)
Q1 −Q2

] , (510)

α2
+ ∫

annulus
dudv (1 − Ω2

w2
)(1 − Ω2

w∗2
) 1

Ω3

1

Q1 − (wΩ +
Ω
w
)

1

Q2 − (w
∗

Ω
+ Ω

w∗
)

1

Q3 − (wΩ +
Ω
w
)
= (511)

= 1

Ω3
[I2(Q2,Q1)
Q3 −Q1

+ I2(Q2,Q3)
Q1 −Q3

] , (512)

α2
+ ∫

annulus
dudv (1 − Ω2

w2
)(1 − Ω2

w∗2
) 1

Ω3

1

Q1 − (wΩ +
Ω
w
)

1

Q2 − (w
∗

Ω
+ Ω

w∗
)

1

Q3 − (w
∗

Ω
+ Ω

w∗
)
= (513)

= 1

Ω3
[I2(Q2,Q1)
Q3 −Q2

+ I2(Q3,Q1)
Q2 −Q3

] . (514)

Then all possible combinations of integrals of a product of three T−terms can be written explicitly. We will find useful
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the general notation with dependence on two generic z1, z2 located at the boundary:

∫
Ω
d2R′T e(n, z,w′)T e(n′, z1)T e(m,z2) =

1

Ω3
[ I1(Qn(z))
(Qn(z) −Qn′(z1))(Qn(z) −Qm(z2))

+ (515)

+ I1(Qn′(z1))
(Qn′(z1) −Qn(z))(Qn′(z1) −Qm(z2))

+ I1(Qm(z2))
(Qm(z2) −Qn(z))(Qm(z2) −Qn′(z1))

] , (516)

∫
Ω
d2R′T e(n, z,w′)T e(n′, z1)T o(m,z2) =

1

Ω3
[ I1(Qn(z))
(Qn(z) −Qn′(z1))(Qn(z) −Q∗m(z2))

+ (517)

+ I1(Qn′(z1))
(Qn′(z1) −Qn(z))(Qn′(z1) −Q∗m(z2))

+ I1(Q∗m(z2))
(Q∗m(z2) −Qn(z))(Q∗m(z2) −Qn′(z1))

] , (518)

∫
Ω
d2R′T e(n, z,w′)T e(n′, z1)T̃ e(m,z2) =

1

Ω
[I2(Q

∗

m(z2),Qn(z))
Qn′(z1) −Qn(z)

+ I2(Q
∗

m(z2),Qn′(z1))
Qn(z) −Qn′(z1)

] (519)

∫
Ω
d2R′T e(n, z,w′)T e(n′, z1)T̃ o(m,z2) =

1

Ω
[I2(Qm(z2),Qn(z))
Qn′(z1) −Qn(z)

+ I2(Qm(z2),Qn′(z1))
Qn(z) −Qn′(z1)

] , (520)

∫
Ω
d2R′T e(n, z,w′)T o(n′, z1)T e(m,z2) =

1

Ω3
[ I1(Qn(z))
(Qn(z) −Q∗n′(z1))(Qn(z) −Qm(z2))

+ (521)

+ I1(Q∗n′(z1))
(Q∗n′(z1) −Qn(z))(Q∗n′(z1) −Qm(z2))

+ I1(Qm(z2))
(Qm(z2) −Qn(z))(Qm(z2) −Q∗n′(z1))

] , (522)

∫
Ω
d2R′T e(n, z,w′)T o(n′, z1)T o(m,z2) =

1

Ω3
[ I1(Qn(z))
(Qn(z) −Q∗n′(z1))(Qn(z) −Q∗m(z2))

+ (523)

+ I1(Q∗n′(z1))
(Q∗n′(z1) −Qn(z))(Q∗n′(z1) −Q∗m(z2))

+ I1(Q∗m(z2))
(Q∗m(z2) −Qn(z))(Q∗m(z2) −Q∗n′(z1))

] , (524)

∫
Ω
d2R′T e(n, z,w′)T o(n′, z1)T̃ e(m,z2) =

1

Ω
[I2(Q

∗

m(z2),Qn(z))
Q∗n′(z1) −Qn(z)

+ I2(Q
∗

m(z2),Q∗n′(z1))
Qn(z) −Q∗n′(z1)

] (525)

∫
Ω
d2R′T e(n, z,w′)T o(n′, z1)T̃ o(m,z2) =

1

Ω
[I2(Qm(z2),Qn(z))
Q∗n′(z1) −Qn(z)

+ I2(Qm(z2),Q∗n′(z1))
Qn(z) −Q∗n′(z1)

] , (526)

∫
Ω
d2R′T e(n, z,w′)T̃ e(n′, z1)T e(m,z2) =

1

Ω
[I2(Q

∗

n′(z1),Qn(z))
Qm(z2) −Qn(z)

+ I2(Q
∗

n′(z1),Qm(z2))
Qn(z) −Qm(z2)

] , (527)

∫
Ω
d2R′T e(n, z,w′)T̃ e(n′, z1)T o(m,z2) =

1

Ω
[I2(Q

∗

n′(z1),Qn(z))
Q∗m(z2) −Qn(z)

+ I2(Q
∗

n′(z1),Q∗m(z2))
Qn(z) −Q∗m(z2)

] , (528)

∫
Ω
d2R′T e(n, z,w′)T̃ e(n′, z1)T̃ e(m,z2) = Ω [

I2(Q∗n′(z1),Qn(z))
Q∗m(z2) −Q∗n′(z1)

+ I2(Q
∗

m(z2),Qn(z))
Q∗n′(z1) −Q∗m(z2)

] , (529)

∫
Ω
d2R′T e(n, z,w′)T̃ e(n′, z1)T̃ o(m,z2) = Ω [

I2(Q∗n′(z1),Qn(z))
Qm(z2) −Q∗n′(z1)

+ I2(Qm(z2),Qn(z))
Q∗n′(z1) −Qm(z2)

] , (530)

∫
Ω
d2R′T e(n, z,w′)T̃ o(n′, z1)T e(m,z2) =

1

Ω
[I2(Qn′(z1),Qn(z))
Qm(z2) −Qn(z)

+ I2(Qn′(z1),Qm(z2))
Qn(z) −Qm(z2)

] , (531)

∫
Ω
d2R′T e(n, z,w′)T̃ o(n′, z1)T o(m,z2) =

1

Ω
[I2(Qn′(z1),Qn(z))
Q∗m(z2) −Qn(z)

+ I2(Qn′(z1),Q∗m(z2))
Qn(z) −Q∗m(z2)

] , (532)

∫
Ω
d2R′T e(n, z,w′)T̃ o(n′, z1)T̃ e(m,z2) = Ω [

I2(Qn′(z1),Qn(z))
Q∗m(z2) −Qn′(z1)

+ I2(Q
∗

m(z2),Qn(z))
Qn′(z1) −Q∗m(z2)

] , (533)

∫
Ω
d2R′T e(n, z,w′)T̃ o(n′, z1)T̃ o(m,z2) = Ω [

I2(Qn′(z1),Qn(z))
Qm(z2) −Qn′(z1)

+ I2(Qm(z2),Qn(z))
Qn′(z1) −Qm(z2)

] , (534)



66

∫
Ω
d2R′T o(n, z,w′)T e(n′, z1)T e(m,z2) =

1

Ω3
[ I1(Q∗n(z))
(Q∗n(z) −Qn′(z1))(Q∗n(z) −Qm(z2))

+ (535)

+ I1(Qn′(z1))
(Qn′(z1) −Q∗n(z))(Qn′(z1) −Qm(z2))

+ I1(Qm(z2))
(Qm(z2) −Q∗n(z))(Qm(z2) −Qn′(z1))

] , (536)

∫
Ω
d2R′T o(n, z,w′)T e(n′, z1)T o(m,z2) =

1

Ω3
[ I1(Q∗n(z))
(Q∗n(z) −Qn′(z1))(Q∗n(z) −Q∗m(z2))

+ (537)

+ I1(Qn′(z1))
(Qn′(z1) −Q∗n(z))(Qn′(z1) −Q∗m(z2))

+ I1(Q∗m(z2))
(Q∗m(z2) −Q∗n(z))(Q∗m(z2) −Qn′(z1))

] , (538)

∫
Ω
d2R′T o(n, z,w′)T e(n′, z1)T̃ e(m,z2) =

1

Ω
[I2(Q

∗

m(z2),Q∗n(z))
Qn′(z1) −Q∗n(z)

+ I2(Q
∗

m(z2),Qn′(z1))
Q∗n(z) −Qn′(z1)

] (539)

∫
Ω
d2R′T o(n, z,w′)T e(n′, z1)T̃ o(m,z2) =

1

Ω
[I2(Qm(z2),Q∗n(z))
Qn′(z1) −Q∗n(z)

+ I2(Qm(z2),Qn′(z1))
Q∗n(z) −Qn′(z1)

] , (540)

∫
Ω
d2R′T o(n, z,w′)T o(n′, z1)T e(m,z2) =

1

Ω3
[ I1(Q∗n(z))
(Q∗n(z) −Q∗n′(z1))(Q∗n(z) −Qm(z2))

+ (541)

+ I1(Q∗n′(z1))
(Q∗n′(z1) −Q∗n(z))(Q∗n′(z1) −Qm(z2))

+ I1(Qm(z2))
(Qm(z2) −Q∗n(z))(Qm(z2) −Q∗n′(z1))

] , (542)

∫
Ω
d2R′T o(n, z,w′)T o(n′, z1)T o(m,z2) =

1

Ω3
[ I1(Q∗n(z))
(Q∗n(z) −Q∗n′(z1))(Q∗n(z) −Q∗m(z2))

+ (543)

+ I1(Q∗n′(z1))
(Q∗n′(z1) −Q∗n(z))(Q∗n′(z1) −Q∗m(z2))

+ I1(Q∗m(z2))
(Q∗m(z2) −Q∗n(z))(Q∗m(z2) −Q∗n′(z1))

] , (544)

∫
Ω
d2R′T o(n, z,w′)T o(n′, z1)T̃ e(m,z2) =

1

Ω
[I2(Q

∗

m(z2),Q∗n(z))
Q∗n′(z1) −Q∗n(z)

+ I2(Q
∗

m(z2),Q∗n′(z1))
Q∗n(z) −Q∗n′(z1)

] (545)

∫
Ω
d2R′T o(n, z,w′)T o(n′, z1)T̃ o(m,z2) =

1

Ω
[I2(Qm(z2),Q∗n(z))
Q∗n′(z1) −Q∗n(z)

+ I2(Qm(z2),Q∗n′(z1))
Q∗n(z) −Q∗n′(z1)

] , (546)

∫
Ω
d2R′T o(n, z,w′)T̃ e(n′, z1)T e(m,z2) =

1

Ω
[I2(Q

∗

n′(z1),Q∗n(z))
Qm(z2) −Q∗n(z)

+ I2(Q
∗

n′(z1),Qm(z2))
Q∗n(z) −Qm(z2)

] , (547)

∫
Ω
d2R′T o(n, z,w′)T̃ e(n′, z1)T o(m,z2) =

1

Ω
[I2(Q

∗

n′(z1),Q∗n(z))
Q∗m(z2) −Q∗n(z)

+ I2(Q
∗

n′(z1),Q∗m(z2))
Q∗n(z) −Q∗m(z2)

] , (548)

∫
Ω
d2R′T o(n, z,w′)T̃ e(n′, z1)T̃ e(m,z2) = Ω [

I2(Q∗n′(z1),Q∗n(z))
Q∗m(z2) −Q∗n′(z1)

+ I2(Q
∗

m(z2),Q∗n(z))
Q∗n′(z1) −Q∗m(z2)

] , (549)

∫
Ω
d2R′T o(n, z,w′)T̃ e(n′, z1)T̃ o(m,z2) = Ω [

I2(Q∗n′(z1),Q∗n(z))
Qm(z2) −Q∗n′(z1)

+ I2(Qm(z2),Q∗n(z))
Q∗n′(z1) −Qm(z2)

] , (550)

∫
Ω
d2R′T o(n, z,w′)T̃ o(n′, z1)T e(m,z2) =

1

Ω
[I2(Qn′(z1),Q∗n(z))
Qm(z2) −Q∗n(z)

+ I2(Qn′(z1),Qm(z2))
Q∗n(z) −Qm(z2)

] , (551)

∫
Ω
d2R′T o(n, z,w′)T̃ o(n′, z1)T o(m,z2) =

1

Ω
[I2(Qn′(z1),Q∗n(z))
Q∗m(z2) −Q∗n(z)

+ I2(Qn′(z1),Q∗m(z2))
Q∗n(z) −Q∗m(z2)

] , (552)

∫
Ω
d2R′T o(n, z,w′)T̃ o(n′, z1)T̃ e(m,z2) = Ω [

I2(Qn′(z1),Q∗n(z))
Q∗m(z2) −Qn′(z1)

+ I2(Q
∗

m(z2),Q∗n(z))
Qn′(z1) −Q∗m(z2)

] , (553)

∫
Ω
d2R′T o(n, z,w′)T̃ o(n′, z1)T̃ o(m,z2) = Ω [

I2(Qn′(z1),Q∗n(z))
Qm(z2) −Qn′(z1)

+ I2(Qm(z2),Q∗n(z))
Qn′(z1) −Qm(z2)

] . (554)

Terms of the type T i(n, z)T j(n′, z1)T j(m,z2) (also true for terms with tildas) experience divergences for z1 = z2.
Therefore, we need to carefully take limits. We do that in the next section.
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1. Resolving divergences by taking limits

We need to cure only the divergent terms, so we will focus solely on them. There are 8 such terms:

∫
Ω
d2R′T e(n, z,w′)T e(n′, z1)T e(m,z2) (555)

∫
Ω
d2R′T e(n, z,w′)T o(n′, z1)T o(m,z2) (556)

∫
Ω
d2R′T e(n, z,w′)T̃ e(n′, z1)T̃ e(m,z2) (557)

∫
Ω
d2R′T e(n, z,w′)T̃ o(n′, z1)T̃ o(m,z2) (558)

∫
Ω
d2R′T o(n, z,w′)T e(n′, z1)T e(m,z2) (559)

∫
Ω
d2R′T o(n, z,w′)T o(n′, z1)T o(m,z2) (560)

∫
Ω
d2R′T o(n, z,w′)T̃ e(n′, z1)T̃ e(m,z2) (561)

∫
Ω
d2R′T o(n, z,w′)T̃ o(n′, z1)T̃ o(m,z2) (562)

which diverge for z1 = z2 and for n′ =m. Further we will only focus on ∣z1∣ = ∣z2∣ = 1 with z1,2 = eiϕ1,2 . Considering all
terms one by one for ϕ2 → ϕ1 we obtain

∫
Ω
d2R′T e(n, z,w′)T e(m,z1)T e(m,z2) =

1

Ω3
[ I1(Qn(z))
(Qn(z) −Qm(z1))(Qn(z) −Qm(z2))

+ (563)

+ I1(Qm(z1))
(Qm(z1) −Qn(z))(Qm(z1) −Qm(z2))

+ I1(Qm(z2))
(Qm(z2) −Qn(z))(Qm(z2) −Qm(z1))

] = (564)

= 1

Ω3

⎡⎢⎢⎢⎢⎢⎣

πα2
+
(1 −Ω4) z∗Ω2n+1

( z+Ω4n+2z∗

Ω2n+1 − z1+Ω4m+2z∗1
Ω2m+1 ) ( z+Ω4n+2z∗

Ω2n+1 − z2+Ω4m+2z∗2
Ω2m+1 )

+ (565)

+
πα2
+
(1 −Ω4) z∗1Ω2m+1

( z1+Ω
4m+2z∗1

Ω2m+1 − z+Ω4n+2z∗

Ω2n+1 ) ( z1+Ω
4m+2z∗1

Ω2m+1 − z2+Ω4m+2z∗2
Ω2m+1 )

+
πα2
+
(1 −Ω4) z∗2Ω2m+1

( z2+Ω
4m+2z∗2

Ω2m+1 − z+Ω4n+2z∗

Ω2n+1 ) ( z2+Ω
4m+2z∗2

Ω2m+1 − z1+Ω4m+2z∗1
Ω2m+1 )

⎤⎥⎥⎥⎥⎥⎦

= πα
2
+
(1 −Ω4)
Ω3

ei(ϕ+2ϕ1)Ω3+4m+2n

(e2iϕ1 −Ω2+4m) (ei(ϕ+ϕ1) −Ω2+2m+2n)2
= πα2

+
(1 −Ω4)ei(ϕ+2ϕ1)Ω4m+2n

(e2iϕ1 −Ω2+4m) (ei(ϕ+ϕ1) −Ω2+2m+2n)2
(566)

∫
Ω
d2R′T e(n, z,w′)T o(m,z1)T o(m,z2) =

1

Ω3
[ I1(Qn(z))
(Qn(z) −Q∗m(z1))(Qn(z) −Q∗m(z2))

+ (567)

+ I1(Q∗m(z1))
(Q∗m(z1) −Qn(z))(Q∗m(z1) −Q∗m(z2))

+ I1(Q∗m(z2))
(Q∗m(z2) −Qn(z))(Q∗m(z2) −Q∗m(z1))

] = (568)

= 1

Ω3

⎡⎢⎢⎢⎢⎢⎣

πα2
+
(1 −Ω4) z∗Ω2n+1

( z+Ω4n+2z∗

Ω2n+1 − z∗1+Ω
4m+2z1

Ω2m+1 ) ( z+Ω4n+2z∗

Ω2n+1 − z∗2+Ω
4m+2z2

Ω2m+1 )
+ (569)

+
πα2
+
(1 −Ω4) z1Ω2m+1

( z
∗

1+Ω
4m+2z1

Ω2m+1 − z+Ω4n+2z∗

Ω2n+1 ) ( z
∗

1+Ω
4m+2z1

Ω2m+1 − z∗2+Ω
4m+2z2

Ω2m+1 )
+

πα2
+
(1 −Ω4) z2Ω2m+1

( z
∗

2+Ω
4m+2z2

Ω2m+1 − z+Ω4n+2z∗

Ω2n+1 ) ( z
∗

2+Ω
4m+2z2

Ω2m+1 − z∗1+Ω
4m+2z1

Ω2m+1 )

⎤⎥⎥⎥⎥⎥⎦

= − πα2
+
(1 −Ω4)ei(ϕ+2ϕ1)Ω4m+2n

(e2iϕ1Ω2+4m − 1) (eiϕ − eiϕ1Ω2+2m+2n)2
(570)
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∫
Ω
d2R′T o(n, z,w′)T e(m,z1)T e(m,z2) =

1

Ω3
[ I1(Q∗n(z))
(Q∗n(z) −Qm(z1))(Q∗n(z) −Qm(z2))

+ (571)

+ I1(Qm(z1))
(Qm(z1) −Q∗n(z))(Qm(z1) −Qm(z2))

+ I1(Qm(z2))
(Qm(z2) −Q∗n(z))(Qm(z2) −Qm(z1))

] = (572)

= 1

Ω3

⎡⎢⎢⎢⎢⎢⎣

πα2
+
(1 −Ω4) zΩ2n+1

( z∗+Ω4n+2z
Ω2n+1 − z1+Ω4m+2z∗1

Ω2m+1 ) ( z∗+Ω4n+2z
Ω2n+1 − z2+Ω4m+2z∗2

Ω2m+1 )
+ (573)

+
πα2
+
(1 −Ω4) z∗1Ω2m+1

( z1+Ω
4m+2z∗1

Ω2m+1 − z∗+Ω4n+2z
Ω2n+1 ) ( z1+Ω

4m+2z∗1
Ω2m+1 − z2+Ω4m+2z∗2

Ω2m+1 )
+

πα2
+
(1 −Ω4) z∗2Ω2m+1

( z2+Ω
4m+2z∗2

Ω2m+1 − z∗+Ω4n+2z
Ω2n+1 ) ( z2+Ω

4m+2z∗2
Ω2m+1 − z1+Ω4m+2z∗1

Ω2m+1 )

⎤⎥⎥⎥⎥⎥⎦

= πα2
+
(1 −Ω4)ei(ϕ+2ϕ1)Ω4m+2n

(e2iϕ1 −Ω2+4m) (eiϕ1 − eiϕΩ2+2m+2n)2
(574)

∫
Ω
d2R′T o(n, z,w′)T o(m,z1)T o(m,z2) =

1

Ω3
[ I1(Q∗n(z))
(Q∗n(z) −Q∗m(z1))(Q∗n(z) −Q∗m(z2))

+ (575)

+ I1(Q∗m(z1))
(Q∗m(z1) −Q∗n(z))(Q∗m(z1) −Q∗m(z2))

+ I1(Q∗m(z2))
(Q∗m(z2) −Q∗n(z))(Q∗m(z2) −Q∗m(z1))

] = (576)

= 1

Ω3

⎡⎢⎢⎢⎢⎢⎣

πα2
+
(1 −Ω4) zΩ2n+1

( z∗+Ω4n+2z
Ω2n+1 − z∗1+Ω

4m+2z1
Ω2m+1 ) ( z∗+Ω4n+2z

Ω2n+1 − z∗2+Ω
4m+2z2

Ω2m+1 )
+ (577)

+
πα2
+
(1 −Ω4) z1Ω2m+1

( z
∗

1+Ω
4m+2z1

Ω2m+1 − z∗+Ω4n+2z
Ω2n+1 ) ( z

∗

1+Ω
4m+2z1

Ω2m+1 − z∗2+Ω
4m+2z2

Ω2m+1 )
+

πα2
+
(1 −Ω4) z2Ω2m+1

( z
∗

2+Ω
4m+2z2

Ω2m+1 − z∗+Ω4n+2z
Ω2n+1 ) ( z

∗

2+Ω
4m+2z2

Ω2m+1 − z∗1+Ω
4m+2z1

Ω2m+1 )

⎤⎥⎥⎥⎥⎥⎦

= − πα2
+
(1 −Ω4)ei(ϕ+2ϕ1)Ω4m+2n

(e2iϕ1Ω2+4m − 1) (1 − ei(ϕ+ϕ1)Ω2+2m+2n)2
(578)

∫
Ω
d2R′T e(n, z,w′)T̃ e(m,z1)T̃ e(m,z2) = Ω [

I2(Q∗m(z1),Qn(z))
Q∗m(z2) −Q∗m(z1)

+ I2(Q
∗

m(z2),Qn(z))
Q∗m(z1) −Q∗m(z2)

] = (579)

= ΩI2(Q
∗

m(z1),Qn(z)) − I2(Q∗m(z2),Qn(z))
Q∗m(z2) −Q∗m(z1)

= (580)

= πα2
+
Ω3

z∗2+Ω
4m+2z2

Ω2m+1 − z∗1+Ω
4m+2z1

Ω2m+1

(ln [1 − z∗z1Ω2n+2m+4] − ln [Ω2 − z∗z1Ω2n+2m+4]− (581)

− ln [1 − 1

z∗z1Ω2n+2m
] + ln [Ω2 − 1

z∗z1Ω2n+2m
] − ln [1 − z∗z2Ω2n+2m+4]+ (582)

+ ln [Ω2 + z∗z2Ω2n+2m+4] + ln [1 − 1

z∗z2Ω2n+2m
] − ln [Ω2 − 1

z∗z2Ω2n+2m
]) = (583)

=
πα2
+
(Ω4 − 1)Ω4+4m+2nei(ϕ+2ϕ1)

(e2iϕ1Ω2+4m − 1) (eiϕ − eiϕ1Ω2(m+n)) (eiϕ − eiϕ1Ω2(2+m+n))
(584)



69

∫
Ω
d2R′T e(n, z,w′)T̃ o(m,z1)T̃ o(m,z2) = Ω [

I2(Qm(z1),Qn(z))
Qm(z2) −Qm(z1)

+ I2(Qm(z2),Qn(z))
Qm(z1) −Qm(z2)

] = (585)

= ΩI2(Qm(z1),Qn(z)) − I2(Qm(z2),Qn(z))
Qm(z2) −Qm(z1)

= (586)

= πα2
+
Ω3

z2+Ω4m+2z∗2
Ω2m+1 − z1+Ω4m+2z∗1

Ω2m+1

(ln [1 − z∗z∗1Ω2n+2m+4] − ln [Ω2 − z∗z∗1Ω2n+2m+4]− (587)

− ln [1 − 1

z∗z∗1Ω
2n+2m

] + ln [Ω2 − 1

z∗z∗1Ω
2n+2m

] − ln [1 − z∗z∗2Ω2n+2m+4]+ (588)

+ ln [Ω2 + z∗z∗2Ω2n+2m+4] + ln [1 − 1

z∗z∗2Ω
2n+2m

] − ln [Ω2 − 1

z∗z∗2Ω
2n+2m

]) = (589)

= −
πα2
+
(Ω4 − 1)Ω4+4m+2nei(ϕ+2ϕ1)

(e2iϕ1 −Ω2+4m) (ei(ϕ+ϕ1) −Ω2(m+n)) (ei(ϕ+ϕ1) −Ω2(2+m+n))
(590)

∫
Ω
d2R′T o(n, z,w′)T̃ e(m,z1)T̃ e(m,z2) = Ω [

I2(Q∗m(z1),Q∗n(z))
Q∗m(z2) −Q∗m(z1)

+ I2(Q
∗

m(z2),Q∗n(z))
Q∗m(z1) −Q∗m(z2)

] = (591)

= ΩI2(Q
∗

m(z1),Q∗n(z)) − I2(Q∗m(z2),Q∗n(z))
Q∗m(z2) −Q∗m(z1)

= (592)

= πα2
+
Ω3

z∗2+Ω
4m+2z2

Ω2m+1 − z∗1+Ω
4m+2z1

Ω2m+1

(ln [1 − zz1Ω2n+2m+4] − ln [Ω2 − zz1Ω2n+2m+4]− (593)

− ln [1 − 1

zz1Ω2n+2m
] + ln [Ω2 − 1

zz1Ω2n+2m
] − ln [1 − zz2Ω2n+2m+4]+ (594)

+ ln [Ω2 + zz2Ω2n+2m+4] + ln [1 − 1

zz2Ω2n+2m
] − ln [Ω2 − 1

zz2Ω2n+2m
]) = (595)

=
πα2
+
(Ω4 − 1)Ω4+4m+2nei(ϕ+2ϕ1)

(e2iϕ1Ω2+4m − 1) (ei(ϕ+ϕ1)Ω2(m+n) − 1) (ei(ϕ+ϕ1)Ω2(2+m+n) − 1)
(596)

∫
Ω
d2R′T o(n, z,w′)T̃ o(m,z1)T̃ o(m,z2) = Ω [

I2(Qm(z1),Q∗n(z))
Qm(z2) −Qm(z1)

+ I2(Qm(z2),Q∗n(z))
Qm(z1) −Qm(z2)

] = (597)

= ΩI2(Qm(z1),Q∗n(z)) − I2(Qm(z2),Q∗n(z))
Qm(z2) −Qm(z1)

= (598)

= πα2
+
Ω3

z2+Ω4m+2z∗2
Ω2m+1 − z1+Ω4m+2z∗1

Ω2m+1

(ln [1 − zz∗1Ω2n+2m+4] − ln [Ω2 − zz∗1Ω2n+2m+4]− (599)

− ln [1 − 1

zz∗1Ω
2n+2m

] + ln [Ω2 − 1

zz∗1Ω
2n+2m

] − ln [1 − zz∗2Ω2n+2m+4]+ (600)

+ ln [Ω2 + zz∗2Ω2n+2m+4] + ln [1 − 1

zz∗2Ω
2n+2m

] − ln [Ω2 − 1

zz∗2Ω
2n+2m

]) = (601)

= −
πα2
+
(Ω4 − 1)Ω4+4m+2nei(ϕ+2ϕ1)

(e2iϕ1 −Ω2+4m) (eiϕ1 − eiϕΩ2(m+n)) (eiϕ1 − eiϕΩ2(2+m+n))
(602)

E. First basis function (E(0)x − iE
(0)
y )

2

As in the case of vanishing anisotropy of the linear conductivity tensor we can intro-
duce three distinct basis functions. In contrast to the vanishing linear conductivity anisotropy,
all three basis functions depend on the angular size of the lead.
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Using the decomposition from above we can now rewrite the expression for the potential for the first basis function:

Φ
(1)
ani(R) =

α+
σ̄
∫
Ω
d2R′ [( ∂

∂Z ′
GN(R,R′)) (σ(2)− eiχ

(2)
− +Ω2σ

(2)
+
e−iχ

(2)
+ ) (E(0)x − iE(0)y )

2
+ c.c.] =

= α+
σ̄
∫
Ω
d2R′ [(σ(2)

−
eiχ

(2)
− +Ω2σ

(2)
+
e−iχ

(2)
+ )( ∂

∂Z ′
GN(R,R′)) (E(0)x − iE(0)y )

2
+ c.c.] =

= α+
σ̄
∫
Ω
d2R′

⎡⎢⎢⎢⎢⎢⎣

(σ(2)
−
eiχ

(2)
− +Ω2σ

(2)
+
e−iχ

(2)
+ )

2πα+

⎛
⎝

∞

∑
n=0,2,4,...

T e(n, z,w′) +
∞

∑
n=1,3,5...

T o(n, z,w′)
⎞
⎠

⎛
⎜
⎝

−I

πσ̄
√

1 − (∆σ
σ̄
)2
⎛
⎝

∞

∑
n=0,2,4,...

T e(n, zS) +
∞

∑
n=1,3,5,...

T o(n, zS) +
∞

∑
n=0,2,4,...

T̃ e(n, zS) +
∞

∑
n=1,3,5,...

T̃ o(n, zS) − (S →D)
⎞
⎠
⎞
⎟
⎠

2

+ c.c.
⎤⎥⎥⎥⎥⎥⎦

= I2

2π3σ̄3 (1 − (∆σ
σ̄
)2)
∫
Ω
d2R′

⎡⎢⎢⎢⎢⎣
(σ(2)
−
eiχ

(2)
− +Ω2σ

(2)
+
e−iχ

(2)
+ )
⎛
⎝

∞

∑
n=0,2,4,...

T e(n, z,w′) +
∞

∑
n=1,3,5...

T o(n, z,w′)
⎞
⎠

⎛
⎝

∞

∑
n=0,2,4,...

T e(n, zS) +
∞

∑
n=1,3,5,...

T o(n, zS) +
∞

∑
n=0,2,4,...

T̃ e(n, zS) +
∞

∑
n=1,3,5,...

T̃ o(n, zS) − (S →D)
⎞
⎠

2

+ c.c.
⎤⎥⎥⎥⎥⎦
=

= I2

2π3σ̄3 (1 − (∆σ
σ̄
)2)
∫
Ω
d2R′

⎡⎢⎢⎢⎢⎣
(σ(2)
−
eiχ

(2)
− +Ω2σ

(2)
+
e−iχ

(2)
+ )
⎛
⎝

∞

∑
n=0,2,4,...

T e(n, z,w′) +
∞

∑
n=1,3,5...

T o(n, z,w′)
⎞
⎠

⎛
⎝

∞

∑
n′=0,2,4,...

T e(n′, zS) +
∞

∑
n′=1,3,5,...

T o(n′, zS) +
∞

∑
n′=0,2,4,...

T̃ e(n′, zS) +
∞

∑
n′=1,3,5,...

T̃ o(n′, zS) − (S →D)
⎞
⎠

⎛
⎝

∞

∑
m=0,2,4,...

T e(m,zS) +
∞

∑
m=1,3,5,...

T o(m,zS) +
∞

∑
m=0,2,4,...

T̃ e(m,zS) +
∞

∑
m=1,3,5,...

T̃ o(m,zS) − (S →D)
⎞
⎠
+ c.c.

⎤⎥⎥⎥⎥⎦

This can be explicitly expanded to obtain the final expression for the first basis function:

Φ
(1)
ani(R) =

I2

2π3σ̄3 (1 − (∆σ
σ̄
)2)
∫
Ω
d2R′

⎡⎢⎢⎢⎢⎣
(σ(2)
−
eiχ

(2)
− +Ω2σ

(2)
+
e−iχ

(2)
+ )

∞

∑
n,n′,m

(T e(n, z,w′) + T o(n, z,w′)) (603)

(T e(n′, zS)T e(m,zS) + T e(n′, zS)T o(m,zS) + T e(n′, zS)T̃ e(m,zS) + T e(n′, zS)T̃ o(m,zS)+ (604)

+ T o(n′, zS)T e(m,zS) + T o(n′, zS)T o(m,zS) + T o(n′, zS)T̃ e(m,zS) + T o(n′, zS)T̃ o(m,zS)+ (605)
+ T̃ e(n′, zS)T e(m,zS) + T̃ e(n′, zS)T o(m,zS) + T̃ e(n′, zS)T̃ e(m,zS) + T̃ e(n′, zS)T̃ o(m,zS) (606)
+ T̃ o(n′, zS)T e(m,zS) + T̃ o(n′, zS)T o(m,zS) + T̃ o(n′, zS)T̃ e(m,zS) + T̃ o(n′, zS)T̃ o(m,zS))+ (607)
− (...)SD − (...)DS + (...)DD + c.c.] , (608)

where ()SD,DS,DD indicate dependence on zS or zD and where integrals are expressed via base integrals. Since the
expression above contains all possible combinations of TTT−terms, the first basis function does depend on the size
of the lead. The same is true for the other two basis functions which we present below.
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F. Second basis function (E(0)x + iE
(0)
y )

2

We follow the same steps as in the previous subsection to get the expression for the potential for the second basis
function:

Φ
(1)
ani(R) =

α+
σ̄
∫
Ω
d2R′ [( ∂

∂Z ′
GN(R,R′)) (σ(2)+ eiχ

(2)
+ +Ω2σ

(2)
−
e−iχ

(2)
− ) (E(0)x + iE(0)y )

2
+ c.c.] = (609)

= α+
σ̄
∫
Ω
d2R′ [(σ(2)

+
eiχ

(2)
+ +Ω2σ

(2)
−
e−iχ

(2)
− )( ∂

∂Z ′
GN(R,R′)) (E(0)x + iE(0)y )

2
+ c.c.] = (610)

= I2

2π3σ̄3 (1 − (∆σ
σ̄
)2)
∫
Ω
d2R′

⎡⎢⎢⎢⎢⎣
(σ(2)
+
eiχ

(2)
+ +Ω2σ

(2)
−
e−iχ

(2)
− )
⎛
⎝

∞

∑
n=0,2,4,...

T e(n, z,w′) +
∞

∑
n=1,3,5...

T o(n, z,w′)
⎞
⎠

(611)

⎛
⎝

∞

∑
n′=0,2,4,...

T̃ e(n′, zS)
Ω2

+
∞

∑
n′=1,3,5,...

T̃ o(n′, zS)
Ω2

+
∞

∑
n′=0,2,4,...

Ω2T e(n′, zS) +
∞

∑
n′=1,3,5,...

Ω2T o(n′, zS) − (S →D)
⎞
⎠

(612)

⎛
⎝

∞

∑
m=0,2,4,...

T̃ e(m,zS)
Ω2

+
∞

∑
m=1,3,5,...

T̃ o(m,zS)
Ω2

+
∞

∑
m=0,2,4,...

Ω2T e(m,zS) +
∞

∑
m=1,3,5,...

Ω2T o(m,zS) − (S →D)
⎞
⎠
+ c.c.

⎤⎥⎥⎥⎥⎦

This can be explicitly expanded:

Φ
(1)
ani(R) =

I2

2π3σ̄3 (1 − (∆σ
σ̄
)2)
∫
Ω
d2R′

⎡⎢⎢⎢⎢⎣
(σ(2)
+
eiχ

(2)
+ +Ω2σ

(2)
−
e−iχ

(2)
− )

∞

∑
n,n′,m

(T e(n, z,w′) + T o(n, z,w′)) (613)

( T̃
e(n′, zS)T̃ e(m,zS)

Ω4
+ T̃

e(n′, zS)T̃ o(m,zS)
Ω4

+ T̃ e(n′, zS)T e(m,zS) + T̃ e(n′, zS)T o(m,zS)+ (614)

+ T̃ o(n′, zS)T̃ e(m,zS)
Ω4

+ T̃
o(n′, zS)T̃ o(m,zS)

Ω4
+ T̃ o(n′, zS)T e(m,zS) + T̃ o(n′, zS)T o(m,zS)+ (615)

+ T e(n′, zS)T̃ e(m,zS) + T e(n′, zS)T̃ o(m,zS) +Ω4T e(n′, zS)T e(m,zS) +Ω4T e(n′, zS)T o(m,zS) (616)
+ T o(n′, zS)T̃ e(m,zS) + T o(n′, zS)T̃ o(m,zS) +Ω4T o(n′, zS)T e(m,zS) +Ω4T o(n′, zS)T o(m,zS))+ (617)
− (...)SD − (...)DS + (...)DD + c.c.] , (618)

and all constituent integrals of three T−terms were previously expressed via base integrals.

G. Third basis function (E(0)x )
2
+ (E

(0)
y )

2

Finally, we proceed to the third basis function:

Φ
(1)
ani(R) =

α+
σ̄
∫
Ω
d2R′ [( ∂

∂Z ′
GN(R,R′))σ(2)0 (eiχ

(2)
0 +Ω2e−iχ

(2)
0 )(E(0)x

2
+E(0)y

2
) + c.c.] = (619)

= α+σ
(2)
0

σ̄
∫
Ω
d2R′ [(eiχ

(2)
0 +Ω2e−iχ

(2)
0 )( ∂

∂Z ′
GN(R,R′))(E(0)x

2
+E(0)y

2
) + c.c.] = (620)

= σ
(2)
0 I2

2π3σ̄3 (1 − (∆σ
σ̄
)2)
∫
Ω
d2R′

⎡⎢⎢⎢⎢⎣
(eiχ

(2)
0 +Ω2e−iχ

(2)
0 )
⎛
⎝

∞

∑
n=0,2,4,...

T e(n, z,w′) +
∞

∑
n=1,3,5...

T o(n, z,w′)
⎞
⎠

(621)

⎛
⎝

∞

∑
n′=0,2,4,...

T e(n′, zS) +
∞

∑
n′=1,3,5,...

T o(n′, zS) +
∞

∑
n′=0,2,4,...

T̃ e(n′, zS) +
∞

∑
n′=1,3,5,...

T̃ o(n′, zS) − (S →D)
⎞
⎠

(622)

⎛
⎝

∞

∑
m=0,2,4,...

T̃ e(m,zS)
Ω2

+
∞

∑
m=1,3,5,...

T̃ o(m,zS)
Ω2

+
∞

∑
m=0,2,4,...

Ω2T e(m,zS) +
∞

∑
m=1,3,5,...

Ω2T o(m,zS) − (S →D)
⎞
⎠
+ c.c.

⎤⎥⎥⎥⎥⎦
,
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which can be explicitly expanded:

Φ
(1)
ani(R) =

σ
(2)
0 I2

2π3σ̄3 (1 − (∆σ
σ̄
)2)
∫
Ω
d2R′

⎡⎢⎢⎢⎢⎣
(eiχ

(2)
0 +Ω2e−iχ

(2)
0 )

∞

∑
n,n′,m

(T e(n, z,w′) + T o(n, z,w′)) (623)

(T
e(n′, zS)T̃ e(m,zS)

Ω2
+ T

e(n′, zS)T̃ o(m,zS)
Ω2

+Ω2T e(n′, zS)T e(m,zS) +Ω2T e(n′, zS)T o(m,zS)+ (624)

+ T o(n′, zS)T̃ e(m,zS)
Ω2

+ T
o(n′, zS)T̃ o(m,zS)

Ω2
+Ω2T o(n′, zS)T e(m,zS) +Ω2T o(n′, zS)T o(m,zS)+ (625)

+ T̃ e(n′, zS)T̃ e(m,zS)
Ω2

+ T̃
e(n′, zS)T̃ o(m,zS)

Ω2
+Ω2T̃ e(n′, zS)T e(m,zS) +Ω2T̃ e(n′, zS)T o(m,zS) (626)

+ T̃ o(n′, zS)T̃ e(m,zS)
Ω2

+ T̃
o(n′, zS)T̃ o(m,zS)

Ω2
+Ω2T̃ o(n′, zS)T e(m,zS) +Ω2T̃ o(n′, zS)T o(m,zS))+ (627)

− (...)SD − (...)DS + (...)DD + c.c.] , (628)

and all constituent integrals of three T−terms were expressed via base integrals previously.

H. Rewriting the first two basis functions to have only σ
(2)
− - and σ

(2)
+ -dependent terms

The first two basis functions mix components of the second-order conductivity tensor σ(2)
−

and σ
(2)
+

. It might be
more convenient to introduce functions that explicitly depend only on σ(2)

−
and and σ(2)

+
, because in such a notation

there is no mixing between terms corresponding to different components of the nonlinear conductivity tensor. The
third basis function depends only on σ(2)0 , therefore, it is already "self-generated".

We combine the components together to have expressions dependent only on σ(2)
−

Φ
(11)
ani (R) =

σ
(2)
−
I2

2π3σ̄3 (1 − (∆σ
σ̄
)2)
∫
Ω
d2R′

⎡⎢⎢⎢⎢⎣

∞

∑
n,n′,m

(T e(n, z,w′) + T o(n, z,w′))

((eiχ
(2)
− +Ω2e−iχ

(2)
− ) (T̃ e(n′, zS)T e(m,zS) + T̃ e(n′, zS)T o(m,zS) + T̃ o(n′, zS)T e(m,zS) + T̃ o(n′, zS)T o(m,zS)+

+ T e(n′, zS)T̃ e(m,zS) + T e(n′, zS)T̃ o(m,zS) + T o(n′, zS)T̃ e(m,zS) + T o(n′, zS)T̃ o(m,zS))+

+
⎛
⎝
⎛
⎝
eiχ

(2)
− + e

−iχ
(2)
−

Ω2

⎞
⎠
(T̃ e(n′, zS)T̃ e(m,zS) + T̃ e(n′, zS)T̃ o(m,zS) + T̃ o(n′, zS)T̃ e(m,zS) + T̃ o(n′, zS)T̃ o(m,zS))

⎞
⎠

+ (eiχ
(2)
− +Ω6e−iχ

(2)
− ) (T e(n′, zS)T e(m,zS) + T e(n′, zS)T o(m,zS) + T o(n′, zS)T e(m,zS) + T o(n′, zS)T o(m,zS)))+

− (...)SD − (...)DS + (...)DD + c.c.] ,

and σ(2)
+

:

Φ
(12)
ani (R) =

σ
(2)
+
I2

2π3σ̄3 (1 − (∆σ
σ̄
)2)
∫
Ω
d2R′

⎡⎢⎢⎢⎢⎣

∞

∑
n,n′,m

(T e(n, z,w′) + T o(n, z,w′))

((eiχ
(2)
+ +Ω2e−iχ

(2)
+ ) (T̃ e(n′, zS)T e(m,zS) + T̃ e(n′, zS)T o(m,zS) + T̃ o(n′, zS)T e(m,zS) + T̃ o(n′, zS)T o(m,zS)+

+ T e(n′, zS)T̃ e(m,zS) + T e(n′, zS)T̃ o(m,zS) + T o(n′, zS)T̃ e(m,zS) + T o(n′, zS)T̃ o(m,zS))+

+
⎛
⎝
⎛
⎝
eiχ

(2)
+

Ω4
+Ω2e−iχ

(2)
+

⎞
⎠
(T̃ e(n′, zS)T̃ e(m,zS) + T̃ e(n′, zS)T̃ o(m,zS) + T̃ o(n′, zS)T̃ e(m,zS) + T̃ o(n′, zS)T̃ o(m,zS))

⎞
⎠

+ (Ω4eiχ
(2)
+ +Ω2e−iχ

(2)
+ ) (T e(n′, zS)T e(m,zS) + T e(n′, zS)T o(m,zS) + T o(n′, zS)T e(m,zS) + T o(n′, zS)T o(m,zS)))+

− (...)SD − (...)DS + (...)DD + c.c.] ,
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The expression for σ(2)0 is already "self-generated" in the original form; we provide it here for completeness:

Φ
(13)
ani (R) =

σ
(2)
0 I2

2π3σ̄3 (1 − (∆σ
σ̄
)2)
∫
Ω
d2R′

⎡⎢⎢⎢⎢⎣
(eiχ

(2)
0 +Ω2e−iχ

(2)
0 )

∞

∑
n,n′,m

(T e(n, z,w′) + T o(n, z,w′))

(T
e(n′, zS)T̃ e(m,zS)

Ω2
+ T

e(n′, zS)T̃ o(m,zS)
Ω2

+Ω2T e(n′, zS)T e(m,zS) +Ω2T e(n′, zS)T o(m,zS)+

+ T o(n′, zS)T̃ e(m,zS)
Ω2

+ T
o(n′, zS)T̃ o(m,zS)

Ω2
+Ω2T o(n′, zS)T e(m,zS) +Ω2T o(n′, zS)T o(m,zS)+

+ T̃ e(n′, zS)T̃ e(m,zS)
Ω2

+ T̃
e(n′, zS)T̃ o(m,zS)

Ω2
+Ω2T̃ e(n′, zS)T e(m,zS) +Ω2T̃ e(n′, zS)T o(m,zS)

+ T̃ o(n′, zS)T̃ e(m,zS)
Ω2

+ T̃
o(n′, zS)T̃ o(m,zS)

Ω2
+Ω2T̃ o(n′, zS)T e(m,zS) +Ω2T̃ o(n′, zS)T o(m,zS))+

− (...)SD − (...)DS + (...)DD + c.c.] .

I. A comment on the structure of the basis functions

The structures of the basis functions presented in the previous subsection are exceptionally similar. It appears that
the basis functions can be made identical for certain Ω, however, this is true only for Ω = 1, so the functions are always
distinct. To get identical basis functions for all three terms we need to require

(eiχ
(2)
− +Ω2e−iχ

(2)
− ) = (eiχ

(2)
+ +Ω2e−iχ

(2)
+ ) , (629)

⎛
⎝
eiχ

(2)
− + e

−iχ
(2)
−

Ω2

⎞
⎠
=
⎛
⎝
eiχ

(2)
+

Ω4
+Ω2e−iχ

(2)
+

⎞
⎠
, (630)

(eiχ
(2)
− +Ω6e−iχ

(2)
− ) = (Ω4eiχ

(2)
+ +Ω2e−iχ

(2)
+ ) . (631)

For simplicity first consider χ(2)
−
= χ(2)

+
= χ(2)0 = 0. Then the first line is always trivially satisfied and we have

1 +Ω2 = 1 +Ω2, (632)

1 + 1

Ω2
= 1

Ω4
+Ω2, (633)

1 +Ω6 = Ω4 +Ω2, (634)

where the last two lines give exactly the same condition

1 +Ω6 = Ω4 +Ω2, (635)

which is satisfied only for Ω = 1.
For the case of generic phases χ(2)

−
, χ
(2)
+
, χ
(2)
0 we have

(eiχ
(2)
− +Ω2e−iχ

(2)
− ) = (eiχ

(2)
+ +Ω2e−iχ

(2)
+ ) , (636)

(Ω4eiχ
(2)
− +Ω2e−iχ

(2)
− ) = (eiχ

(2)
+ +Ω6e−iχ

(2)
+ ) , (637)

(eiχ
(2)
− +Ω6e−iχ

(2)
− ) = (Ω4eiχ

(2)
+ +Ω2e−iχ

(2)
+ ) . (638)

If χ(2)
−
= χ(2)

+
, then the system can be satisfied only for Ω = 1. For generic phases the first equation requires

cosχ
(2)
−
= cosχ(2)

+
; sinχ

(2)
−
= sinχ(2)

+
,

which means that the phases have to be identical.
It turns out, though, that the shapes and magnitudes of basis functions look quite similar for Ω > 0.5 as is shown in

Fig. 10 by a direct calculation and comparison with finite element numerical solution. Therefore, for large anisotropy
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it might be not that easy to extract the tensor. However, we still can figure out what one in principle can extract from
the data even if all three basis functions look almost the same (indistinguishable within the accuracy of experimental
data). To do that consider the case with Ω→ 1 and χ(2)

−
= χ(2)

+
= χ(2)0 = 0. Then all three basis functions are identical

and their sum is governed by the prefactor σ(2)
−
+σ(2)
+
+σ(2)0 , hence, we can only extract the value of this sum from the

fitting procedure. We can relate the sum of these three coefficients to the components of the nonlinear conductivity
tensor written in coordinate basis using the relations

σ
(2)
−
= c13 − c21

2
,

σ
(2)
+
= c13 + c21

2
,

σ
(2)
0 = c10.

(639)

with nonlinear tensor in the coordinate basis written as

σ̃αµν = cα0 τ0 + cα1 τ1 + cα3 τ3.

Then

σ
(2)
−
+ σ(2)
+
+ σ(2)0 = c13 − c21

2
+ c13 + c21

2
+ c10 = c13 + c10, (640)

which means that we can only access σ̃xxx component of the nonlinear conductivity tensor from experimentally mea-
sured data. Now let us generalize this result for arbitrary phases. In that case the equations read

σ
(2)
−
eiχ

(2)
− + σ(2)

+
eiχ

(2)
+ + σ(2)0 eiχ

(2)
0 = c10 + c13 + ic20 + ic23 (641)

σ
(2)
−
eiχ

(2)
− + σ(2)

+
eiχ

(2)
+ − σ(2)0 eiχ

(2)
0 = c13 − c10 + ic23 − ic20 (642)

σ
(2)
−
eiχ

(2)
− − σ(2)

+
eiχ

(2)
+ = −c21 + ic11, (643)

while the prefactor in front of the sum of basis functions is

σ
(2)
−
(eiχ

(2)
− + e−iχ

(2)
− ) + σ(2)

+
(eiχ

(2)
+ + e−iχ

(2)
+ ) + σ(2)0 (eiχ

(2)
0 + e−iχ

(2)
0 ) , (644)

which can be rewritten in coordinate notation as

σ
(2)
−
(eiχ

(2)
− + e−iχ

(2)
− ) + σ(2)

+
(eiχ

(2)
+ + e−iχ

(2)
+ ) + σ(2)0 (eiχ

(2)
0 + e−iχ

(2)
0 ) = (σ(2)

−
eiχ

(2)
− + σ(2)

+
eiχ

(2)
+ + σ(2)0 eiχ

(2)
0 ) + c.c. =

= (c10 + c13 + ic20 + ic23) + c.c. = 2 (c10 + c13) , (645)

which is again the same component σ̃xxx.
Our result shouldn’t be surprising as the limit of Ω = 1 is similar to the limit of a completely 1D system (an array of

uncoupled wires): injected electrons don’t scatter between the wires, therefore, if they have x−direction they cannot
contribute to y−direction conductivity tensor because they are not deflected in the absence of scattering between the
decoupled wires. Then this means that the basis functions become indistinguishable from each other and this prevents
the tensor from getting extracted.

XI. COMPARISON OF AN ANALYTICAL SOLUTION WITH THE NUMERICAL SOLUTION VIA
FINITE ELEMENT METHOD

To check our analytical calculations we performed Finite Element Method (FEM) simulations of the nonlinear
Ohm’s law in the disk geometry using Neumann boundary conditions, fixed finite width of source and drain. To work
in the quadratic in current regime we set the magnitude of the injected current to be small. The setup of the finite
element analysis and the comparison with the analytical solution is shown in Fig. 10. We see that for all configurations
the agreement between the two methods is nearly perfect.
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Figure 10. Comparison of analytical solution and numerical solution via Finite Element Method (FEM) for
different measurement configurations, basis functions, and values of linear conductivity tensor anisotropy. The
horizontal axis is ϕR defined as in Fig. 9. First three rows are plotted for zero linear anisotropy. For all rows except the last
one χ

(2)
− = χ

(2)
+ = χ

(2)
0 = 0, for the last row χ

(2)
− = χ

(2)
+ = χ

(2)
0 = 1. For all calculations we set the overall prefactor that depends on

I, σ,σ(2), and disk radius a to be 1 and we used the angular width of the contact λ = π
30

. We see that the agreement between
analytical and numerical results is perfect for every case. Note that for large anisotropy (0.8) the basis functions become hardly
distinguishable.
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XII. FITTING PROTOCOL AND ERROR ESTIMATION

Proper extraction of the nonlinear conductivity tensor in the disk geometry requires the knowledge of the linear
conductivity tensor. Therefore, the first step is to analyze the linear transport data and extract the linear conductivity
out of it. This procedure follows [26, 29]; we present it here for readers’ convenience.

As was shown in [26], in the case of a linear conductivity tensor being anisotropic with higher resistivity axis being
along the x coordinate axis and with nonzero Hall component σH , the linear potential is given by

Φ
(0)
ani(R) =

I

π

√
σ+σ−

σ+σ− + σ2
H

⎛
⎜⎜
⎝

∞

∑
n=0,2,4,...

ln
∣1 +Ω4n+2e−2iθD −Ω2n Z

α+
e−iθD ∣

2

∣1 +Ω4n+2e−2iθS −Ω2n Z
α+
e−iθS ∣

2
+

∞

∑
n=1,3,5,...

ln
∣1 +Ω4n+2e2iθD −Ω2n Z

α+
eiθD ∣

2

∣1 +Ω4n+2e2iθS −Ω2n Z
α+
eiθS ∣

2

⎞
⎟⎟
⎠

+ I
π

σH
σ+σ− + σ2

H

⎛
⎝

∞

∑
n=0,2,4,...

[arg (1 + e−2iθDΩ2+4n − e−iθD Z

α+
Ω2n) − arg (1 + e−2iθSΩ2+4n − e−iθS Z

α+
Ω2n)]

+
∞

∑
n=1,3,5,...

[arg (1 + e2iθDΩ2+4n − eiθD Z

α+
Ω2n) − arg (1 + e2iθSΩ2+4n − eiθS Z

α+
Ω2n)]

⎞
⎠
, (646)

where σ+,− = k0 ± k3 = σ̄ ±∆σ, σH = k2 – is the linear Hall conductivity in the coordinate representation of the linear
conductivity tensor, Z = X + iY = x/

√
1 +∆σ/σ̄ + iy/

√
1 −∆σ/σ̄, where x, y – are coordinates of the point at which

the linear potential is measured. Without loss of generality it is assumed that ∆σ/σ̄ < 0. Parameter α+ is defined as
α+ = a

2
(1/
√
1 +∆σ/σ̄ + 1/

√
1 −∆σ/σ̄). Finally, we remind the reader that

Ω =

¿
ÁÁÁÁÀ

√
1 − ∆σ

σ̄
−
√

1 + ∆σ
σ̄√

1 − ∆σ
σ̄
+
√

1 + ∆σ
σ̄

.

To fit the four-terminal linear transport measurement data, we modify Eq. (646) to take 4 inputs: ϕS , ϕD, ϕA, ϕB
and fit for 4 parameters α, σ̄,∆σ, and σH . Each of ϕS , ϕD, ϕA, ϕB is the angle of contacts used for that particular
configuration, relative to the lab frame (note that the contacts are always on the circumference of the disk). Because
the principle axis of the linear conductivity tensor does not necessarily align with the “x coordinate” of the lab, an
extra parameter α, is introduced to compensate for the rotational mismatch between the principle axis and the x
coordinate through a coordinate transformation: ϕS , ϕD, ϕA, ϕB into ϕS −α,ϕD −α,ϕA −α,ϕB −α. In other words, α
defines the orientation of the principle axis in the lab frame. ϕS , ϕD, ϕA, ϕB , together with α, ensure Eq. (646) can
be applied to calculate the expected linear potential difference V 1ω

0 of a given configuration and linear conductivity
matrix. By varying ϕS , ϕD, ϕA, ϕB , we can create an array of expected values for different measurement configurations,
denoted as V⃗ 1w

0 . Compare this expected value against the measured voltage using the same set of configurations, we
define the loss function:

L = (V⃗ 1w
0 − V⃗ 1w

M ) ⋅ (V⃗ 1w
0 − V⃗ 1w

M ), (647)

where V⃗ 1w
M denotes the array of measured voltages. Minimizing this loss function is essentially a least square fit

over the 4 fitting parameters α, σ̄,∆σ, and σH , and hence the linear conductivity tensor is extracted (see Fig. 3 for
examples).

The above protocol describes the main logic of linear conductivity extraction for an ideal sample where contacts
are all point-like. Below we discuss briefly the complexation from the finite width of the real sample contacts to
the fitting and error estimation. Realistically, when performing the fitting, we adapt the generalized version of Eq.
(646) (see [26]), which is essentially summing over a range of point-like source drain pairs (±9○ degree around the
ideal source drain locations for our sample), with each pair carries a fraction of the total current. In this way, (646)
is essentially updated to handle finite width source drain contacts. After the fit, we then handle the error from A-B
contacts having finite width. We calculate the expected voltages of VA+9○,B+9○ , VA+9○,B−9○ , VA−9○,B+9○ , VA−9○,B−9○ and
use the largest and smallest values among them to be the upper and lower bound of the error bar (gray shades in
Fig. 3 a,b,d,e,g,h).

To fit the nonlinear transport data we devised the following fitting protocol. Every measurement configuration
provides a particular value of the potential difference VAB . The result of all measurements can be cast into the form
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of a vector m of length N . There are two such vectors: one for linear signal, and one for nonlinear. One first analyzes
the linear signal using the solution from [26] in the way it was done in [29]. The analysis of linear signal allows to
determine what is the degree of linear tensor anisotropy (if any) and the direction of the anisotropy axis with respect
to a chosen reference frame.

The next step is to analyze the nonlinear data. In contrast to the case of linear signal the fit here is linear due to
basis functions forming a linear combination. The goal of fitting is to extract 6 independent components of nonlinear
conductivity tensor from the data vectorm. Mathematically, one can pose this problem as a system of linear equations:

m⃗ = Â ⋅ c⃗, (648)

where m⃗ – is the vector of experimental data containing n data points, c⃗ - is the vector of length 6 which depends
on the components of nonlinear conductivity tensor, and Â – is the n × 6 matrix which contains values of nonlinear
potential for a given configuration. i-th column of matrix Â contains 6 numbers; this numbers are the theoretical
values of nonlinear electrostatic potential for a given component of the nonlinear tensor in a given (i-th) measurement
configuration. The vector c⃗ can be straightforwardly found:

c⃗ = (ÂT Â)−1 ÂT ⋅ m⃗. (649)

In the case of perfect data (no noise) this system is overcomplete as we use n points to extract 6 parameters. In the
noisy case Eq. (649) is an exact analog of the linear least squares fit.

An explicit implementation of matrix A depends on the results of a linear fit. For non-vanishing linear anisotropy
one first needs to make sure that the experimental data is expressed in the reference frame aligned with principal
axis (x−axis is along the higher resistance direction). After that one generates matrix Â using the anisotropic basis
functions with ∆σ/σ̄ extracted from the linear fit. In a simpler case of vanishing (small) linear anisotropy one doesn’t
need to adjust the reference frame of data vector.

The variation of vector of fitted parameters c⃗ can be estimated using the standard formula for linear regression
since Eq. (649) is mathematically equivalent to linear least squares fit:

var(cj) ≃
S

n − 6 [
(ÂT Â)−1]

jj
, (650)

where j = 1..6 labels fitted parameters, n – is the number of measurements being fitted, and S – is the residual sum
of squares (RSS) given by

S = e⃗ ⋅ e⃗

with

e⃗ = m⃗ − Â (ÂT Â)−1 ÂT ⋅ m⃗.

It is convenient to define a vector of parameters as

c⃗ = (σ(2)
−

cosχ
(2)
−
, σ
(2)
−

sinχ
(2)
−
, σ
(2)
+

cosχ
(2)
+
, σ
(2)
+

sinχ
(2)
+
, σ
(2)
0 cosχ

(2)
0 , σ

(2)
0 sinχ

(2)
0 ) . (651)

Then, the uncertainty of any function of these parameters can be estimated in the usual way:

δF (c⃗) =

¿
ÁÁÁÀ

6

∑
j=1

(∂F
∂cj

δcj)
2

, (652)

where δcj =
√
var(cj).

The protocol of nonlinear signal fitting doesn’t incorporate the uncertainty of the extracted value of linear con-
ductivity σ. In general, an identification of the linear conductivity uncertainty is not an easy task as it comes out
as a result of a nonlinear regression fitting procedure. In our case, linear conductivity is isotropic to a good level of
accuracy, therefore, to the leading order we need to estimate the uncertainty of the isotropic component of the linear
conductivity tensor. To do so we consider parallel left and parallel right measurement configurations and calculate
RSS for them. This then, for a given value of injected current and assuming perfectly isotropic linear conductivity in
(646), allows us to estimate the uncertainty of the linear conductivity magnitude extraction.
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XIII. ONSAGER RELATIONS FOR LINEAR CONDUCTIVITY

In this section we prove the Onsager relation for linear conductivity for a generic system with spin-orbit coupling
and in the presence of a generic set of time-reversal symmetry breaking perturbations (∆e

i ,∆
o
j), where ∆e

i are even
under time reversal and ∆o

j are odd. These perturbations can be either external or internal, due to the mean fields
which develop via a spontaneous symmetry breaking. For brevity we introduce

B = (∆e
i ,∆

o
j), B̃ = (∆e

i ,−∆o
j).

The Hamiltonian of the system H(∆e
i ,∆

o
j )

transforms under time reversal as

H(∆e
i ,∆

o
j )
= SyH∗(∆e

i ,−∆
o
j )
Sy ⇔ H∗

(∆e
i ,∆

o
j )
= SyH(∆e

i ,−∆
o
j )
Sy, (653)

or in brief notation

HB = SyH∗B̃Sy ⇔ H∗B = SyHB̃Sy, (654)

where

Sy =
N

∏
j′=1

syj′

and syj′ are Pauli matrices acting in spin space of j′−th particle.
Within the standard first order perturbation theory an expectation value of a quantum-mechanical operator reads

⟨O2⟩(t) = −
i

h̵
∫

t

−∞

dt′est
′

Tr (ρ̂B [O(HB)

2 (t),O(HB)

1 (t′)]) , (655)

where the factor est
′

assures that the perturbation has been turned on slowly in the distant past, ρ̂B – is the density
matrix which, along with time-evolved operators, satisfies

O(HB)

j (t) = e i
h̵HBtOj(t)e−

i
h̵HBt (656)

ρ̂B =
e−βHB

Tr (e−βHB) . (657)

Note, that the time dependence of O(HB)

j (t) comes from both the quantum-mechanical evolution operator and from
an explicit time dependence of the external perturbation Oj(t). For the electrical current response, we perturb the
system with an electric field E(t) and measure the electrical current, therefore

O1(t) = eEν(t)
N

∑
j=1

rνj (658)

O2 = −eJµ(r), (659)

where the electron charge is −e, N – is the number of charges in the system, rνj – are position operators for those
charges, and Jµ(r) – is the number current density operator so that O2 is the charge current density operator.

Employing the identity

ρ̂B ∫
β

0
dλeλHB [O(HB)

1 (t′),HB] e−λHB = −ρ̂B ∫
β

0
dλ

d

dλ
(eλHBO(HB)

1 (t′)e−λHB) = [ρ̂B ,O(HB)

1 (t′)] (660)

and the cyclic property of the trace

Tr (A[B,C]) = Tr (ABC −ACB) = Tr (CAB −ACB) = Tr ([C,A]B) (661)
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we obtain

⟨O2⟩(t) = −
i

h̵
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t

−∞
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(662)

The Heisenberg equations of motion allow us to express the commutator via the number density operator:

[O(HB)

1 (t),HB] = ih̵eEν(t)
N

∑
j=1

ṙνj (t) =

= ih̵eEν(t)∫ d2r
N

∑
j=1

ṙνj (t)δ(r − rj(t)) = ih̵eEν(t)∫ d2r′J(HB)

ν (r′, t).
(663)

Using definitions of O1,O2 and the expression for the commutator after some algebra we obtain

⟨−eJµ(r)⟩(t) = e2 ∫ d2r′ ∫
β

0
dλ∫

t

−∞

dt′est
′

Tr (ρ̂BeλHBJ(HB)
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i
h̵HBtJµ(r)e−

i
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= e2 ∫ d2r′ ∫
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Tr (ρ̂BeλHBJν(r′)e−λHBe
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′
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i
h̵HB(t−t

′
))Eν(t′). (665)

Alternatively, we can rewrite the expression above as

⟨−eJµ(r)⟩(t) = e2 ∫ d2r′ ∫
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′
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Tr (ρ̂Beλ
′HBJµ(r)e−λ

′HBe−
i
h̵HB(t−t

′
)Jν(r′)e

i
h̵HB(t−t

′
))Eν(t′). (666)

In order to relate the expression (665) to the expression (666) we note that ⟨−eJµ(r)⟩(t) is real since it is an expectation
value of a Hermitian operator in a time evolved state (it has to be real order by order in perturbation theory).
Therefore, Eq. (665) satisfies

e2 ∫ d2r′ ∫
β

0
dλ∫

t

−∞

dt′est
′

Tr (ρ̂BeλHBJν(r′)e−λHBe
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′
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= e2 ∫ d2r′ ∫
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dλ∫

t

−∞

dt′est
′

Tr (ρ̂∗BeλH
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′
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Using properties of the Hamiltonian transformation under time reversal Eq. (654) on Eq. (668) we then have

e2 ∫ d2r′ ∫
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Integrating over all r to get the total current, using the fact that the electrical current operator is odd under the time
reversal symmetry SyJ∗µ(r)Sy = −Jµ(r), and noting that the above equality holds for any Eν(t′), we find

σµν(t − t′,B) = σνµ(t − t′, B̃).

Fourier transforming in time gives the Onsager relation

σµν(ω,B) = σνµ(ω, B̃) (670)

or explicitly expressing via (∆e
i ,∆

o
j):

σµν(ω,∆e
i ,∆

o
j) = σνµ(ω,∆e

i ,−∆o
j). (671)

XIV. CONTRIBUTIONS TO NONLINEAR CONDUCTIVITY TENSOR DUE TO VARIOUS
MECHANISMS

Nonlinear conductivity can be generated by various microscopic mechanisms. They can be split in two generic
groups: intrinsic and extrinsic. Intrinsic contributions come from the systems itself either due to specific properties
of the ground state, symmetries, topology and quantum geometry of the system. Extrinsic contributions are coming
from effects of disorder. In this section we review various contributions to nonlinear conductivity tensor obtained in
the relaxation time approximation.

A. Intrinsic contribution: second-order Drude contribution

We employ Boltzmann kinetic equation in the relaxation time approximation to calculate components of the nonlin-
ear conductivity tensor. Nonlinear conductivity in this approach is calculated via expanding the distribution function
n up to second order in electric field:

f = f0 + f1 + f2,

where f0 = nF – is the Fermi function (equilibrium distribution function), f1 ∼ E, and f2 ∼ E2. The validity of
perturbative expression is controlled by the smallness of electric field E. In our case (the actual experimental setup)
the field scales with injected current I which is small, therefore, such an expansion is justified. We also assume that
scattering time can be momentum dependent.

Boltzmann kinetic equation in relaxation time approximation in the presence of electric field reads

k̇
∂f

∂k
= −f − f0

τ (k) , (672)

where h̵k̇ = qE with q being the charge of carriers, and τ (k) is the relaxation time. We now solve the equation
perturbatively in powers of E. Adding linear in E distribution function correction yields

qE

h̵

∂f0
∂k
= −f0 + f1 − f0

τ (k) = − f1
τ (k) , (673)

hence

f1 = −
qτ (k)Eν

h̵

∂f0
∂kν
= −qτ (k)Eν

h̵

∂ϵ

∂kν

∂f0
∂ϵ

, (674)

where ϵ = ϵ(k) – is the quasiparticle dispersion. Now we use the solution for f1 to calculate the second-order correction
to the distribution function by plugging it into the Boltzmann equation

qE

h̵

∂f1
∂k
= − f2

τ (k) , (675)

and obtaining

f2 = −
qτ (k)Eµ

h̵

∂f1
∂kµ

= q
2τ (k)EµEν

h̵2
∂

∂kµ
(τ (k) ∂f0

∂kν
) . (676)
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Electric current is given by the relation between the carriers’ velocity and the distribution function:

jα = q∫
d2k

(2π)2 vα (f1 + f2) = −
q2Eν

h̵2
∫

d2k

(2π)2 τ (k) (
∂ϵ

∂kα
)( ∂ϵ

∂kν
)(∂f0

∂ϵ
)+

+q
3EµEν

h̵3
∫

d2k

(2π)2 (
∂ϵ

∂kα
)[τ (k)(∂τ (k)

∂kµ
)( ∂f0

∂kν
) + τ2 (k)( ∂2f0

∂kµ∂kν
)] .

(677)

Then linear and nonlinear conductivity tensors are defined as σ and σ̃ correspondingly:

σαν = −
q2

h̵2
∫

d2k

(2π)2 τ (k) (
∂ϵ

∂kα
)( ∂ϵ

∂kν
)(∂f0

∂ϵ
) ,

σ̃αµν = −
q3

h̵3
∫

d2k

(2π)2 [(
∂2ϵ

∂kµ∂kα
) τ2 (k) + ( ∂ϵ

∂kα
) τ (k)(∂τ (k)

∂kµ
)]( ∂ϵ

∂kν
)(∂f0

∂ϵ
) ,

(678)

where for σ̃ we applied integration by parts to get rid of the term that contains second derivative of f0. The expressions
above correspond only to Drude contributions to linear and nonlinear conductivity tensors.

B. Intrinsic contribution: Berry curvature dipole

In 2D systems with Berry curvature and broken rotational symmetry there is another contribution to nonlinear
conductivity. Such contribution comes from the Berry curvature dipole (BCD) and doesn’t require time reversal (TR)
symmetry breaking to be present. In DC limit, BCD-induced nonlinear conductivity tensor contains just the nonlinear
Hall contribution given by [5]

Ca = Da =
e3τ

2
∫

d2k

(2π)2 f0
∂Ω(k)
∂ka

, (679)

where Ω(k) – is the Berry curvature and f0 – is the equilibrium distribution function, while A,B-vector contributions
are 0. The largest symmetry for the system to exhibit BCD is a single mirror axis. Importantly, BCD is present for
both TR-preserving and TR-breaking setups.

C. Intrinsic contribution: quantum geometry

Another intrinsic contribution to nonlinear conductivity tensor stems from nontrivial quantum geometry of the
system which is imprinted in quantum geometric tensor. Such contribution to nonlinear conductivity requires time
reversal (TR) symmetry to be broken and can contain both dissipative and non-dissipative contributions. There are
several slightly different expressions presented in literature and we show them all here for completeness.

In Ref. [21] the nonlinear Hall contribution stemming from quantum geometry is given by

σ̃NH
αµν =

e3

h̵
∫

d2k

(2π)2 (vαGµν − vµGαν)
∂f0
∂ϵ

, (680)

where

Gij = 2Re∑
n≠0

(Vi)0n (Vj)0n
(ϵ0 − ϵn)3

, (681)

(Vl)nm = ⟨n∣ vl ∣m⟩ , (682)

and vl = ∂ϵ0
∂kl

.
In Ref. [23] nonlinear conductivity tensor induced by quantum geometry is split into two parts. The non-dissipative

part (dubbed "Purely Hall") is given by (using electron charge being −e)

σ̃PH
αµν = −

e3

h̵
∑
m,p
∫

d2k

(2π)2 f
(m)
0

⎡⎢⎢⎢⎢⎣
2
∂G
(mp)
µν

∂kα
−
⎛
⎝
∂G
(mp)
αν

∂kµ
+ ∂G

(mp)
αµ

∂kν

⎞
⎠

⎤⎥⎥⎥⎥⎦
(683)
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with f (m)0 being an equiligrium distribution function for band m, while dissipative part (dubbed "Purely Dissipative")
reads

σ̃PD
αµν =

e3

h̵
∑
m,p
∫

d2k

(2π)2 f
(m)
0

⎡⎢⎢⎢⎢⎣

∂G
(mp)
µν

∂kα
+ ∂G

(mp)
αν

∂kµ
+ ∂G

(mp)
αµ

∂kν

⎤⎥⎥⎥⎥⎦
, (684)

so that the full quantum geometry-induced nonlinear conductivity tensor reads

σ̃QG
αµν = −

e3

h̵
∑
m,p
∫

d2k

(2π)2 f
(m)
0

⎡⎢⎢⎢⎢⎣

∂G
(mp)
µν

∂kα
− 2
⎛
⎝
∂G
(mp)
αν

∂kµ
+ ∂G

(mp)
αµ

∂kν

⎞
⎠

⎤⎥⎥⎥⎥⎦
. (685)

Here

G(mp)
αµ = −

⟨up(k)∣∂kαum(k)⟩⟨um(k)∣∂kµup(k)⟩ + ⟨up(k)∣∂kµum(k)⟩⟨um(k)∣∂kαup(k)⟩
2 (ϵm − ϵp)

, (686)

with m,p being band indices. Note, that this expression is 1
2

of the G given in Eq. (681) and that for a single band
at the Fermi level the double sum is reduced to a single sum.

Finally, in Ref. [14] the full quantum geometry-induced nonlinear conductivity tensor is given by

σ̃αµν = −
e3

h̵
∑
n
∫

d2k

(2π)2 f
(n)
0

⎡⎢⎢⎢⎢⎣
2
∂G
(n)
µν

∂kα
− 1

2

⎛
⎝
∂G
(n)
να

∂kµ
+ ∂G

(n)
µα

∂kν

⎞
⎠

⎤⎥⎥⎥⎥⎦
, (687)

and G follows the definition without 1
2

factor

G(n)αµ = −∑
p

⟨up(k)∣∂kαun(k)⟩⟨un(k)∣∂kµup(k)⟩ + ⟨up(k)∣∂kµun(k)⟩⟨un(k)∣∂kαup(k)⟩
ϵn − ϵp

, (688)

D. Extrinsic contribution: side jumps

External contributions come from scattering of quasiparticles off impurities. For weak impurity scattering the
symmetric part of the transition probability reads

wS
pp′ =

2π

h̵
nimpV

2
0 ∣⟨u(p)∣u(p′)⟩∣

2
δ (ϵ (p) − ϵ (p′)) , (689)

where nimp – is the concentration of impurities and V0 – is the zero-momentum Fourier component of the disorder
potential. It defines the scattering (relaxation) time

1

τ
= ∫

d2p′

(2π)2w
S
pp′ (1 − cos θpp′) . (690)

Assuming momentum independence of wS
pp′ one can obtain momentum-independent relaxation time. The coordinate

shift associated with a side-jump – a transverse displacement of the center of the scattering quasiparticle – is given
by

δr (p,p′) = i⟨u(p)∣∂pu(p)⟩ − i⟨u(p′)∣∂p′u(p′)⟩ − (∂p + ∂p′)arg⟨u(p)∣u(p′)⟩. (691)

Such a coordinate shift results in an energy shift that modifies the scattering rate of quasiparticles. For a generic 2×2
Hamiltonian of the form H(p) = d0(p) + d(p) ⋅σσσ the coordinate shift can be expressed as [11]

(δr (p,p′))a = ±
(∂d̂(p)

∂pa
+ ∂d̂(p′)

∂p′a
) ⋅ (d̂(p) × d̂(p′))

2 (1 + d̂(p) ⋅ d̂(p′))
, (692)

where ± specifies conduction or valence band and d̂(p) = d(p)/ ∣d(p)∣. To describe the side jump contribution it is
convenient to introduce the side-jump accumulation velocity [11]

vsj (p) = ∫
d2p

(2π)2w
S (p,p′) δr (p′,p) δ (ϵ (p) − ϵ (p′)) . (693)
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The side jump contribution to nonlinear conductivity tensor for momentum-independent relaxation time then is given
by

σ̃αµν =
e3τ2

h̵
∫

d2k

(2π)2 [−2vν
∂vsjα
∂kµ

+ vν
∂vsjµ

∂kα
+ vsjµ

∂vα
∂kν
+ vsjν

∂vα
∂kµ
+ vµ

∂vsjν
∂kα
] ∂f0
∂ϵ

, (694)

where the first term corresponds to the accumulation part and the last four – to the anomalous distribution.

E. Extrinsic contribution: skew scattering

External contributions come from scattering of quasiparticles off impurities. Skew scattering accounts for the
antisymmetric part of the scattering rate, which appears due to the internal chirality of charge carriers associated
with, e.g., opposite signs of Berry curvature in systems with broken inversion symmetry. Antisymmetric transition
probability appears in the third order expansion in impurity potential strength

wA
pp′ = −

(2π)2
h̵

nimpV
3
0 δ (ϵ (p) − ϵ (p′))∫

d2p′′

(2π)2 δ (ϵ (p) − ϵ (p
′′)) Im [⟨u(p)∣u(p′)⟩⟨u(p′)∣u(p′′)⟨u(p′′)∣u(p)⟩⟩] .

(695)
For convenience one can introduce the "skew acceleration"

Ask
p = ∫

d2p′

(2π)2w
A
pp′ (

∂ϵ(p)
∂p

− ∂ϵ(p
′)

∂p′
) . (696)

Then the skew scattering contribution to nonlinear conductivity tensor reads [11]

σ̃αµν =
e3τ3

2h̵2
∫

d2p

(2π)2 [2(
∂Ask

µ

∂kα
− ∂A

sk
α

∂kµ
) vν − (Ask

α

∂vµ

∂kν
−Ask

µ

∂vα
∂kν
)] ∂f0

∂ϵ
. (697)

XV. SYMMETRIES OF THE NON-LINEAR CONDUCTIVITY: NONLINEAR BOLTZMANN (DRUDE)
CONTRIBUTION AND THE HIERARCHY BETWEEN THE A,B,C

Second-order Drude conductivity tensor to nonlinear conductivity tensor in the (momentum-independent) relaxation
time approximation has some interesting symmetry properties. This allows us to establish a hierarchy of different
terms constituting nonlinear conductivity tensor σ̃. In this section we show how these symmetry properties can be
discovered.

For our purposes it is convenient to employ the version Eq. 12a of [14], which expresses the nonlinear Boltzmann
(Drude) contribution to conductivity as

σ̃abc = −
e3τ2

h̵3
∑
n
∫

d2k

(2π)2 f(ϵn(k,∆))
∂

∂ka

∂

∂kb

∂

∂kc
ϵn(k,∆). (698)

This expression is equivalent to the expression we derived earlier upon the integration by parts is applied to the integral.
Let us now rewrite the expression for nonlinear current with conductivity given by Eq. (698). Let k = kx + iky and
k̄ = kx − iky. Introducing complex derivatives

∂

∂kx
+ i ∂
∂ky
= 2 ∂

∂k̄
and

∂

∂kx
− i ∂
∂ky
= 2 ∂

∂k

and after some algebraic manipulations we obtain an expression for nonlinear current in the complex representation

jx + ijy = (−2
e3τ2

h̵3
∑
n
∫

d2k

(2π)2 f(ϵn(k,∆))
∂

∂k̄

∂

∂k̄

∂

∂k̄
ϵn(k,∆)) (Ex − iEy)2 (699)

+ (−2e
3τ2

h̵3
∑
n
∫

d2k

(2π)2 f(ϵn(k,∆))
∂

∂k̄

∂

∂k

∂

∂k
ϵn(k,∆)) (Ex + iEy)2 (700)

+ 2(−2e
3τ2

h̵3
∑
n
∫

d2k

(2π)2 f(ϵn(k,∆))
∂

∂k̄

∂

∂k̄

∂

∂k
ϵn(k,∆)) (E2

x +E2
y) , (701)
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where we collected together terms with different rotational symmetry properties. Explicit expressions for Ξ
(2)
−,+,0 then

read

Ξ
(2)
−
= −2e

3τ2

h̵3
∑
n
∫

d2k

(2π)2 f(ϵn(k,∆))
∂

∂k̄

∂

∂k̄

∂

∂k̄
ϵn(k,∆)

Ξ
(2)
+
= −2e

3τ2

h̵3
∑
n
∫

d2k

(2π)2 f(ϵn(k,∆))
∂

∂k̄

∂

∂k

∂

∂k
ϵn(k,∆)

Ξ
(2)
0 = −4e

3τ2

h̵3
∑
n
∫

d2k

(2π)2 f(ϵn(k,∆))
∂

∂k̄

∂

∂k̄

∂

∂k
ϵn(k,∆).

(702)

Note, that the integrands for 1-fold terms Ξ(2)
+,0 are complex conjugated of each other since electron dispersion ϵn(k,∆)

is a real function. This indicates that the second order Drude contributions to Ξ
(2)
+,0 will experience a mirror axis as

argΞ
(2)
+
= −argΞ(2)0 . The real physical mirror axis, however, should be the same for all three Ξ(2) coefficients, which is

not guaranteed by Eq. (702). In addition to that, we notice that ∣Ξ(2)
+
∣ = 1

2
∣Ξ(2)0 ∣. Without loss of generality we can

then rotate our reference frame to the mirror axis for which argΞ
(2)
+
= argΞ(2)0 = 0, i.e., Ξ(2)

+,0 = σ
(2)
+,0 is completely real.

In such case we immediately obtain that

B ⋅ C = 0,
∣B∣ = 3 ∣C∣ , (703)

which closely resembles the structure of nonlinear conductivity tensor extracted from the experimental data provided
the 3-fold contribution is at least an order of magnitude smaller. Note however, that one needs to ensure that boundary
terms are properly incorporated while integrating by parts as these terms may provide a distinct contribution and
the relations between ∣B∣ and ∣C∣ and between phases argΞ

(2)
+
,argΞ

(2)
0 will become only approximate.

Eq. (702) has also some important implications for time reversal and rotational symmetries. As an example
consider a system with two valleys and one Fermi pocket per valley, which would be consistent with PIP2 phase
observed in Bernal Bilayer Graphene subject to an applied perpendicular displacement field. Consider now adding
an order parameter ∆ to such a setup and calculating nonlinear conductivity using Eq. (702). If the time reversal
symmetry is preserved by the order parameter, the single particle energy at the two valleys satisfies ϵ(k,∆) = ϵ(−k,∆).
In this case contributions from the two pockets cancel. However, if the order parameter is odd under time reversal
symmetry, then the single particle energy at the two valleys satisfies ϵ(k,∆) = ϵ(−k,−∆). In this case contributions
from the two pockets guarantee that the nonlinear conductivity (702) is odd under ∆.

This has interesting implications if, in addition to time reversal, the order parameter ∆ also breaks rotational
symmetry. If the order parameter transforms as an E irrep (hence it will break rotational symmetry), we expect
ϵ(k,∆) = ϵ(C3k,C3∆). We also have C3k = ωk where ω = e2πi/3. Assuming that C3 (∆1 + i∆2) = ω (∆1 + i∆2), the
3-fold symmetric term

Ξ
(2)
−
(∆) = −2e

3τ2

h̵3
∑
n
∫

d2k

(2π)2 f(ϵn(k,∆))
∂

∂k̄

∂

∂k̄

∂

∂k̄
ϵn(k,∆) (704)

must satisfy

Ξ
(2)
−
(∆) = Ξ

(2)
−
(C3∆) (705)

and because for TRS-odd order parameter it is odd in ∆, its Taylor expansion must start with O(∆3) terms. In other
words

Ξ
(2)
−
(∆) = α+ (∆1 + i∆2)3 + α− (∆1 − i∆2)3 +O(∆5). (706)

On the other hand, the 1-fold terms

Ξ+(∆) = −2
e3τ2

h̵3
∑
n
∫

d2k

(2π)2 f(ϵn(k,∆))
∂

∂k̄

∂

∂k

∂

∂k
ϵn(k,∆) (707)

Ξ0(∆) = −4
e3τ2

h̵3
∑
n
∫

d2k

(2π)2 f(ϵn(k,∆))
∂

∂k̄

∂

∂k̄

∂

∂k
ϵn(k,∆) (708)
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must satisfy

Ξ+(∆) = ω∗Ξ+(C3∆)
Ξ0(∆) = ωΞ0(C3∆).

(709)

Therefore,

Ξ+(∆) = β+ (∆1 − i∆2) +O(∆3) (710)
Ξ0(∆) = β0 (∆1 + i∆2) +O(∆3). (711)

This allows us establish a hierarchy of magnitudes of nonlinear conductivity tensor components in the presence of
rotational symmetry breaking for small magnitude of the order parameter ∆.

A. The hierarchy between A,B,C

Assuming a weak time reversal-breaking nematic order parameter (like charge Eu or spin Eg [42]) we can qualita-
tively account for the observed hierarchy of nonlinear conductivity tensor components in both PIP2 and Sym4 phases
of BBG. Here we discuss the hierarchy considering 2 large Fermi pockets, 1 pocket in each valley as an example. In
the next section we provide a qualitative explanation for the observed phenomena within both PIP2 and Sym4 phases.

Consider the following setup: there is 1 large Fermi pocket per valley and there is a nematic order parameter that
also breaks rotational symmetry and has small magnitude. For simplicity, consider this order parameter to be charge
Eu, which breaks both rotational and time reversal symmetries. First of all, there is a natural explanation why the
linear anisotropy is small in such setup. It is due to Onsager’s theorem: with C3 and time reversal symmetry breaking
order parameter ∆, the linear conductivity must be σµν(∆) = σνµ(−∆). This means that the anisotropic part of the
conductivity tensor must be even in ∆, and therefore its Taylor expansion starts with O(∆2). The isotropic part
is, of course, O(1). Therefore, if the rotational symmetry breaking order parameter also breaks TR symmetry, the
anisotropy of linear conductivity tensor will be very small as long as the perturbation is not too strong.

Now, for the nonlinear conductivity, if the main contribution comes from second-order Boltzmann (Drude) contri-
bution (702), the 3-fold term is odd in ∆ and its Taylor expansion must start at O(∆3) (again due to broken time
reversal and C3 rotational symmetry), while the 1-fold terms are also odd but start at O(∆). Therefore, it is possible
to have a small linear anisotropy but very large nonlinear anisotropy if the C3 breaking order parameter is odd under
the time reversal symmetry and its magnitude is not too large.

XVI. BEYOND THE RELAXATION TIME APPROXIMATION: FULL T -MATRIX TREATMENT OF
COLLISION INTEGRAL AND SKEW SCATTERING

In this section we solve the Boltzmann kinetic equation with the full collision integral in the presence of an elastic
impurity scattering. This allows us to solve the Boltzmann kinetic equation with the collision integral given by the
full T−matrix. We outline the method below.

In the steady state the kinetic equation reads [43]

−eE
h̵
⋅ ∂f(k)
∂k

= −∫
d2k′

(2π)2Wk,k′ (f(k) − f(k′)) , (712)

where the scattering matrix Wk,k′ is a real but not necessarily symmetric function of momenta k,k′. For elastic
scattering

Wk,k′ =
2π

h̵
∣Tk,k′ ∣2 δ (ϵ(k) − ϵ(k′)) , (713)

where Tk,k′ – is the scattering matrix or T -matrix. To obtain linear and nonlinear conductivities we expand the
distribution function f up to the second order in electric field.
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A. First order in electric field

To first order in electric field the kinetic equation takes the form

−eE
h̵
⋅ ∂f0(k)

∂k
= −∫

d2k′

(2π)2Wk,k′ (f1(k) − f1(k′)) ⇒

−eE
h̵
⋅ ∂ϵ(k)
∂k

∂f0(ϵ)
∂ϵ

RRRRRRRRRRRϵ=ϵ(k)
= −f1(k)(∫

d2k′

(2π)2Wk,k′) + ∫
d2k′

(2π)2Wk,k′f1(k′).
(714)

For elastic scattering both k,k′ belong to the same fixed energy contour. The left hand side of the expression is
peaked at the Fermi surface (FS) for small temperatures. Therefore, we seek a solution for f1(k) which vanishes far
away from the FS:

f1(k) = Φ1(k)
∂f0(ϵ)
∂ϵ

RRRRRRRRRRRϵ=ϵ(k)
, (715)

where Φ1(k) is a slowly varying function of the coordinate perpendicular to the FS and should not be confused with
basis functions for nonlinear potential from earlier sections. Using this parametrization of f1 we obtain for the kinetic
equation

−eE
h̵
⋅ ∂ϵ(k)
∂k

∂f0(ϵ)
∂ϵ

RRRRRRRRRRRϵ=ϵ(k)
= −Φ1(k)

∂f0(ϵ)
∂ϵ

RRRRRRRRRRRϵ=ϵ(k)
(∫

d2k′

(2π)2Wk,k′) + ∫
d2k′

(2π)2Wk,k′Φ1(k′)
∂f0(ϵ)
∂ϵ

RRRRRRRRRRRϵ=ϵ(k′)
(716)

= −Φ1(k)
∂f0(ϵ)
∂ϵ

RRRRRRRRRRRϵ=ϵ(k)
(∫

d2k′

(2π)2Wk,k′) +
∂f0(ϵ)
∂ϵ

RRRRRRRRRRRϵ=ϵ(k)
∫

d2k′

(2π)2Wk,k′Φ1(k′).(717)

Making use of expression for Wk,k′ and introducing velocity v(k) = 1
h̵

∂ϵ(k)
∂k

we obtain

eE ⋅ v(k) = Φ1(k)(∫
d2k′

(2π)2
2π

h̵
∣Tk,k′ ∣2 δ (ϵ(k) − ϵ(k′))) − ∫

d2k′

(2π)2Φ1(k′)
2π

h̵
∣Tk,k′ ∣2 δ (ϵ(k) − ϵ(k′)) . (718)

Since both momenta are located on the same surface of equal energy, we can rewrite the expression for Φ1(k) in its
final form

eh̵2E ⋅ v(kθ) = Φ1(kθ)
⎛
⎝∫

dθ′

2π
kθ′
∣Tkθ,kθ′

∣2

∣v (kθ′)∣
⎞
⎠
− ∫

dθ′

2π
kθ′Φ1(kθ′)

∣Tkθ,kθ′
∣2

∣v (kθ′)∣
, (719)

where angles θ, θ′ parameterize momenta kθ = k(θ), kθ′ = k(θ′) on the equal energy contour.
It is important to mention that Φ1(kθ′) ∝ eE ⋅ v(kθ) if ∣Tkθ,kθ′

∣2 is independent of θ, θ′. This is a consequence of
the identity

∫ dθ′kθ′
v (kθ′)
∣v (kθ′)∣

= ∫ dθ′kθ′ v̂ (kθ′) = 0. (720)

To see this, note that v̂ (kθ′) points radially out from the constant energy contour, therefore, ẑ × ∫ dθ′kθ′ v̂ (kθ′)
corresponds to the sum of infinitesimal vectors tangent to the constant energy contour (curve) as we go along this curve.
The summation of those vectors head-to-tail must vanish as we complete the closed curve. Thus, if ẑ×∫ dθ′kθ′ v̂ (kθ′)
vanishes, then so does ∫ dθ′kθ′ v̂ (kθ′) as it is just a 90○ rotation of the vanishing vector.

B. Second order in electric field

We now proceed to the next order contribution. To the second order in electric field Boltzmann equation gives

−eE
h̵
⋅ ∂f1(k)

∂k
= −∫

d2k′

(2π)2Wk,k′ (f2(k) − f2(k′)) ⇒

−eE
h̵
⋅ ∂
∂k

⎛
⎜
⎝
Φ1(k)

∂f0(ϵ)
∂ϵ

RRRRRRRRRRRϵ=ϵ(k)

⎞
⎟
⎠
= −f2(k)(∫

d2k′

(2π)2Wk,k′) + ∫
d2k′

(2π)2Wk,k′f2(k′).
(721)
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At the second order in electric field we seek the solution of the form

f2(k) = Φ2,1(k)
∂f0(ϵ)
∂ϵ

RRRRRRRRRRRϵ=ϵ(k)
+Φ2,2(k)

∂2f0(ϵ)
∂ϵ2

RRRRRRRRRRRϵ=ϵ(k)
, (722)

where Φ2,1(k) and Φ2,2(k), like Φ1(k) in the linear case, are smooth functions of the component of k perpendicular
to the constant energy contour. Substituting the parametrization of f2(k) into the kinetic equation we obtain

−eE
h̵
⋅ ∂
∂k

⎛
⎜
⎝
Φ1(k)

∂f0(ϵ)
∂ϵ

RRRRRRRRRRRϵ=ϵ(k)

⎞
⎟
⎠
= −
⎛
⎜
⎝
Φ2,1(k)

∂f0(ϵ)
∂ϵ

RRRRRRRRRRRϵ=ϵ(k)
+Φ2,2(k)

∂2f0(ϵ)
∂ϵ2

RRRRRRRRRRRϵ=ϵ(k)

⎞
⎟
⎠
(∫

d2k′

(2π)2Wk,k′) (723)

+∫
d2k′

(2π)2Wk,k′

⎛
⎜
⎝
Φ2,1(k′)

∂f0(ϵ)
∂ϵ

RRRRRRRRRRRϵ=ϵ(k′)
+Φ2,2(k′)

∂2f0(ϵ)
∂ϵ2

RRRRRRRRRRRϵ=ϵ(k′)

⎞
⎟
⎠
=

= −
⎛
⎜
⎝
Φ2,1(k)

∂f0(ϵ)
∂ϵ

RRRRRRRRRRRϵ=ϵ(k)
+Φ2,2(k)

∂2f0(ϵ)
∂ϵ2

RRRRRRRRRRRϵ=ϵ(k)

⎞
⎟
⎠
(∫

d2k′

(2π)2Wk,k′) (724)

+∂f0(ϵ)
∂ϵ

RRRRRRRRRRRϵ=ϵ(k)
∫

d2k′

(2π)2Wk,k′Φ2,1(k′) +
∂2f0(ϵ)
∂ϵ2

RRRRRRRRRRRϵ=ϵ(k)
∫

d2k′

(2π)2Wk,k′Φ2,2(k′).

We now make use of the expression for Wk,k′ and match the derivatives of the occupation functions on both sides of
the expression to get

−eE
h̵
⋅ ∂Φ1(k)

∂k
= −Φ2,1(k)(∫

d2k′

(2π)2
2π

h̵
∣Tk,k′ ∣2 δ (ϵ(k) − ϵ(k′))) + ∫

d2k′

(2π)2Φ2,1(k′)
2π

h̵
∣Tk,k′ ∣2 δ (ϵ(k) − ϵ(k′)) ,

−eE ⋅ v(k)Φ1(k) = −Φ2,2(k)(∫
d2k′

(2π)2
2π

h̵
∣Tk,k′ ∣2 δ (ϵ(k) − ϵ(k′))) + ∫

d2k′

(2π)2Φ2,2(k′)
2π

h̵
∣Tk,k′ ∣2 δ (ϵ(k) − ϵ(k′)) .

(725)
These two equations have the same structure as the equation for Φ1(k) and can be cast into the same convenient
form:

eh̵E ⋅ ∂Φ1(k)
∂k

RRRRRRRRRRRk=kθ

= Φ2,1(kθ)
⎛
⎝∫

dθ′

2π
kθ′
∣Tkθ,kθ′

∣2

∣v (kθ′)∣
⎞
⎠
− ∫

dθ′

2π
kθ′Φ2,1(kθ′)

∣Tkθ,kθ′
∣2

∣v (kθ′)∣
,

eh̵2E ⋅ v(kθ)Φ1(kθ) = Φ2,2(kθ)
⎛
⎝∫

dθ′

2π
kθ′
∣Tkθ,kθ′

∣2

∣v (kθ′)∣
⎞
⎠
− ∫

dθ′

2π
kθ′Φ2,2(kθ′)

∣Tkθ,kθ′
∣2

∣v (kθ′)∣
.

(726)

To calculate the right hand side of these expressions we need to specify the structure of the T−matrix. We do it
below.

C. Separating the kernel

To actually solve for the distribution functions we make use of the collision integral kernel being separable:

Wk,k′ =
2π

h̵
δ (ϵ(k) − ϵ(k′))

3

∑
j=0

fj(k)gj(k′). (727)

At linear order in electric field the equation for Φ1(k) takes the form

eh̵2E ⋅ v(k) = Φ1(k)
3

∑
j=0

fj(k)(∫
d2k′

2π
gj(k′)δ (ϵ(k) − ϵ(k′))) −

3

∑
j=0

fj(k)(∫
d2k′

2π
Φ1(k′)gj(k′)δ (ϵ(k) − ϵ(k′))) .

(728)
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Let us introduce auxiliary quantities

Γ(k) =
3

∑
j=0

fj(k)(∫
d2k′

2π
gj(k′)δ (ϵ(k) − ϵ(k′))) =

3

∑
j=0

fj(k)Gj(ϵ(k)), (729)

C(1)j (ω) = ∫
d2k′

2π
Φ1(k′)gj(k′)δ (ω − ϵ(k′)) , (730)

that allow us to express Φ1(k) as

Φ1(k) =
eh̵2E ⋅ v(k)

Γ(k) +
3

∑
j=0

fj(k)
Γ(k) C

(1)
j (ϵ(k)). (731)

Analogous manipulations cab be performed at nonlinear order to the expressions with similar mathematical structure

Φ2,1(k) =
eh̵E

Γ(k) ⋅
∂Φ1(k)
∂k

+
3

∑
j=0

fj(k)
Γ(k) C

(2,1)
j (ϵ(k)), (732)

Φ2,2(k) =
eh̵2Φ1(k)E ⋅ v(k)

Γ(k) +
3

∑
j=0

fj(k)
Γ(k) C

(2,2)
j (ϵ(k)), (733)

C(2,a)j (ω) = ∫
d2k′

2π
Φ2,a(k′)gj(k′)δ (ω − ϵ(k′)) . (734)

To calculate the nonlinear current and we will need to evaluate ∂Γ(k)
∂k

, ∂Φ1(k)
∂k

and ∂Φ2,2(k)

∂k
, which are given by

∂Γ(k)
∂k

=
3

∑
j=0

∂fj(k)
∂k

Gj(ϵ(k)) +
3

∑
j=0

fj(k)
∂ϵ(k)
∂k

dGj(ω)
dω

RRRRRRRRRRRω=ϵ(k)
, (735)

∂Φ1(k)
∂k

= − eh̵2

Γ2(k)
∂Γ(k)
∂k

(E ⋅ v(k)) + eh̵2

Γ(k)
∂

∂k
(E ⋅ v(k))+

+
3

∑
j=0

∂fj(k)
∂k

C(1)j (ϵ(k))
Γ(k) −

3

∑
j=0

fj(k)C(1)j (ϵ(k))
Γ2(k)

∂Γ(k)
∂k

+
3

∑
j=0

fj(k)
Γ(k)

∂C(1)j (ϵ(k))
∂k

,

(736)

∂Φ2,2(k)
∂k

= −eh̵
2Φ1(k)
Γ2(k)

∂Γ(k)
∂k

(E ⋅ v(k)) + eh̵
2Φ1(k)
Γ(k)

∂

∂k
(E ⋅ v(k)) + eh̵

2E ⋅ v(k)
Γ(k)

∂Φ1(k)
∂k

+

+
3

∑
j=0

∂fj(k)
∂k

C(2,2)j (ϵ(k))
Γ(k) −

3

∑
j=0

fj(k)C(2,2)j (ϵ(k))
Γ2(k)

∂Γ(k)
∂k

+
3

∑
j=0

fj(k)
Γ(k)

∂C(2,2)j (ϵ(k))
∂k

.

(737)

D. Current density

Current density is given by

jα = −e∫
d2k

(2π)2 vα(k)f(k), (738)

where, we remind, v(k) = 1
h̵

∂ϵ(k)
∂k

. At linear order in electric field we obtain

j(1)α = −e∫
d2k

(2π)2 vα(k)f1(k) = −e∫
d2k

(2π)2 vα(k)Φ1(k)
∂f0(ϵ)
∂ϵ

RRRRRRRRRRRϵ=ϵ(k)
. (739)

The first derivative of the distribution function pins the integration to the Fermi surface at low temperature.
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The second order contribution to current density reads

j(2)α = −e∫
d2k

(2π)2 vα(k)f2(k) = −e∫
d2k

(2π)2 vα(k)
⎛
⎜
⎝
Φ2,1(k)

∂f0(ϵ)
∂ϵ

RRRRRRRRRRRϵ=ϵ(k)
+Φ2,2(k)

∂2f0(ϵ)
∂ϵ2

RRRRRRRRRRRϵ=ϵ(k)

⎞
⎟
⎠

= −e∫
d2k

(2π)2 (vα(k)Φ2,1(k) −
1

h̵

∂Φ2,2(k)
∂kα

) ∂f0(ϵ)
∂ϵ

RRRRRRRRRRRϵ=ϵ(k)
,

(740)

where we made use of the identity

vα(k)
∂2f0(ϵ)
∂ϵ2

RRRRRRRRRRRϵ=ϵ(k)
= 1

h̵

∂

∂kα

∂f0(ϵ)
∂ϵ

RRRRRRRRRRRϵ=ϵ(k)
(741)

to get rid of the second derivative of the Fermi function. Eqs. (739), (740) allow us to calculate both linear σαµ and
nonlinear σ̃αµν conductivity tensors for a given scattering matrix.

E. Scattering matrix

The scattering T -matrix is given by the standard definition

Tk,k′ = ⟨k∣V ∣ψ(k′)⟩ , (742)

where V - is the impurity potential and ∣ψ(k′)⟩ is the eigenstate of the full Hamiltonian which satisfies the Lippman-
Schwinger equation

∣ψ(k′)⟩ = ∣k′⟩ + (ϵ(k′) −H0 + i0+)−1 V ∣ψ(k′)⟩ . (743)

Using the Lippman-Schwinger expression the integral equation for T -matrix can be cast into the form

T (ω) = V + V (ω −Hp + i0+)−1 T (ω), (744)

where ω = ϵ(k). We will be working in the leading order in the impurity concentration nimp, which was estimated to
be ∼ 6.6 × 108cm−2 [44]. Consider impurity potential given by

V (r) =
Nimp

∑
j=1

U (r − rj) = U0

Nimp

∑
j=1

δ (r − rj) (745)

from short-ranged random impurities. We also assume that impurities stimulate scattering only within each of the
two valleys, i.e., there is inter-valley scattering is negligible. Assuming the disorder is self-averaging, we need to
compute the disorder-averaged transition probability ∣Tk,k′ ∣2. Taking T -matrix to first order in impurity potential
and averaging over disorder yields

∣Tk,k′ ∣2 ≃
1

A2

Nimp

∑
j,j′=1

e
−i(k−k′)⋅(rj−r′j) ∣Uk,k′ ∣2 =

1

A

Nimp

A
∣Uk,k′ ∣2 +

Nimp (Nimp − 1)
A2

δk,k′ ∣Uk,k′ ∣2 , (746)

where

Uk,k′ = ψ†
kU (k − k

′)ψk′ = ψ†
k (∫ d2re−i(k−k

′
)⋅rU (r))ψk′ .

The last term in Eq. (746) can be absorbed into the redefinition of the Hamiltonian parameters, such as chemical
potential. Importantly, one the the A factors from the denominator is absorbed into the sum over momenta to provide
the integral in the right hand side of the Boltzmann integral (the collision integral), therefore, it should be ignored
when the right hand side is given by the integral (and not a sum over momenta).

Performing similar calculations to higher orders in U (r) but resorting to the leading order in impurity concentration
upon impurity averaging, which amounts to keeping only the terms with rj1 = rj2 = rj3 = ..., we obtain for the T -matrix

Tk,k′ ≃
1

A

Nimp

∑
j=1

e−i(k−k
′
)⋅rjψ†

ktk,k′ψk′ +O(
n2imp

A
) , (747)
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where

tk,k′ = U(k − k′) + ∫
d2p

(2π)2U(k − p) (ω −Hp + i0+)−1 tp,k′ . (748)

Therefore, the expression for ∣Tk,k′ ∣2 reads

∣Tk,k′ ∣2 ≃
nimp

A
ψ†
ktk,k′ψk′ψ

†
k′t

†
k,k′ψk. (749)

For a 2 × 2 Hamiltonian one can employ the Pauli-matrix parametrization of the wave function

ψkψ
†
k =

1

2
(12×2 + n̂k ⋅σσσ)

and

tk,k′ = Ak,k′ +Bk,k′ ⋅σσσ

we can express ∣Tk,k′ ∣2 as

∣Tk,k′ ∣2 ≃
nimp

4A
Tr [(Ak,k′ +Bk,k′ ⋅σσσ) (12×2 + n̂k′ ⋅σσσ) (A∗k,k′ +B∗k,k′ ⋅σσσ) (12×2 + n̂k ⋅σσσ)]

= nimp

2A
[∣Ak,k′ ∣2 (1 + n̂k ⋅ n̂k′) + (Ak,k′B

∗

k,k′ +A∗k,k′Bk,k′) ⋅ (n̂k + n̂k′) +Bk,k′ ⋅B∗k,k′ (1 − n̂k ⋅ n̂k′)+

+(B∗k,k′ ⋅ n̂k) (Bk,k′ ⋅ n̂k′) + (Bk,k′ ⋅ n̂k) (B∗k,k′ ⋅ n̂k′)+
+i (Ak,k′B

∗

k,k′ −A∗k,k′Bk,k′) ⋅ (n̂k × n̂k′) + i (Bk,k′ ×B∗k,k′) (n̂k − n̂k′)] ,

(750)

where Ak,k′ and Bk,k′ are, in general, functions of momenta k,k′ and have to be defined by solving Eq. (748).
For Ak,k′ ,Bk,k′ independent of momenta, the last two terms lead to skew scattering as they are antisymmetric with
respect to k↔ k′; the rest contribute to the symmetric part of scattering probability.

XVII. A PHENOMENOLOGICAL SCENARIO WHICH ACCOUNTS FOR THE STRUCTURES OF
NONLINEAR CONDUCTIVITY TENSOR IN PIP2 AND SYM4 PHASES

In this section we discuss a scenario which can account for the observed structures of σαµ and σ̃αµν in both PIP2

and Sym4 phases. However, the proposed nonlinear Drude scenario (as well as other known mechanisms of nonlinear
transport) is incapable of explaining the magnitude of the effect, as we show below.

A. A brief description of the scenario

One possible explanation for our observations can be given by calculating σαµ and σ̃αµν within Boltzmann theory in
relaxation time approximation. Within this framework, a distortion in the Fermi surface (FS) naturally captures the
linear and nonlinear conductivity tensors, along with the transition between PIP2 and Sym4 phases, given the presence
of Kane-Mele-like spin-orbit coupling [45] gKM ∼ 350mK [46] and a weak Eg spin-nematic [42] order parameter with
magnitude gEg ∼ 5K. First, we consider the Sym4 phase that consists of four large Fermi surfaces with valley and spin
flavors. According to quantum oscillation measurements (see Fig. 5 in SI) [28], the Luttinger volume of all 4 FSs in
Sym4 phase is almost identical, indicating that both gEg and gKM are small. Small gEg ensures that σαµ is almost
isotropic, which is consistent with our observations. Due to the unique order parameter, we divide 4 FSs into two
pairs, where each pair is defined as two FSs with opposite spin and valley. The spin-nematic perturbation distorts
two pairs of FSs differently, generating B and C with opposite signs, see Fig. 11. The presence of gKM creates a
small imbalance in the Luttinger volume between two pairs of FSs. Due to this imbalance, the average contribution
from all FSs gives rise to a finite value in B and C. At the same time, the second-order Drude contribution to A is
vanishingly small due to the cancellation of contributions from the two valleys within each pair. Transition to PIP2

eliminates the dominating FS pair in Sym4, which naturally leads to a rotation in B and C (see Fig. 11). Notably, the
spin-nematic order parameter breaks TR in addition to rotational symmetry for both Sym4 and PIP2 phases. Within
this scenario one would need to postulate different scattering times in PIP2 and in Sym4 phases to match values of
linear conductivity. However, the values of nonlinear conductivity are order of magnitudes off from the extracted from
the data, as we show below. This indicates that nonlinear transport in Bernal Bilayer graphene might be governed
by a new, unknown mechanism.
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Figure 11. Fermi surface pockets and reorientation transition in nonlinear regime from nonlinear Drude con-
ductivity (a) Schematics of the Fermi surface pockets for different isospin flavors in the Sym4 phase in the presence of the
Kane-Mele SOC and Eg spin-nematic order parameter. Arrows in each square describe the pocket distortion due to the ne-
matic perturbation. The pocket size difference between the top and bottom rows is enlarged to be clear. (b) Hypothetical B,C
contributions from each pairs of pockets for the Sym4 phase. Due to opposite distortion between valleys, the top and bottom
isospin pair give rise to B,C contributions in opposite directions. Due to difference in pocket size, the top pair creates larger B,C
contribution in magnitude than the bottom pair. Adding the top and bottom pair contribution together, (c) illustrates the total
B,C for the Sym4 phase. Note that scattering times in PIP2 and Sym4 phases are different as evident from linear conductivity
measurements. (d) Schematics of the Fermi surface pockets for different isospin flavors for the PIP2 phase, characterized by
a valley antiferromagnetic order parameter. (e) Due to the sinking of the top pair in the PIP2 phase, the only remaining
contribution of B,C comes from the bottom isospin pair. Resulting a flip in sign of the total B,C as shown in (f). (g) A zoom
in plot of panel (a) to show the distortion in each Fermi pocket. The black dashed contours represent the unperturbed Fermi
surface contours.

B. Calculations for Bernal Bilayer Graphene in PIP2 and Sym4 phases

We start with a 4×4 Hamiltonian [47] describing electronic states of Bernal Bilayer graphene near K and K ′ points
in the Brillouin zone:

H0 =
⎛
⎜⎜⎜
⎝

V
2

v0(±kx − iky) −v4(±kx − iky) −v3(±kx + iky)
v0(±kx + iky) V

2
t1 −v4(±kx − iky)

−v4(±kx + iky) t1 −V
2

v0(±kx − iky)
−v3(±kx − iky) −v4(±kx + iky) v0(±kx + iky) −V

2

⎞
⎟⎟⎟
⎠
, (751)

where ± corresponds to K (K ′) valley. The Hamiltonian (751) is written in the basis (At,Bt,Ab,Bb), where A,B
are sublattice sites, t, b label top and bottom layers correspondingly, and (t0, t1, t3, t4) = (−2.61,0.361,0.283,0.183)eV,
v = −t0

√
3a/2h̵, v3 = t3

√
3a/2h̵, v4 = t4

√
3a/2h̵. Additionally, V – is the magnitude of the out-of-plane displacement

field and a = 2.46Å – is the graphene lattice constant. Incorporating the spin degree of freedom can be achieved by the
standard means of a direct product with the identity matrix acting in the spin space. In our calculations we use the
low-energy 2×2 Hamiltonian which is obtained by applying the Schrieffer-Wolff transformation to the 4×4 Hamiltonian.
Such transformation requires reshuffling the indices to separate the high-energy sector of the Hamiltonian from the
low-energy sector. After such reshuffling we work in the (Bt,Ab,At,Bb) basis and the Hamiltonian reads

H0 =
⎛
⎜⎜⎜
⎝

V
2

t1 v0(kx + iky) −v4(kx − iky)
t1 −V

2
−v4(kx + iky) v0(kx − iky)

v0(kx − iky) −v4(kx − iky) V
2

−v3(kx + iky)
−v4(kx + iky) v0(kx + iky) −v3(kx − iky) −V

2

⎞
⎟⎟⎟
⎠
, (752)
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where the top diagonal block corresponds to the high-energy sector (since t1 is the highest energy scale present) and
the bottom diagonal block corresponds to low-energy sector. To employ Schrieffer-Wolff transformation we consider
the unperturbed Hamiltonian

H(0) =
⎛
⎜⎜⎜
⎝

V
2

t1 0 0
t1 −V

2
0 0

0 0 V
2

−v3(kx + iky)
0 0 −v3(kx − iky) −V

2

⎞
⎟⎟⎟
⎠
, (753)

and the perturbation

δH =
⎛
⎜⎜⎜
⎝

0 0 v0(kx + iky) −v4(kx − iky)
0 0 −v4(kx + iky) v0(kx − iky)

v0(kx − iky) −v4(kx − iky) 0 0
−v4(kx + iky) v0(kx + iky) 0 0

⎞
⎟⎟⎟
⎠
. (754)

The low-energy Hamiltonian up to second order in perturbation is then obtained via the standard expression

⟨α∣H ′∣α′⟩ = δαα′Eα + ⟨α∣δH ∣α′⟩ +
1

2
∑
β≠α

⟨α∣δH ∣β⟩⟨β∣δH ∣α′⟩ ( 1

Eα −Eβ
+ 1

Eα′ −Eβ′
) , (755)

where Eα are the eigenvalues of H(0). An additional term describing Kane-Mele-like spin-orbit coupling [45] reads

HSOC = gKMσ3τ3s3, (756)

where τττ , σσσ, and s – are vectors of Pauli matrices acting in valley, sublattice, and spin spaces correspondingly and we
use gKM = 0.03meV = 350mK [46]. Therefore, our initial non-interacting Hamiltonian H0 is given by

H =H0 +HSOC .

While SOC is not necessary to describe nonlinear conductivity in the PIP2 phase, it is crucial for the explanation of
the signal in Sym4 phase and for the "reorientation transition" – the 180○ rotation of B,C-vectors upon crossing the
boundary between PIP2 and Sym4.

Assuming a weak time reversal-breaking nematic order parameter (like charge Eu) we can qualitatively account
for the observed hierarchy of nonlinear conductivity tensor components in both PIP2 and Sym4 phases of BBG. To
calculate the linear and nonlinear conductivity tensors in the PIP2 phase we need to postulate the nature of PIP2 as
well as the exact origin of the subleading order parameter that breaks rotational symmetry. Specifically, we need to
assume an order parameter that leads to the "removal" of 2 out of 4 large Fermi pockets, in accordance with quantum
oscillations data. Our experimental data in the linear regime indicate that anomalous Hall conductivity in PIP2 phase
is vanishing, therefore, valley polarization can be eliminated from the pool of possible ordered states. Assuming no
translation symmetry breaking, this leaves us with two potential order parameter candidates with zero transferred
momentum Q = 0 (a generalized Stoner instability): spin A1g (ferromagnetic, FM) and A1u (valley antiferromagnetic,
AFM, a.k.a. staggered spin current [42]). To be specific we assume valley AFM order in PIP2 phase. We furthermore
assume, in accordance with experimental data, that the magnitude of the PIP2 order parameter is large and out of
4 initial Fermi pockets only 2 remain. This satisfies the Luttinger volume count as our data at PIP2 is taken at half
of the density where we took our measurements for Sym4 phase. The Fermi pockets for the two phases are shown in
Fig. 11. To account for the broken rotational symmetry in the PIP2 phase we add a perturbation that corresponds
to the spin-nematic order parameter belonging to the Eg irreducible representation. This order parameter manifestly
breaks two symmetries: C3 rotational symmetry and time-reversal symmetry. It is given by [42]

HEg = gEgτ0 ⊗σσσ ⊗ s. (757)

HEg is added directly to the spinfull 4-band Hamiltonian H0⊗12×2. In our calculations we pick sss along the z-axis and
σσσ along the x-axis. The Fermi surfaces in the presence of a weak Eg spin order parameter are shown in Fig. 11. We
now use Eq. (678) with momentum-independent scattering time to calculate linear and nonlinear conductivity tensors
in the PIP2 phase and obtain that linear conductivity tensor is nearly isotropic with anomalous Hall contribution
being nearly vanishing. For a weak Eg spin nematic perturbation this is in accordance with Onsager relations from
Sec. XIII. The nonlinear conductivity tensor, on the other hand, has a very small 3-fold component ∣Ξ(2)

−
∣ and 1-fold

components satisfy ∣Ξ(2)
+
∣ ∼ ∣Ξ

(2)
0 ∣

2
which follows from properties of Drude contribution from Sec. XV and reproduces
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Figure 12. Dependence of Drude contribution to nonlinear conductivity on the magnitude of the spin-nematic
order parameter gEg in the PIP2 phase Magnitude of Ξ(2)− (a), Ξ(2)+ (b), and Ξ

(2)
0 (c) components of nonlinear conductivity

tensor as a function of gEg magnitude. THe functional dependencies on gEg in all three panels satisfy the expected ones (706),
(709). Dependence of linear conductivity isotropic part (d) and anisotropy (e) on gEg magnitude. Panel (e) exhibits quadratic
dependence of linear conductivity anisotropy on gEg , as expected from Onsager relations (671). Panel (f) shows the calculated
magnitudes of B and C vectors. In our calculations we used τ = 3.33ps, µ = −15.5meV, D = 30meV.
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Figure 13. Dependence of Drude contribution to nonlinear conductivity on the magnitude of the spin-nematic
order parameter gEg in the Sym4 phase Magnitude of Ξ(2)− (a), Ξ(2)+ (b), and Ξ

(2)
0 (c) components of nonlinear conductivity

tensor as a function of gEg magnitude. Like for the PIP2 phase, the functional dependencies on gEg in all three panels satisfy
the expected ones (706), (709). Notice that the signs of all three coefficients Ξ

(2)
−,+,0 are opposite to those in the PIP2 two

phase. Dependence of linear conductivity isotropic part (d) and anisotropy (e) on gEg magnitude. Panel (e) exhibits quadratic
dependence of linear conductivity anisotropy on gEg , as expected from Onsager relations (671). Panel (f) shows the calculated
magnitudes of B and C vectors. In our calculations we used τ = 11.5ps, µ = −15.5meV, D = 30meV.
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Figure 14. Dependence of Quantum geometric and Berry curvature dipole contributions to nonlinear conduc-
tivity on the magnitude of the spin-nematic order parameter gEg in the PIP2 phase Panels (a), (b), (c) show the
dependence of quantum geometric contribution to Ξ

(2)
−,+,0 on the magnitude of gEg . Panel (d) shows the calculated magnitudes

of B and C vectors. Panel (f) shows the dependence of Berry curvature dipole contribution on gEg . We observe that for the
same parameters of the Hamiltonian and the scattering time the quantum geometric and Berry curvature dipole contributions
are significantly smaller in magnitude than the nonlinear Drude contribution. Panel (e) shows the dependence of quantum
geometric contribution on displacement field D for a single pocket in one valley and in the absence of nematic order parameter.
As one would naively expect from Eq. (681), the quantum geometric contribution becomes smaller in magnitude with an
increase in displacement field.

experimental ratios really well, see Fig. 12. However, the magnitudes of σ̃αµν are significantly smaller than the
extracted from the data in both phases.

The structure of σ̃αµν in Sym4 can be described by adding the two missing pockets back into the system. Their
sizes are slightly larger than of the two pockets constituting the PIP2 phase, however, this difference is small and
wouldn’t be distinguishable in quantum oscillations. Schematically, the transition between the PIP2 and the Sym4

phases and the corresponding change in the structure of σ̃αµν is shown in Fig. 11. We also show the calculated
Drude contribution to nonlinear conductivity in Fig. 13. Comparing panels a), b), c) of Figs. 12 and 13 one notices
that Ξ(2)-coefficients in the PIP2 phase have opposite signs compared to the Sym4 phase. This is consistent with the
observed 180○-reorientation of B,C-vectors upon crossing the boundary between the two phases.

In our calculations we find the other internal (BCD, quantum geometry) contributions to be smaller in magnitude
that those of nonlinear Drude, see Fig. 14 for PIP2 phase. There is also an additional argument against the BCD
scenario for nonlinear Hall effect in our setup, which we presented in the Main text. We repeat it here. If the BCD
alone is responsible for the nonlinear Hall effect, reversing D is expected to influence the orientation of the C-vector
[5]. Alternatively, BCD-induced C-vector could preserve its orientation while A and B, given by quantum geometric
or second-order Drude contributions, reverse sign under D → −D, given that the order parameter associated with the
nematic perturbation is linked to the direction of D. An example of this scenario is the charge Eu order parameter.
We examine these scenarios by extracting A,B,C vectors at D = ±300mV/nm. Fig. 4c of the Main text shows the
angular dependence of nonlinear response taken at D = −300mV/nm and n = −0.15 × 1012 cm−2. The orientations
of both the C-vector and B-vector remain the same as in Fig. 3d of the Main text. Therefore, the invariance of
B-vector and C-vector, combined, indicates that nonlinear Hall effect is not induced by the BCD mechanism as the
order parameter associated with the nematic perturbation appears invariant under a sign change in D.

Finally, we also calculate the side jump (Fig. 15) and skew scattering (Fig. 16) contributions to nonlinear conduc-
tivity for PIP2 phase for a fixed value of linear conductivity ≃ 40 e2

h
and observe that all known mechanisms lead to

nonlinear conductivity magnitude being orders of magnitude smaller than what is observed in the data.
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Figure 15. Dependence of side jump contribution to nonlinear conductivity on the magnitude of the spin-nematic
order parameter gEg in the PIP2 phase Panels (a), (b), (c) show the dependence of side jump contribution to Ξ

(2)
−,+,0 on

the magnitude of gEg . Note that the 3-fold contribution remains the largest of three even for gEg = 2meV, which clearly violates
the experimentally observed hierarchy of A3,B,C. Panel (d) shows the dependence of Berry curvature dipole contribution on
gEg .
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Figure 16. Dependence of skew scattering contribution to nonlinear conductivity on the magnitude of the
charge-nematic order parameter gEg in the PIP2 phase To isolate the skew scattering contribution we calculate nonlinear
conductivity for time-reversal preserving nematic perturbation, namely, for charge Eg order parameter. Panels (a), (b), (c)
show the dependence of side jump contribution to Ξ

(2)
−,+,0 on the magnitude of gEg . Note that like for the side jump case

the 3-fold contribution remains the largest of three even for gEg = 2meV, which clearly violates the experimentally observed
hierarchy of A3,B,C. Dependence of linear conductivity isotropic part (d) and anisotropy (e) on gEg magnitude. Note that for
TR-preserving perturbation linear conductivity anisotropy is higher than for TR-breaking perturbation. Panel (f) shows the
calculated magnitudes of B and C vectors. In our calculations we used Ak,k′ = U0Au.c. and Bk,k′ = (0,0, iAk,k′) with U0 = 60eV
and nimp = 10

9cm−2.
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