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1.  Introduction

The three-dimensional topological insulator (TI) Bi2Se3 
and other members of the same crystallographic family are 
extensively studied systems since Zhang et  al [1] predicted 
and Hasan et al [2] verified experimentally their topological 
nature. Due to their symmetry protected robust electronic 
dispersion and other features, such as absence of backscat-
tering, TIs are considered to be useful in quantum information 
and computing. However, the integration of TIs in electronic 
devices seem far from realization due to many practical prob-
lems, including the small surface to bulk ratio of the topo-
logical conduction channels, and the interference of bulk 
conduction states to the surface phenomena due to the small 
band gap.

By virtue of the bulk-boundary correspondence, the topo-
logical surface states of the TIs can also be localized at the 
interface between the topological and a topologically trivial 

material, such as, a conventional insulator. Occurrence of 
topological states at the interfaces between a TI and different 
types of topologically trivial materials have been long pre-
dicted and established experimentally [3–6]. This is a very 
important property of the TI as the interface allows more 
control and manipulation of the topological states. Moreover, 
interfaces can give rise to qualitatively different phenomena 
compared to the bulk [7, 8].

Utilization of interfaces, such as the PN junction, is a 
common approach in almost all modern day electronic 
devices. Future electronic applications, in which the TI plays 
a role, may also utilize interfaces. The ‘interface’ of the TI 
with vacuum, i.e. the TI surface, has been thoroughly studied 
and rather well understood [9]. There have been many efforts 
recently to understand the phenomena at the interface of a 
TI with different materials, e.g. metals, conventional insula-
tors [10, 11], as well as other materials [4, 12, 13]. It has also 
been demonstrated experimentally that the surface bands of 
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the TI can be modulated by modifications of the surface [5]. 
However, very few systematic studies [14, 15] have been per-
formed on ultra-thin TIs interfaced with topologically trivial 
insulators.

Recently, a few studies have been directed to understand 
and use thin TI materials in device application as the surface 
to bulk ratio is comparable. However, the wave-functions of 
the Dirac-like topological states that appear on the opposite 
surfaces and interfaces of a three-dimensional TI have a finite 
width. This leads to overlap and hybridization between the top 
and bottom Dirac surface states when the thickness of the TI 
slab becomes comparable to the wave-function width and this 
opens up a gap [16, 17] in the Dirac spectrum. The band-gap 
as a function of thickness of the slab has been well studied 
in previous investigations [18] which show that 5 quintuple 
layers (QLs) is the critical thickness of a Bi2Se3 slab necessary 
for obtaining a Dirac-like linear dispersion with a negligible 
gap (∼10 meV gap). Several methods have been proposed, 
such as, applying electric field in thin films [19] or designing 
interfaces with different materials [20, 21], in order to over-
come the quantum limit so that ultra thin TIs can still host 
topological surface states. It has been predicted [22, 23] and 
experimentally verified [24] that the band-gap formed this way 
at the Dirac point (DP) of the surfaces of a pure thin TI slab 
behaves non-monotonically as a function of slab thickness. 
Several theoretical studies on pure thin TI films suggest that 
the system oscillates from a quantum-spin hall (QSH) phase 
that hosts non-trivial edge modes to a trivial insulator phase 
[25–27]; however, such QSH modes have not been observed 
experimentally yet, mainly because the band-gap of the bulk 
states is too small to resolve the presence of edge modes.

In the present work, we study the interface between a thin 
topological insulator (TI) and a conventional insulator (CI) 
in a ‘sandwich’ geometry. We use the model Hamiltonian of 
Zhang et al [1] which, because of its simplicity and complete-
ness, allows us to understand the problem deeper and to study 
the phenomena by varying the various parameters, such as, the 
interlayer hopping amplitude, band-gap, ionization potential 
and effective mass. Our calculations for the interface geom-
etry of the TI-CI heterostructure suggest that the band gap of 
the interface Dirac cone can be tuned by varying the coupling 
strength of the hybridization between the electronic states 
of the two materials or the CI band effective-mass. More 
importantly, a topological phase transition can be induced 
in such heterostructures for any thickness of the TI material. 
Such topological phase transition is indicated by closing and 
opening of the band-gap, at the interface Dirac point, which 
is the hallmark of the topological phase transition in non-
interacting systems. Recently, a topological phase transition 
as a function of the TI length and the ionization potential 
was reported [15] in the interface geometry using a different 
approach, the so-called envelope-function approximation. We 
also demonstrate in detail the emergence of the edge modes in 
a ribbon geometry in the case of the appearance of non-trivial 
topology. Last, we study the conditions upon which such non-
trivial edge states can be detected by angular resolved photo-
emission spectroscopy (ARPES).

The remainder of the paper is organized as follows. In sec-
tion 2, we describe our formulation and computational details 
used in this work. In section 3, we present our main results 
from interface model Hamiltonian calculations. Finally, in 
section 4, we present our conclusion and implications for fur-
ther studies.

2.  Model and formulation

In order to study the interface of TI with CI, we started from 
the well-known 4 × 4 model Hamiltonian of Zhang et al [28] 
for the TI material which is given by:

HTI(�k) = (−M0 + M1k2
z + M2k2

⊥)Γ5

+ B0Γ4kz + A0(Γ1ky − Γ2kx),
�

(1)

where Γ are the well-known Dirac matrices. The parameters 
M0, M1, M2, B0, and A0 in the Hamiltonian are taken to be 
positive. The negative sign in front of the M0 term makes 
the Hamiltonian inverted which guarantees the presence of 
the topological surface states. When the thickness of the TI 
is made smaller, it opens up a gap in the topological surface 
state due to the hybridization of the states from the opposite 
surfaces. Such effect is captured by this model Hamiltonian 
when the thickness becomes smaller than 30 Å .

We are interested in thin layers of TI when it is inter-
faced with a CI using an atomistic tight-binding approach. 
For this, we will define a four Wannier-orbital tight-binding 
Hamiltonian (i.e. a lattice of four atomic orbitals per unit cell) 
with hopping matrix elements such that when this Hamiltonian 
is transformed into k-space, it reproduces the same 4 × 4 
model Hamiltonian of Zhang et al [28] in the limit of small k, 
i.e. in the vicinity of the Γ point. Namely, the lattice version of 
this Hamiltonian describes a fictitious TI system which gives 
the same band structure as the Bi2Se3 Hamiltonian. The unit 
cell of such fictitious TI system contains two states described 
by spin hopping between states of opposite parity within the 
unit cell and nearest neighbor hopping between states of same 
spin.

For simplicity, the conventional non-topological insulator 
part of our interface is modeled by taking similar 4 × 4 form 
of the Hamiltonian as that of the TI but without the band inver-
sion term i.e.

HCI(�k) = (M′
0 + M′

1k2
z + M′

2k2
⊥)Γ5

+ B′
0Γ4kz + C0I,

� (2)

where C0 is the band energy offset (also called as ionization 
potential (IP)) between the TI and the CI and M′

0, M′
1, M′

2, and 
B′

0 are the parameters of the CI which depend on the energy 
band properties of the specific CI material. The role of C0 is 
to shift the overall bands. In the interface calculations, the 
C0 term shifts the DP away from zero. The CI described by 
the Hamiltonian of equation  (2) has a band-gap of 2M′

0. In 
figures  1(b) and (c), we show the energy dispersion of the 
TI and CI Hamiltonian given in equations  (1) and (2) for 
open boundary conditions along one direction ( ẑ-direc-
tion) and periodic boundary conditions along the other two 
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perpendicular directions. Setting B′
0 = 0, which is the cou-

pling between bands of different parity will not change the 
following conclusions.

We study the three-layer heterostructure shown in 
figure 1(a) containing CI-TI-CI, where a thin layer of TI is 
sandwiched between two symmetric insulators. For this, we 
divide the system into three regions. Region I and III lie from 
lattice sites −∞ to −(n + 1) and (n + 1) to ∞ respectively and 
are described by the CI Hamiltonian whereas region II extends 
from  −n to n sites and is described by the TI Hamiltonian. In 
region II, the Hamiltonian is written as:

HII(kx, ky) =
∑
α,β

[∑
i

Vαβ |i,α〉〈i + 1,β|+ h.c.
]

+
∑
α,β,i

Eαβ |i,α〉〈i,β|
�

(3)

where the index i denotes lattice sites, i.e. unit cells which 
contain four Wannier orbitals denoted as |i,α〉. Here, α and β 
indices denote (µ,σ) and µ = ±1 stands for the positive and 
negative parity states and σ stands for the spin. Similarly the 
Hamiltonian for region I and III in discretized form is written 
as:

HI/III(kx, ky) =
∑
α,β

[∑
i

V ′
αβ |i,α〉〈i + 1,β|+ h.c.

]

+
∑
α,β,i

E′
αβ |i,α〉〈i,β|.

�
(4)

The V and V′ are the interface-hopping matrices within 
the TI and CI atomic orbital sites respectively and E and 
E′ are the corresponding ‘on-site’ matrices. Their specific 
form can be derived easily from the discretization of the 
Hamiltonian in the respective regions by performing the 

standard kz → −i ∂
∂z  transformation which is written below 

for completeness:

E =
[
− M0 +

2M1

a2 + M2k2
⊥
]
Γ5

+ A0(Γ1ky − Γ2kx),
�

(5)

E′ =
[
− M′

0 +
2M′

1

a2 + M′
2k2

⊥
]
Γ5 + C0I,� (6)

V = −M1

a2 Γ5 − i
B0

2a
Γ4,� (7)

V′ = −M′
1

a2 Γ5 − i
B′

0

2a
Γ4,� (8)

where a is the lattice spacing used for the discretization of the 
differential operator and is unrelated to the length scales which 
characterize the crystalline unit cell or atomic distances.

At the boundary between the TI and the CI, we couple 
orbitals of the TI system at the ±nth  layer with CI orbital at 
the ±(n + 1)th layer by the following Hamiltonian:

Hb = Tαβ

[
|n,α〉〈n + 1,β|

+ | − (n + 1),α〉〈−n,β|
]
+ h.c..

�
(9)

where T is the coupling matrix and it depends on the micro-
scopic details of the interface. We consider the simplest form 
of the coupling matrix term that connects the same states 
between TI and CI which is given by:

T = t(−M1

a2 Γ5 − i
B0

2a
Γ4), t � 0.� (10)

This form of the interface-hopping matrix is motivated by the 
hopping inside the TI as seen in equation (8). When t  =  1 and 
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Figure 1.  (a) The geometry of the CI-TI-CI interface used in our calculation where TI is sandwiched in between CI (red block). (b) and (c) 
Slab band structure obtained by diagonalizing the TI and the CI Hamiltonian given in equations (1) and (2) respectively.

Figure 2.  The dependence of the TI interface state band-gap on the 
gap M′

0 of the CI.

J. Phys.: Condens. Matter 32 (2020) 235001



N Aryal and E Manousakis﻿

4

HCI  is replaced by HTI, this situation corresponds exactly to 
a thick TI slab facing infinite potential wall at the boundary 
of the heterostructure whereas t  =  0 case corresponds to the 
situation where TI and CI are completely decoupled and are 
separated by the infinite wall. For simplicity, we consider 
the interface-hopping between different parity states (i.e. the 
second term in equation (10)) from the TI to the CI and vice-
versa to be zero in all the calculations presented in this work 
as it does not affect our conclusions.

For the nano-ribbon geometry, the Hamiltonian is discre-
tized along both ẑ and x̂ direction whereas ŷ is considered as 
the translationally invariant direction. The lattice parameters 
along x̂ and ẑ direction were taken to be  ∼7–15 Å  and  ∼1–3 
Å  respectively as the decay length of the wavefunction 
along x̂ is very long compared to ẑ direction. Similarly, the 
number of lattice points along x̂ and ẑ directions are taken to 
be  ∼100–200 and  ∼50–100 respectively.

We also investigated the interface geometry discussed here 
formed from very thick layers of TI and CI. In this case we 
can idealize the system as a CI-TI-CI system where each of 
the layers is thick enough to assume that it is governed by 
the pure bulk Hamiltonians. If the TI layer is very thick, the 
Hamiltonian of Zhang et  al [28] which is only valid in the 
long-wavelength limit (small k limit near the Γ point) is appli-
cable. In this case we assume that the three layers are ideal 
layers governed by the ideal bulk Hamiltonians. Therefore, 
we need to find the boundary condition for the wavefunction 
at the interface in the usual fashion, namely by integrating 
the Schrödinger equation along an infinitesimal region which 
encloses the interface. We describe this approach in the 
appendix along with our conclusions. Our main conclusion is 
that the main result found with our approach discussed in the 
main manuscript that there is a topological phase transition in 
thin TI interfaced with CI is valid even for this different BC.

3.  Results

In this section we study the effect on the band-gap of the topo-
logical interface state played by the interface-hopping term 
and the parameters which define the CI Hamiltonian. We find 

that, as a function of the strength of t that defines the coupling 
between the TI and CI or the effective mass of the CI bands, 
there exists a topological phase transition. Next, in section 3.1 
we discuss the topological phase transitions that we found. In 
section 3.2 we discuss the influence of the above mentioned 
parameters on the band structure of the interface states and 
their corresponding wavefunctions. In section 3.3 we explore 
the appearance of QSH edge states for nano-ribbon geome-
tries. Finally, in section 3.4 we give an interpretation of our 
results.

3.1. Topological phase transitions

In figure 2 we illustrate the dependence of the gap at the inter-
face Dirac cone as a function of the CI bulk band-gap M′

0. 
Notice that it is an increasing function of M′

0 and for large 
values of M′

0 it reaches the gap value of the surface Dirac state 
of an isolated TI of the same thickness, as expected.

In figure 3, we present the gap observed at the surface DP 
as a function of the interface-hopping strength t for different 
values of thickness of the TI using different sets of band-gap 
and band-curvature parameters of the CI. We find that the gap 
EG at the DP of the surface Dirac states even for a very thin TI, 
for which EG is of the order of 100s meV due to the hybridiza-
tion between the top and bottom surface states, can be closed by 
interfacing it with a CI for some value of the interface-hopping 
strength between the TI and CI. For example, in figure 3(a), we 
see that even though the band-gap of a thin TI at the DP is as big 
as 0.25 eV for infinite potential wall, such a gap can decrease 
and ultimately become zero for t close to 1. In fact, we find that 
the band-gap vanishes at two values of t (tc1 and tc2) forming a 
‘dome-like’ shape close to t  =  1. Such ‘dome’ is observed for a 
wide range of band-gaps of the CI and for different thickness of 
the TI. Even a thick TI, which has negligible gap (of the order 
of µeV), has similar ‘dome’ shaped behavior. Moreover, such 
closing and reopening of the band-gap is an indication of topo-
logical phase transition. More will be discussed regarding this 
topological phase transition in section 3.2.

Previous studies have seen oscillatory gap closing in 
pure TI and heterostructures as a function of length and the 

Figure 3.  Band gap at the DP for the interface Hamiltonian defined in section 2 for TI thickness of L  =  15.55 Å  (a) and L  =  31.1 Å  (b) 
as a function of the interface-hopping parameter t. Notice that the band-gap closes at two values of t, say tc1 and tc2. Panel (c) gives the 
dependence of the interface Dirac-state band-gap on the band-curvature M′

1 of the CI. In sub-figures (a) and (b) the band-gap of the CI (M′
0) 

considered are 0.28 eV for the black solid line and 0.56 eV for dotted magenta dots in both curves. The dashed horizontal green line in all 
the sub-figures indicates the value of band-gap for t  =  0 at the interface which is equivalent to an infinite wall at the boundary. Notice that, 
unlike the anticrossing as a function of length in pure TI slab, dips are actually band crossing points.

J. Phys.: Condens. Matter 32 (2020) 235001
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ionization potential of the TI [15]. Oscillatory evolution of the 
band-gap at the surface DP as a function of the TI thickness 
is also visible in our heterostructure geometry. Such oscilla-
tion can also be observed for a fixed thickness of the TI slab 
as a function of the M1, where M1 is the band curvature of 
the TI. This is because our varying of length amounts to var-
ying the interface-hopping parameters in the Hamiltonian. 
However, the gap closing and opening as a function of the 
hopping strength seen in figure 3 has not been reported before 
in the literature. The ‘dome-shaped’ form can also be obtained 
for a fixed t in the heterostructure geometry as a function 
of the band curvature of the insulator (M′

1) as illustrated in 
figure 3(c). This implies that tuning the hopping strength at 
the interface is physically similar to tuning the band curvature 
of the insulator in contact and could provide one more way of 
engineering the topological phase transition in the interface.

The role of the ionization potential or band offset term C0 
is to shift the overall bands of the insulator as illustrated in 
figure 4. Because of such shift, the DP moves away from zero 
depending on the sign of C0. Also, the linearity regime of the 
Dirac states decreases.

We note that the model Hamiltonian we are using is a bulk 
Hamiltonian and the results of the Hamiltonian are only valid 
as the thickness of the TI approaches the bulk limit for open 
boundary condition (slab geometry). Having said this, it is 
also remarkable that the model Hamiltonian is able to capture 
the topological features of a thin slab containing just few QLs 

as has been demonstrated in [22]. Hence, we believe that our 
conclusions of the topological phase transitions are valid in 
thin limit of the TI (of a few QLs) as long as the TI model 
Hamiltonian is valid.

3.2.  Band-structure and wavefunction of the interface  
Hamiltonian

In this section, we examine the band structure and wavefunc-
tion of our heterostructure at different values of the inter-
face-hopping parameter t by keeping the thickness of the TI 
constant. This will help us elucidate the nature of the bands 
and the localization of the wavefunction when the band-gap 
changes. Moreover, as illustrated in figure 3 we found that, 
as a function of the interface-hopping strength, the band-gap 
of the interface states closes and reopens. Such closing and 
reopening of the band-gap is an indication of a topological 
phase transition and deserves further investigation.

In figure 5, we show the interface band structure along the 
ky  direction. The gray background shows the states of a thick 
TI slab whereas the red lines show the bands for the hetero-
structure. Similarly, in figure 6, we show the corresponding 
wavefunctions of the valence state closest to the zero energy 
at the Γ point as a function of distance along the ẑ direction. 
The wavefunction at each kx − ky point is a four component 
spinor with projections on the 4 basis states |P1+z , ↑〉, |P2−z , ↑〉, 
|P1+z , ↓〉, and |P2−z , ↓〉, where the  +  or  −  superscript stands for 

Figure 4.  Interface bands for different values of IP (C0) and band-gap of the CI (M′
0). The values of C0 and M′

0 taken are (a) C0  =  0 eV, 
M′

0 = M0 (b) C0  =  0.2 eV, M′
0 = M0 (c) C0  =  0.2 eV, M′

0 = 2M0 and (d) C0  =  0.2 eV, M′
0 = 0.5M0. Notice the shift of the CI bands and the 

shift of the DP. The shift of DP is  ∼75 meV, ∼40 meV and  ∼110 meV in (b), (c) and (d) respectively.
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Figure 5.  Band structure along the ky  direction at different values of the interface hopping parameter t shown in figure 3(a) for CI band-gap 
(M′

0) of 0.28 eV. The value of the interface hopping strength t are taken to be (a) 0.9 (which is less than tc1), (b) 1.008 (which is at tc1), (c) 
1.015 (in between tc1 and tc2), (e) 1.046 (which is at tc2) and (f) 1.06 (which is slightly above tc2). Figure (d) is zoomed version of figure (c). 
See text for details.

Figure 6.  Wavefunctions at the Γ point for one of the eigenstates corresponding to the lower Dirac branch shown in figure 5 as a function 
of distance along the ẑ-direction. The value of t are (a) 0.9 (less than tc1), (b) 1.01 (slightly beyond tc1), (c) 1.04 (slightly less than tc2) and 
(d) 1.06 (beyond tc2). The green curves denote positive parity states whereas the blue curves denote negative parity states. See text for 
details.

J. Phys.: Condens. Matter 32 (2020) 235001
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the two bonding or antibonding combinations formed from the 
two atomic p z orbitals of a pair of Bi (P1) and and a pair of Se 
atoms (P2) in the unit cell. These 4 states form the conduction 
and valence bands of the topological insulator. In addition, ± 
corresponds to the parity of the states and ↑ and ↓ stand for 
the two spin projections. At the Γ point, the Hamiltonian is 
diagonal in spin space and, hence, the wavefunction has only 
two components of opposite parity but of the same spin. In 
figure 6, the green and blue lines denote states of positive and 
negative parity respectively. We see that the positive and nega-
tive parity states change their spatial symmetry at different 
points in the range of the interface-hopping parameter t.

In figure 3, we saw that there are two values of hopping 
strength where the gap closing occurs. When we look at the 
band structure and the wavefunction at each of these critical 
points, we find different behavior. The wavefunction at the 
first gap closing point (tc1) has significant overlap with the 
bulk. On the other hand, the wavefunction at the second gap 
closing (tc2) is similar to the surface states of the pure TI slab 
where the bulk atoms have negligible contributions. The close 
connection of the second gap closing point with the surface 
states of the pure TI slab can also be inferred from the fact that 
the bands below the Dirac like states are in an inverted regime 
(See figures 6(b) and (c)).

Note that if, instead of the CI-TI-CI interface, we consider 
a TI-CI interface where the TI is in contact with the CI on 
only one side and on the other side the TI faces an infinite 
potential well, then we do not find a ‘dome’ shaped form of 
the band-gap as a function of the interface-hopping strength. 
Namely, the gap at the interface DP closes at just one value of 
the interface hopping which happens to be in between the two 
gap closing points for the sandwich geometry.

3.3.  Exploration of the quantum Spin-Hall states

The interface geometry preserves inversion symmetry similar 
to the TI bulk. Hence, we can use the prescription of Fu and 
Kane [29] to find out whether the system hosts topological 
edge states by calculating the parity of the wavefunctions. The 
overall parity of the wavefunction is determined by the parity 
of both the spatial part of the wavefunction f (z) and and the 
parity of the basis set. In figure 6(a), we see that f (z) is sym-
metric for the negative parity components of the wavefunction 
and anti-symmetric for the positive parity components. Hence, 
the total parity of the valence state wavefunction is negative. 
However, for the same state after the first band crossing point 
in figure 6(b), we find that f (z) is anti-symmetric for the neg-
ative-parity components of the wavefunction and symmetric 
for the positive-parity components making the overall parity 
of that state positive. Following Fu and Kane’s construction, 
in order to make a statement about the non-trivial topology for 
our heterostructure, we should find the product of the parity of 
all the valence bands. Hence, our above conclusion does not 
guarantee the presence of non-trivial topology. Nevertheless, 
such switching of parity signals the existence of such state. 
Moreover, we know that a thin TI is topologically trivial 
which is the case of our heterostructure in the t → 0 limit. As 

the value of t increases beyond the first band crossing, tc1 , the 
topology changes, i.e. a trivial system becomes topological 
and vice-versa.

In order to verify the presence or absence of non-trivial 
topology, we consider a nano-ribbon of heterostructure which 
is finite in the x̂ and ẑ direction but infinite in the ŷ direction. 
In figure  7, we show the nano-ribbon bands and the corre
sponding wavefunctions for our heterostructure consisting 
of TI of thickness Lz  =  18 Å  and width Lx  =  1600 Å  sand-
wiched between CI material of same thickness and width. As 
seen in figure 7(a), the system is trivial before tc1 indicated by 
the absence of any zero energy states. However, after tc1, the 
system is in a QSH phase as seen by the presence of Dirac-
like states in figure 7(b). In addition, the wavefunctions corre
sponding to the Dirac-like states at the Γ point in figures 7(a) 
and (d) show the presence of the localized edge modes.

The possibility of existence of the QSH phase even for a 
thin TI material in a heterostructure geometry, provided that 
the model Hamiltonian is still valid in small thickness limit, is 
indeed very exciting and could have many potential applica-
tions. It is well known that for the case of pure TI slab, there 
is a cutoff thickness below which the system is topologically 
trivial, e.g. for TI Bi2Se3, the minimum thickness necessary 
for the system to be in QSH phase is 27 ̊A . However, we found 
that, by making an interface between a TI with a CI, even a 
thin TI, which is in a trivial phase, can be tuned to a QSH 
phase for some value of the hybridization strength t. Similarly, 
a TI in QSH phase can be made trivial. Hence, it seems pos-
sible to use the coupling strength t (which is equivalent to the 
tunneling of the electrons to and from the TI and CI), as a knob 
to switch the topological character of the heterostructure.

3.4.  Interpretation and discussion of our results

In order to understand the reason for the band closing and 
reopening as a function of the coupling strength at the inter-
face, we consider a simple 4 × 4 Hamiltonian to describe the 
edge states due to the coupling between the TI and the CI 
states for an asymmetric interface where TI is interfaced with 
CI on only one side.

In the basis of the |T+〉, |T−〉, |C+〉, |C−〉, where, T(C) 
denotes TI(CI) states, we can write the following coupling 
matrix at kx = ky = 0 neglecting the spin:

H(kz, k′z) =




T(kz) −iB0kz −γ 0
iB0kz −T(kz) 0 −γ

−γ 0 C(k′z) −iB′
0k′z

0 −γ iB′
0k′z −C(k′z)


 ,� (11)

where, T(kz) and C(k′z) denote the TI and the CI states respec-
tively and are given by:

T(kz) = −M0 + M1k2
z ,� (12)

C(k′z) = M′
0 + M′

1k′2z .� (13)

γ  is the coupling matrix element between the TI and the CI 
states of the same parity. Similarly, B0 and B′

0 are the coupling 
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matrix element between the opposite parity states within the 
TI and the CI respectively.

Since we only couple states at the interface in our full diag-
onalization problem, it seems reasonable to couple states of 
the TI and the CI that are only localized at the interface in our 
effective interface Hamiltonian (equation (11)). From the TI 
side, the state closest to the zero energy, which has Dirac-like 
dispersion, is localized at the interface. Other higher energy 
states from the TI are delocalized and have bulk-like prop-
erties. Hence, we only consider few states from the TI that 
is closest to the zero energy state. Similarly, we consider the 
lowest eigenstate of the CI as our results are valid even for a 
thin CI case.

When B0 and B′
0 are set to zero, we have quantized energy 

levels similar to the particle in a box problem given by:

kz =
nπ
LTI

, k′z =
n′π
LCI

,� (14)

T(n)± = ±(−M0 + M1(
nπ
LTI

)2),� (15)

C(n′)± = ±(M′
0 + M′

1(
n′π

LCI
)2),� (16)

where n and n′ are independent positive integers and LTI(CI) 
is the length of the TI(CI) considered. Equation (11) is block 
diagonal when B0 = B′

0 = 0. The eigenvalues are:

E±
1 =

T(kz) + C(k′z)
2

± X,� (17)

E±
2 =

−T(kz)− C(k′z)
2

± X,� (18)

X =

√(
(T(kz)− C(k′z))/2

)2

+ γ2.
� (19)

In figure  8(a), we plot the energy levels given by equa-
tions  (17) and (18) as a function of the coupling strength γ  
by coupling n  =  1 and n  =  2 levels of the TI with the lowest 
level (i.e. n′ = 1) of the CI when the material parameters (M0, 
M1) are considered to be the same for the TI and the CI. A 
value of LTI = 20 Å  and of LCI = 50 Å  (similar to those 
used in figure 3) were used. For comparison, we also show 
the eigenvalues as a function of the coupling strength from the 
full diagonalization problem for the asymmetric interface in 
figure 8(b) with and without the B0 term. The similarity of the 

Figure 7.  Band structure and wavefunction of the interface bands for the nano-ribbon geometry. In subfigures (a) and (b), we show the 
nano-ribbon band structure (the red lines) for t  <  tc1 and t > tc1 respectively. The gray background denotes the bulk states of the nano-
ribbon. Notice that in (a), there are no edge states whereas in (b), there are Dirac like states lying in the bulk gap. In subfigure (c), we plot 
the square of the wavefunction of the Dirac-like state at one edge of the heterostructure which shows peaks on the two edges. There are 
similar states at the other edge of the nano-ribbon. The white horizontal line denotes the boundary between the TI and CI. In subfigure (d), 
we show the z-dependence of the edge state wavefunction at different values of x. The black line is for a value of x close to the edge of the 
box and red (green) line is 5 (20) lattice-spacings away from the edge.
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energy scale and the crossing of the levels even above the zero 
energy shows that the assumptions we made about the coupling 
of lowest lying levels between the TI and CI are valid in the 
vicinity of the Fermi level. Moreover, we see from figure 8(b) 
that the role of the B0 term is to shift the zero energy crossing 
and gap out the crossings between the higher states. We note 
that from our effective interface Hamiltonian, we can obtain 
level crossing as a function of γ  by coupling only the n  =  1 
level of TI with n′ = 1 of the CI when T(n = 1) > 0. This 

happens when LTI < π
√

M1
M0

 and corresponds to a TI other 

than Bi2Se3 for which the parameters of this Hamiltonian are 

obtained [28].

4.  Conclusion and outlook

We studied the interface of the topological insulator Bi2Se3 
with a conventional insulator using the model Hamiltonian 
that describes this TI. Our model interface calculations sug-
gest that it is possible to tune the gap induced in the surface 
Dirac cone of a thin layered topological insulator by designing 
heterostructures with a conventional insulator. Moreover, we 
found that a topological phase transition can be induced in 
such heterostructures where we can switch back and forth 
the character of the interface from a quantum-spin hall phase 
to a topologically trivial phase, as a function of the coupling 
strength between the topological and conventional insulator. 
Such a topological phase transition can be also achieved by 
tuning the band curvature of the conventional insulator in con-
tact. Experimentally, it might be possible to tune the coupling 
strength between the topological and conventional insulator 
by application of pressure.

We found that the critical values of the interface hopping 
and the CI band mass are within the range of physically realiz-
able values in real materials. For example the critical values 
of the ratio of the interface hopping to the electron hopping 
matrix element inside the TI is of order unity. Furthermore, the 
critical value of the CI band effective mass is also of order of 
the bare electron mass as shown in figure 3(c). Therefore, this 
prediction can be verified experimentally where the precise 

value of the interface hopping parameter t depends on many 
factors which cannot be easily captured by DFT calculations. 
However, for any given reasonable value of t, one can exper
imentally choose a CI with an appropriate band-gap and band 
effective-mass which correspond to either topologically non-
trivial or a trivial interface. In the topologically non-trivial 
interface, edge states would be observed in a nano-ribbon 
geometry as illustrated in the present work.

Direct experimental observation of quantum spin-hall 
states in thin TI films has so far been unsuccessful due to the 
small gap (a few meV) which opens at the surface Dirac cone 
for a wide enough TI slab to be in the topological phase. In 
the present work we found that a thin TI, which would be in 
the topologically trivial phase, can be made topological by 
interfacing it with an appropriate CI. The band gap for such 
topological interface Dirac state turns out to be more than a 
factor of two bigger than the maximum gap of the pure TI in 
the topological phase (See figure 3). Such two-fold increase in 
the band-gap of the Dirac interface state is within the resolu-
tion range of the ARPES technique [20, 21, 24] and, thus, such 
an interface may allow a direct experimental observation of 
the edge states in the near future.

Since interfaces are very important for designing next gen-
eration electronic devices, we believe that our work will guide 
future works towards systematic designing and understanding 
of the topological character of such interfaces.
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Appendix.  Boundary condition in the thick layer 
limit

Here we discuss our implementation of the boundary condition 
[30] which is more appropriate for an interface formed by very 
thick layers of TI and CI. In this case we can idealize the system 

Figure 8.  Evolution of the eigenvalues at the Γ point as a function of (a) γ  obtained from equation (19) and (b) t from the full 
diagonalization of the asymmetric interface problem. In figure (b), the solid lines (red dots) are the eigenvalues when B0 term is turned off 
(on).
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as a CI-TI-CI system where each of the layers is thick enough to 
assume that it is governed by the pure bulk Hamiltonians. If the 
TI layer is very thick, the Hamiltonian of Zhang et al [28] which 
is only valid in the long-wavelength limit (small k limit near 
the Γ point) is applicable. In this case we assume that the three 
layers are ideal layers governed by the ideal bulk Hamiltonians. 
The boundary condition for the wavefunction at the interface is 
found by integrating the Schrödinger equation along an infini-
tesimal region which encloses the interface.

A.1.  Boundary conditions at the interface

We consider similar heterostructure as in the main text 
where the CI Hamiltonian extends −∞ to −(n + 1) and 
(n + 1) to ∞ and the TI Hamiltonian extends from  −n  +  1 
to n  −  1 sites. The sites ±n are considered to be the 
boundary sites.

For completeness, we write the TI and the CI Hamiltonian 
in equations (A.1) and (A.2).

ĤTI(z,�k⊥) = (−M0 − M1
∂2

∂z2 + M2k2
⊥)Γ5

− iB0Γ4
∂

∂z
+ A0(Γ1ky − Γ2kx)

�
(A.1)

and the CI Hamiltonian is

ĤCI(z,�k⊥) = (M′
0 − M′

1
∂2

∂z2 + M′
2k2

⊥)Γ5

− iB′
0Γ4

∂

∂z
+ C0I.

�
(A.2)

First, we write the BC at the left interface z  =  z1  =  −na. 
The first BC is trivial which follows from the continuity of the 
wavefunction, i.e.

ψ(z = 0) = ψ(z = z1 + 0).� (A.3)
For the second BC, we integrate the Schrödinger Equation 
Ĥψ(z) = Eψ(z), from z = z1 − δ to z = z1 + δ where Ĥ = ĤCI(z)  
for z  <  z1 and Ĥ = ĤTI(z) for z  >  z1, i.e.

∫ z1+δ

z1−δ

dzĤψ(z) = E
∫ z1+δ

z1−δ

dzψ(z)� (A.4)

for infinitesimal δ. This gives the following relationship 
between the derivatives at the boundary:

ψ′(z1 + 0)) =
M′

1

M1
ψ′(z1 − 0)

+ i
B′

0 − B0

M1
Γ−1

5 Γ4ψ(z1).
�

(A.5)

For simplification, we take B′
0 = B0, thus,

ψ′(z1 + 0)) =
M′

1

M1
ψ′(z1 − 0)� (A.6)

which gives derivative discontinuity condition at the boundary. 
Similarly, the boundary condition at the other boundary at 
z2  =  na is the following:

ψ′(z2 + 0)) =
M1

M′
1
ψ′(z2 − 0).� (A.7)

A.2.  Solving on the lattice

We write the wave-function at site z  =  ma as a four comp
onent vector , ψm = (αm,βm, γm, δm) in the spin-pseudospin 
basis |σ, τ〉, i.e. in the following order: αm = 〈ψm| ↑,+〉, 
βm = 〈ψm| ↑,−〉, γm = 〈ψm| ↓,+〉, δm = 〈ψm| ↓,−〉. Then, the 
Hamiltonian on a descretized lattice for m � −n − 1 as well 
as for m � n + 1 (i.e. on the CI sides, with the exception of the 
boundary site  −n) is as follows

(M′
0 + M′

2k2
⊥ + C0)Γ5ψm − iB0

2a
Γ4(ψm+1 − ψm−1)

−M′
1

a2 Γ5(ψm+1 + ψm−1 − 2ψm) = Eψm.
�

(A.8)

Similarly, for −n + 1 � m � n − 1 (i.e. on the TI side with 
the exception of the boundary site  −n)

Figure A1.  Band gap at the DP for the interface Hamiltonian for TI thickness of L  =  15 Å  (a) and L  =  20 Å  (b) L  =  30 Å  (c) as a function 
of the ratio of the band curvature of the CI and TI. The dashed horizontal green line in all the sub-figures indicates the value of band-gap for 
M′

1 = 0 at the interface which is equivalent to an infinite wall at the boundary.
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(−M0 + M2k2
⊥)Γ5ψm +

B0

2a
Γ4(ψm+1 − ψm−1)

−M1

a2 Γ5(ψm+1 + ψm−1 − 2ψm)

+A0(Γ1ky − iΓ2kx)ψm = Eψm.

�

(A.9)

We get similar equations as in equations (A.8) and (A.9) 
for the other boundary.

The above constitutes 4(N − 2) equations  (N is the 
total number of sites), but there are 4N unknowns. This is 
because the above equations are for all other sites except 
the 2 boundary sites, −n and  +n for the left and the right 
interface in this sandwich geometry. We include the fol-
lowing 4 boundary conditions for the left and the right 
interface which follows from the wavefunction derivative 
discontinuity at the boundary found in equations (A.6) and 
(A.7).

ψ−n =
M′

1ψ−n−1 + M1ψ−n+1

(M′
1 + M1)

� (A.10)

ψn =
M′

1ψn−1 + M1ψn+1

(M′
1 + M1)

� (A.11)

Substituting for the value of ψ±n  in equations (A.8) and (A.9) 
gives 4(N − 2) eigen-value equations.

A.3.  Results

In this section, we investigate the change in the band-gap of 
the interface Dirac cone of our heterostructure as a function 
of the CI parameters which is similar to our investigations 
in the main text for this BC. In figure A1, we plot the varia-
tion of the band-gap at the Dirac point (DP) as a function of 
the CI band-gap and band curvature parameters for different 
thickness of the TI in contact. We find that as a function of 

the ratio r =
M′

1
M1

 the band-gap at the DP first decreases and 

then increases, thus, signaling a topological phase transition, 

i.e. if the initial phase is topological (hosts edge states), it 
becomes trivial and vice-versa. For example, in figure  A1 
(a), the heterostructure is initially in a trivial phase, i.e. it 
does not host any edge states. When r  >  0.1, the system 
becomes topological. The exact value of r where such trans
ition occurs depends on the thickness of the TI and the band-
gap of the CI in contact.
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