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Abstract

CrossMark

The honeycomb Kitaev model describes a Z, spin liquid with topological order and
fractionalized excitations consisting of gapped m-fluxes and free Majorana fermions. Competing
interactions, even when not very strong, are known to destabilize the Kitaev spin liquid.
Magnetic fields are a convenient parameter for tuning between different phases of the Kitaev
systems, and have even been investigated for potentially counteracting the effects of other
destabilizing interactions leading to a revival of the topological phase. Here we review the
progress in understanding the effects of magnetic fields on some of the perturbed Kitaev
systems, particularly on fractionalization and topological order.

Keywords: spin liquids, Kitaev systems in magnetic fields,
fractionalization and topological order, thermal Hall response

1. Introduction

Quantum spin liquids (QSLs) are among the most interest-
ing paramagnetic quantum phases of matter with long range
entanglement and fractionalized emergent excitations [1-13].
The honeycomb Kitaev model, which happens to be integ-
rable, describes a quantum spin liquid where the lattice spins
are fractionalized into free Majoranas fermions subjected to a
static Z, gauge field [12]. The model also has w-flux excit-
ations or visons (Wilson loops), which are gapped. These
properties make it a deconfined phase. More importantly, the
ground state of the Kitaev model has Z, topological order
(same as the Toric code) which means it is four-fold degener-
ate on the torus, the excitations are abelian semionic anyons,
and the topological entanglement entropy -y is nontrivial, with
avalue v = In2. The Majorana excitations in the Kitaev model

* Author to whom any correspondence should be addressed.

are gapped or gapless depending upon the relative strength of
the interactions in the three bonds emanating from each site,
with the gapless Majoranas appearing when the magnitudes
of the three interaction strengths satisfy the triangle inequal-
ity. Applying a small Zeeman field in certain directions (such
that the magnetic field has nonzero components along the three
spin projection axes) gaps out the Majorana modes in the gap-
less phase and makes them chiral. A half-quantized thermal
Hall conductivity is expected in this regime, and attributed to
chiral gapless Majoranas on the edge. Such Majorana edge
modes leading to half-quantized thermal Hall response are also
expected for some topologically trivial states such as chiral
p-wave superconductors [14]. However in the Kitaev model,
this low-field chiral phase also has a nonabelian Ising topolo-
gical order (ITO) characterized by intrinsic nonabelian any-
onic excitations in the bulk, a three-fold degeneracy of the
ground state on the torus, and a finite topological entangle-
ment entropy v = In2. Both the Toric code and nonabelian
ITO phases of the Kitaev model are useful from the point
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of view of topological quantum computing—especially in the
nonabelian phase, qubit operations are realized by braiding
sub-gap Majorana excitations. Spin fractionalization and topo-
logical order are thus the two most remarkable features of the
Kitaev model.

Considerable attention has been devoted to Zeeman effects
in Kitaev systems. The non-commutation of Zeeman perturba-
tion with the Kitaev Hamiltonian induces 7-flux (vison) fluctu-
ations. In his original work, Kitaev studied the effect of weak
magnetic fields in the gapless regime ignoring vison fluctu-
ations by projecting the Zeeman perturbed Hamiltonian to the
flux free sector associated with the ground state of the Kitaev
model. In the effective model thus obtained, Zeeman perturb-
ations with nonzero field components along the three nat-
ural spin quantization axes induce a three-spin interaction that
breaks time reversal and parity symmetries (similar to three
spin scalar spin chirality terms in spin rotation invariant mod-
els) but is otherwise diagonal in the flux sector. The Majorana
excitations also remain eigenstates of the model; however,
they now become gapped and chiral. Kitaev demonstrated
that this phase is associated with a half-quantized thermal
Hall conductivity. Later it was shown that the Zeeman field
also imparts a dispersion to the visons, and their contribution
to properties such as the thermal Hall response has attrac-
ted attention recently. The behavior at higher fields is dic-
tated by the sign of the Kitaev interaction K. For ferromag-
netic (FM) sign of the Kitaev coupling, the system directly
transitions into a topologically trivial partially spin-polarized
phase. The transition to the topologically trivial phase appears
to be a confinement-deconfinement type driven by vison pro-
liferation. In the antiferromagnetic (AFM) case, there is at
least one intermediate field phase that separates the low field
ITO phase and the high field partially spin-polarized paramag-
netic phase. The nature of the intermediate field phase in the
AFM Kitaev model is still not well understood and there is
ongoing debate even about a basic matter as to whether it is
a topologically trivial phase or not. At high fields, spin waves
(and not the fractionalized Kitaev quasiparticles) are expected
to provide a good approximation for the many-body excita-
tions. Topological order in the ferromagnetic case is fragile,
and is easily degraded by, say, a (111) Zeeman field of the
order of 1072 x K, while for the antiferromagnetic case, the
field required (for the same orientation) is around ten times
larger.

Apart from Zeeman perturbations, various competing spin
interactions (e.g. Heisenberg-type exchange, anisotropic and
off-diagonal interactions) also induce vison fluctuations and
degrade topological order, often resulting in the appearance
of magnetic order. Motivated by Kitaev materials, a signific-
ant effort has already gone into understanding different mag-
netic phases in the parameter space of such interactions, and
the likelihood that for a given set of parameters, how close
a magnetically ordered Kitaev material is to the Kitaev spin
liquid phase [15-18]. Changes in the symmetry and order of
the ground state are reflected in the quasiparticle excitations,
which are essentially created through making certain local

moves on the ground state. Quasiparticle character is expec-
ted to evolve from the fractionalized Majoranas and visons in
the Kitaev spin liquid phase to spin waves in the magnetically
ordered or high field phases. The parameter regimes straddling
these extremes hold the promise of hosting both conventional
and fractionalized quasiparticles. For example, in the magnet-
ically ordered phases very close to the Kitaev spin liquid, the
excitations can have a substantial Kitaev-like character that
ultimately goes away as one moves deeper into the magnetic-
ally ordered phase [19]. Such magnetically ordered phases, in
which energy windows exist where quasiparticles have char-
acteristics of the adjacent spin liquid phase have been termed
as proximate spin liquid (PSL) phases. While Zeeman fields
and non-Kitaev spin interactions both degrade the topological
order, not much is known about their interplay when they are
simultaneously present. One possibility is that the two kinds of
perturbations likely have very different and competing mech-
anisms for degrading topological order, which tempts one to
use them simultaneously in a manner that neither is able to
suppress the topological order existing nearby in parameter
space. Another possibility is that both degrading mechanisms
not only compete with each other, but also act in tandem to
destroy topological order. In the latter situation, using field
suppression of, say, magnetic order would not prove to be a
viable strategy for resurrecting the lost topological order.

Disorder is ultimately unavoidable, and thus, it becomes
important to understand the effects they have on the phys-
ical properties of the Kitaev system and the role they play in
the degradation of topological order. When disorder is weak,
it may even serve as a way to detect the underlying topolo-
gical phase. For example, site vacancies in the Kitaev model
are known to host localized nonabelian anyons and these frac-
tionalized magnetically active states are known to impart spe-
cific singularities to the field and temperature dependence of
impurity susceptibility. Disorder signatures in other phases in
Kitaev systems, brought about through field tuning or compet-
ing interactions, are currently not well understood.

From the experimental perspective, material realization of
this phase has proved elusive. One of the main obstructions
is the presence of competing exchange interactions that may
be small compared to the Kitaev interaction, but nevertheless
significant enough to cause a long range magnetic ordering of
the spins. Indeed, some of the most celebrated Kitaev materials
fall in this category. Both a-RuCl; and Na,IrO;—first genera-
tion Kitaev materials with ferromagnetic Kitaev interaction—
have antiferromagnetic order which is zigzag type in the
Kitaev planes, but fully three-dimensional. However the large
ratio of the Curie-Weiss temperature (order of the Kitaev
scale) to antiferromagnetic (AFM) ordering temperature sug-
gests strong frustration effects and proximity to the spin liquid
phase. The magnetic order can be suppressed either thermally
or through Zeeman fields. This naturally raises the question if
some of the excitations in the magnetically disordered phases
thus obtained have a substantial resemblance to the fractional-
ized Kitaev quasiparticles, and whether any signatures of topo-
logical order could be detected here. New generation Kitaev
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materials are designed to be more two-dimensional which
frustrates the tendency for 3D magnetic ordering. Both FM
and AFM Kitaev interactions have been found, and the lat-
ter looks very promising given the greater robustness of topo-
logical order in AFM Kitaev systems. Unfortunately, enhan-
cing two-dimensionality comes at a cost because the abundant
interplanar space allows strong interstitial and substitutional
disorder which is another parameter that degrades topological
order. The resulting states are often glassy and there is some
evidence for underlying fractionalized excitations. Not only
the strongly disordered spin liquids are insufficiently under-
stood, but they are also less likely to see a revival of topo-
logical order through parametric tuning compared to their dis-
order free or low disorder counterparts. Consequently, here we
will mostly focus on systems that are not very strongly dis-
ordered. We will review available experimental data on some
of the Kitaev materials covering field-dependent transport (e.g.
thermal conductivity, thermal Hall conductivity), magneto-
metry (high field torque response, susceptibility) and inelastic
neutron scattering for clues.

This paper reviews the current experimental and theoretical
understanding of magnetic field effects on the fractionalization
and topological order of the honeycomb Kitaev system. The
models we are interested in have the general form

H=-K Y ST+ h-S+H (1
(ij ) €-links i

where H' represents other competing spin interactions. While
modeling material systems, the components of the vectors are
taken along the three spin projection axes of the system and
they do not normally coincide with the crystallographic axes.
In his original work [12], Kitaev studied the effect of small
Zeeman perturbations in the flux-free sector and showed that
in the gapless Majorana phase of the Kitaev model, such per-
turbations introduce a gap,

_ |niyh)

Ay A2

; 2

in the Majorana spectrum. Here Ay is the flux or vison gap,
which for the ferromagnetic Kitaev model is Ay ~ 1072K.
Strictly speaking, the validity of equation (2) is limited to
|h| < Ay within the ITO phase, and higher fields degrade the
topological order through vison fluctuations.

This review is structured as follows. Section 2 is devoted
to the review of experiments on Kitaev materials for signs of
fractionalization and/or topological order, especially involving
magnetic fields. Particularly in section 2.1 we demonstrate
the results of scattering and spectroscopic probes for frac-
tionalization e.g. inelastic neutron scattering [20] vs interact-
ing magnons [21], Raman and terahertz spectroscopy, NMR
and NQR probes. section 2.2 is regarding the thermodynamic
response in Zeeman fields, where we have described spe-
cific heat/thermal conductivity and thermal Hall response—
field dependence (including direction), high field torque mag-
netometry, etc. In section 3, we briefly explain the review of

field-tuned phases in Kitaev and perturbed Kitaev systems—
both numerical and analytical studies. Section 3.1 shows the
Zeeman effects in the pure Kitaev limit whereas section 3.2 is
about field effects with competing spin interactions. The the-
oretical study of response in Kitaev systems is summarized
in section 3.3. We end this review with some discussion and
future directions in section 4.

2. Experimental scene

Kitaev materials have been a subject of extensive investig-
ation for identifying possible parameter tuning into regimes
where ITO and fractionalized excitations could exist. Among
these materials, a-RuCls stands out. While it orders anti-
ferromagnetically (zigzag) at Ty ~ 7K, the ordering tem-
perature is much smaller than the Curie-Weiss temperat-
ure of Ocw ~ —150K, indicating magnetic frustration. The
other workhorse Kitaev material has been the alkali irid-
ate NayIrO;, also with zigzag order, and Ty ~ 15K, Ocw ~
—130K. Experimentally, some of the techniques that are com-
monly adopted for exploring possible signatures of fractional-
ized excitations in Kitaev magnets include (a) spectroscopic
probes such as inelastic neutron scattering (INS), Raman
scattering and time-dependent terahertz spectroscopy, NMR
and NQR, and (b) thermodynamic probes. Below we review
some of the key experiments that help shed light on this
question.

2.1. Scattering and spectroscopic probes for fractionalization

Inelastic neutron scattering: In INS measurements on o-
RuCls, the high-energy part of a persistent broad continuum
centered at the I'—point, that remains essentially unchanged
until high temperatures of the order of 100 K, has been inter-
preted as a signature of fractionalized excitations. In zero
field, the momentum dependence of the scattering was seen
to resemble the response calculated for the AFM Kitaev QSL
at zero temperature, whereas the constant Q response at the
I'—point was seen to be closer to that calculated for a FM
Kitaev model in an effective magnetic field [24]. Since the cur-
rent understanding is that the sign of the Kitaev interaction in
this material is definitely ferromagnetic (FM), we believe that
the fits to the momentum dependence of scattering obtained
from AFM Kitaev models are not very relevant here. On the
other hand, a ferromagnetic Kitaev with additional antifer-
romagnetic I' type anisotropic interaction also gives a good
match with the INS data [25, 26]. It is not yet known whether
fractionalized excitations can appear through field tuning of
such a K-I" model.

INS measurements were also carried out with a finer
field step, higher energy resolution and greater field strength
[27]. For an in-plane field, spin-wave excitations around
the M—point are gradually suppressed and vanish around
the critical field of 7.5 T, while a continuum observed
near the I'—point under zero field still persists when the
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Figure 1. In (a) the phase diagram of a-RuCljs in tilted field is shown as described in [22], indicating the field revived KSL phase from
AFM Zigzag order. Reproduced from [22], with permission from Springer Nature. (b) ([23]) describes the field-dependent spin excitation
gap which is the sum of two terms: the two-flux gap A and the gap acquired by Majorana fermions in a weak magnetic field, theoretically
predicted to be proportional to the cube of the field. The inset shows A(6) for B = 9.4 T where B is applied at an angle 6 from the ab plane.

Reproduced from [23], with permission from Springer Nature.

spin waves vanish. Based on the gap evolution of the con-
tinuum, it is concluded that the intermediate-field spin liquid
phase is possibly gapless. In a related study, Balz et al
[28] explored a-RuCl; under external magnetic fields using
INS, and found the absence of well-defined magnons near
field-suppressed magnetic order, suggesting a magnetically
disordered state. In another work [29], it has been argued
that the presence of a broad excitation continuum and the
absence of clear magnon peaks does not prove the exist-
ence of fractionalized excitations, and such broadening of
the magnons could also originate from magnon-magnon
interactions.

Inelastic neutron scattering measurements data have thus
been interpreted in both ways—either as consistent with the
existence of fractionalized excitations [20] or as a manifesta-
tion of magnon-magnon interactions [21, 29]. Clearly, a posit-
ive test of fractionalization is desirable, instead of arguments
that merely indicate consistency with fractionalization.

Raman spectroscopy: A magnetic continuum with spin-
wave excitations has been inferred from Raman measurements
[30] at low fields, suggesting simultaneous presence of excit-
ations with spin-wave and possibly fractionalized character.
At higher fields, the spectral weight is transferred to well-
defined sharp excitations corresponding to one-magnon and
multimagnon bound states, while at intermediate fields, a
weakly bound state emerges which does not connect smoothly
to them. This mode has been argued by the authors of [30]
as consisting of bound states of itinerant Majorana fermi-
ons, since flux excitations are largely invisible to the Raman
scattering process . The magnetic field-induced QSL phase
was also addressed via helicity-dependent Raman scattering,
which could potentially capture anyonic excitations that are

chiral [31]. The field regime between 7.5 and 10.5 T is charac-
terized by clear spectroscopic signatures, such as a plateau of
the Raman optical activity of a dominant, chiral spin-flip excit-
ation. However the chiral excitations could also be topological
magnons, the quasiparticles expected in the Kitaev model at
higher magnetic fields in the partially polarized paramagnetic
phase.

Terahertz spectroscopy: Time-dependent terahertz spectro-
scopy (TDTS) probes the continuum spectrum with high sens-
itivity and energy resolution, yielding an absolute measure-
ment of the imaginary part of the dynamical magnetic sus-
ceptibility at zero wave vector. The THz spectra determined
for parallel and perpendicular orientation of the static and THz
magnetic fields, up to 7 T, showed [32] two sharp resonances
at 2.5 and 3.2 meV and broader features in the range 4-6 meV
that appear only at applied fields above approximately 4 T. The
authors of [32] interpreted this behavior using linear spin wave
theory, taking into account a C3;—breaking distortion of the
honeycomb lattice and the presence of structural domains.

NMR and NOR probes: It has also been shown using NMR
[23] that the field-dependence of the spin excitation gap can
be fitted by the sum of a finite zero-field value and a cubic
growth in the low-field region (see figure 1(b)). Since a single
spin flip is expected to create a pair of visons and a Majorana,
the low field behavior provides a positive test for the exist-
ence of fractionalized Kitaev excitations. The spin excitations
of a—RuCl; have also been investigated through combined
NMR and NQR spectroscopy for temperatures down to 0.4 K,
well below the magnetic ordering temperature. Upon field-
suppression of magnetic order, two kinds of gapped excita-
tions are observed, and interpreted as evidence for Majorana
hybridization by the external field in a re-emergent ITO phase
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[33]. However, since spin-wave analysis in the partially polar-
ized high field phase would also yield two gapped modes, this
latter observation does not by itself resolve the issue.

2.2. Thermodynamic response in Zeeman fields

Thermodynamic response is a valuable resource for probing
fractionalization in Mott insulator spin liquid systems. The
dramatic observation in 2010 [34] of a linear-7" thermal con-
ductivity in a certain organic triangle lattice antiferromagnetic
insulating spin liquid material has been regarded as a key
evidence for a fractionalized (spinon) Fermi surface. Thermal
measurements have also been widely employed for probing
possible fractionalization and topological order in the Kitaev
materials, especially a-RuCls.

Thermal Hall response: The most important claim in this
context has been the observation of half-quantized thermal
Hall conductivity «,, in the vicinity of field-suppressed mag-
netic order [22, 35-37]. An in-plane magnetic field of strength
h < 10T is sufficient to degrade the magnetic order and
the half-quantized thermal Hall response was reported for a
field window 7T </ < 9T, with one report at even higher
fields [22] (see figure 1(a) for details). However other groups
have strongly contested these claims [22], contending that
while the thermal Hall response in the vicinity of field-
suppressed magnetic order is indeed large (often signific-
antly exceeding half-quantization), at low temperatures ry, /T
appears to fall sharply below the 7k%/12h value expected
for half-quantization, suggesting the absence of gapless chiral
edge modes. These studies have either supported interpreta-
tions based on chiral magnons (see also section 3) or even
phonon scattering from spin-dependent excitations or dis-
order. Proponents of the phonon mechanism point out that the
thermal Hall response is seen even along directions normal to
the Kitaev-planes [38] and that its temperature and field evolu-
tion tracks the longitudinal thermal conductivity that is expec-
ted to be phonon-dominated. We have a word of caution here,
for phonons will in general couple to magnons since lattice
vibrations, through their effect on electron-electron interac-
tions, result in local electronic spin excitations. This is more
likely in frustrated magnets where multiple competing states
are found in close proximity. Thus the phonon excitations
are not quite decoupled from the magnetic ones. The same
arguments also lead to the expectation that such magneto-
phonon excitations should be susceptible to decay to fraction-
alized emergent excitations. Sans a microscopic calculation of
thermal Hall response or a more direct experimental test, it
would not be correct to rule out any of these physical mech-
anisms. Later in the review we will discuss the theoretical
treatments for the thermal Hall response of perturbed Kitaev
systems.

Thermal conductivity: Along with the sizable thermal Hall
effect, @-RuCls also displays unusual features in the longitud-
inal thermal conductivity. Multiple ‘oscillations’ of the longit-
udinal thermal conductivity have been observed over a range
of fields around field-suppressed magnetic order. These are not
quantum oscillations [38, 39] because the fields in question

are much smaller than the values requires for inserting O(1)
flux quanta in the unit cells. A possible origin, suggested in
the literature [38, 39], is a succession of field-induced canted
magnetically ordered states.

Specific heat: In contrast to thermal Hall measurements that
have hitherto not been able to establish field-induced ITO,
a clearer evidence of fractionalization is available [40] from
specific heat measurements in the vicinity of field-suppressed
magnetic order in a-RuCl3. The authors of [40] observed that
for the field h || a—a configuration that has nonzero compon-
ents along all three spin projection axes—the field depend-
ence of the excitation gap extracted from the specific heat
data is consistent with the behavior in equation (2). However,
when the field is in the direction h || b, which corresponds
to hyhyh, =0, the specific heat reportedly has a T? beha-
vior expected for 2D fermionic Dirac dispersion (or even 2D
magnons). Such interpretation of the specific heat data is based
on a crucial assumption that the excitations in the magnetically
disordered phase obtained through field induced suppression
of magnetic order in a-RuCl; are similar in nature to the frac-
tionalized Majorana excitations of the Kitaev model.

Over a larger range of temperatures exceeding the Curie—
Weiss scale, one of the most common features observed is
the characteristic two-peak structure in the heat capacity, after
properly accounting for the phonon background, correspond-
ing to the entropy release of localized fluxes and itinerant
Majorana fermions. The Kitaev model has a characteristic
two-peak spectrum of the heat capacity, separated in temper-
ature by at least one order of magnitude. Experimentally, a
clear double-peak structure is observed at all the magnetic
fields investigated, and the high-temperature anomaly remains
almost constant as a function of external fields, and is indicat-
ive of itinerant Majorana fermions [41].

Other thermometry probes: From magnetocaloric, thermal
expansion and magnetostriction data in «—RuClj; single crys-
tals, it was shown that an apparent energy gap structure that
evolves when the low-temperature antiferromagnetic order is
suppressed, can show a cubic field dependence and remain
finite at zero field, depending on how the thermal expansion
data are modeled [42].

Torque magnetometry measurements: The appearance of
nonmonotonic behavior and a peak-dip feature in the torque
response, around magnetic fields corresponding to the scale
of the zigzag ordering temperature, in both the Kitaev mater-
ials Na,IrO3 [43] and a—RuCl; [44], has been interpreted as
evidence for a field-induced phase transition from the zig-
zag ordered state to a state with no magnetic order and no
simple spin polarization. The size of the anomaly in the
torque response is found to drop significantly for temperat-
ures exceeding the magnetic ordering temperature, indicat-
ing that this behavior is connected to the presence of mag-
netic order. In the case of Na,IrO3, the observed signature
in the torque response has been used to constrain the effect-
ive spin models for these classes of Kitaev materials to ones
with dominant FM Kitaev interactions, while excluding altern-
ative models with dominant AFM Kitaev interactions. At high
magnetic fields, the long-range spin correlation functions have
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been shown to decay rapidly, pointing towards the possibil-
ity of a transition to a field-induced QSL. More recently, the
presence of the intermediate QSL phase in a«—RuClj3 has been
a subject of debate, with certain experiments indicating that
a moderate in-plane field of about 7 T may induce an inter-
mediate QSL phase before the polarized phase [22, 28, 33,
35, 45] and other experimental evidence, such as that based
on magnetization, magnetocaloric and torque measurements,
pointing towards a single transition with no such intermedi-
ate phase [46—48]. Recent theoretical work has suggested the
absence of the intermediate QSL phase under in-plane fields
and predicted its presence for out-of-plane fields, with two
phase transitions involved in the process. Notably, there has
been a detailed study of the magnetization of «—RuCls for
fields in various directions within the honeycomb plane and
along the ¢* —axis perpendicular to it, up to about 100 T [49].
Under fields applied along and close to the c* —axis, an inter-
mediate phase was found, bounded by two transition fields of
about 32.5 T and 83 T. For a tilt of about 9° from the ¢* —axis,
only the lower transition field was observed to be present,
which decreased for larger tilt angles, while the intermediate
phase disappeared. These results were supported by DMRG
calculations on the K —J —T" — '’ model.

3. Theoretical studies

We will review the theoretical progress in the following order.
First we will examine the literature devoted to the pure Kitaev
model subjected to Zeeman fields focusing on aspects such as
fractionalization, topological order and signatures. Thereafter
we will review the current understanding of competing spin
interaction effects on similar aspects. Properties that one can
experimentally measure to seek answers to the above questions
will also be discussed. Here we would pay particular atten-
tion to the theory of the thermal Hall effect since, as we argue
below, some of the approaches in wide use that are based on
the spin wave approximation are not correct.

3.1. Zeeman effects in the Kitaev limit

The low-energy excitations of the isotropic Kitaev model
consist entirely of free, gapless Majorana excitations and
no visons. Kitaev showed [12] that in the presence of a
small Zeeman perturbation, the model, upon projecting to the
vison-free ground state sector, results in an effective low-field
Hamiltonian containing three-spin perturbations,

Hoy=-K > S'ST+r> S8
(if) €~-links )

+ geometrical equivalents, 3)

that breaks parity and time reversal symmetry and is equi-
valent to scalar spin chirality type perturbations in models
of Heisenberg magnets. Here x o hchyh, / K2, the sites in the
triad (ijk) are nearest neighbors, and the components «, 3, ¢
are such that ij € a-link, jk € §-link, and 5 # «, 6. The above

model is integrable and has the same excitations as the unper-
turbed Kitaev model (static, gapped visons and free Majorana
fermions). If the field has nonzero components along all the
three natural spin quantization axes, a nonzero Majorana gap
Ay ~ |hehyhy| /A% appears with characteristic cubic scaling
with the field strength, a peculiar direction dependence, and
inversely proportional to the square of the vison gap Ay. For
the FM Kitaev model, Ay ~ 0.025K. The Majorana fermi-
ons in this gapped phase are chiral, and while the bulk is
gapped, the boundary hosts a gapless edge mode, and given
that the filling fraction of the edge fermions is 1/2, which
Kitaev argued will result in a half-quantized thermal Hall
response. These arguments relied on the noninteracting mean
field model. Kitaev did not however demonstrate using any
bulk-edge correspondence that the edge modes are associ-
ated with a conformal field theory (CFT) with a chiral central
charge c_ = v/2, where v = +1 is the Majorana Chern num-
ber. By considering half-vortex twist defects in the bulk (not
intrinsic excitations of the mean field theory), he argued that
the vortex cores would host zero energy sub-gap Majoranas
that obey non-abelian braiding rules of Ising topological order
(ITO). Here he made the observation that the mean field model
is equivalent to a chiral p-wave superconductor—a phase that
has no topological order [14] but is known to allow Majorana
zero modes in half-vortices that satisfy ITO braiding rules.
Assuming that c_ = v/2 is correct, Kitaev reasoned that this
would be consistent with a bulk ITO phase although he had
demonstrated ITO braiding rules not for intrinsic excitations
but for half-vortices.

Subsequently, a number of works provided additional evid-
ence in support of Kitaev’s ITO proposition. One way to probe
the topological order numerically, using exact diagonalization,
has been to study the expectation of fluxes (Wilson loops)
associated with non-contractible loops on the torus [50] (see
figure 2(a)), which were found to take definite values +1
for one of the loops and only —1 for the other. However
because of finite size effects, the three-fold ground state degen-
eracy expected of ITO could not be established. In another
work [52], density matrix renormalization group (DMRG)
techniques were used to calculate the von Neumann bipart-
ite entanglement entropy for open cylinder geometries. The
entropy was shown to have an ‘area law’ component and a con-
stant ‘topological’ component, where the latter had values v =
In2, ory = (1/2)In2, both of which were argued to be consist-
ent with ITO and the difference was on account of boundary
conditions. Unlike the mean field theories, the DMRG calcu-
lation accounts for both the fermion as well as gauge contri-
butions. Zeeman induced vison fluctuations, although small in
the ITO phase, are nevertheless interesting, since the erstwhile
static visons now acquire a dispersion. For the FM Kitaev
model, the dispersing visons are not topological [53, 54] and
have a trivial non-projective translational symmetry [54]. In
contrast, for the AFM case, the visons have a nonzero Chern
number of 1 [53, 54] and a nontrivial projective translational
symmetry with m-flux per unit cell.

Larger Zeeman fields are known to destabilize the ITO in
both AFM and FM Kitaev model. However for a given strength
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of the Kitaev coupling, the topological order is more robust
in case of AFM model compared to the FM case. For the
AFM case, there is an ongoing debate surrounding the exist-
ence and nature of an intermediate abelian phase between
the low field ITO and high field partially polarized paramag-
netic phase whereas the in the FM model, one directly transits
from the ITO to the partially polarized phase. From DMRG
and ED calculations [50, 55], the transition takes place in
the pure Kitaev model with a (111) oriented Zeeman field
at h ~ 0.02K for the FM Kitaev coupling and the intermedi-
ate regime persists in a field interval 0.2K < h < 0.36K in the
AFM case. Subsequently a debate has arisen about the nature
of the intermediate phase for Zeeman (111) fields, for example
with the authors of [55-58] contending that it was a gapless
U(1) spin liquid with a spinon fermi surface, while in [59],
using a combination of parton mean field theory and numerics,
it was argued that the intermediate field is gapped and chiral
(with v = £4.) Another work [60] identifies a second narrow
region with fractionalized abelian excitations and (v = £4)
followed by a wider topologically trivial phase with v = +1.
As many as five different field tuned phases have been reported
in recent DMRG studies of the Kitaev model on a 1D ladder
setting, with an emergent glassy phase appearing at interme-
diate fields [61]. In [52], the spin-diagonal zero momentum
response $*(0,w) was studied using tensor network tech-
niques for the AFM Kitaev model in a (111) Zeeman per-
turbation together with the scalar spin chirality terms. Small
magnetic fields tend to reduce the Majorana and flux gaps and
also give additional features in the dynamical response func-
tion that the authors interpret as flux dispersion. At interme-
diate fields, the zero momentum gap becomes much smaller
(possibly gapless within numerical resolution), and at large
fields, a magnon mode grows out of the continuum. The fea-
tures in the intermediate phase could not be properly inter-
preted whether they arose from fractionalized excitations or
from magnon broadening through magnon-magnon interac-
tions. Approaching from the high field end, a more recent
work [62] has examined the one and two quasiparticle (dressed
magnon) features in the dynamical structure factor, supporting
the picture that from the high field side, the broadening seen
at lower fields is on account of magnon interactions. Clearly,
the intermediate phase for (111) field orientation is not fully
understood.

In contrast, there is a better understanding for (001) Zeeman
perturbations and we confine our attention to the AFM case
where there is an intermediate phase [63, 64]. A parton mean
field study of the Kitaev model with a (001) field shows a
gapless spectrum persisting up to & ~ 0.5K; however this gap-
less regime actually consists of two phases separated by h¢; ~
0.42K and h¢, =~ 0.5K with the low-lying wavefunctions in the
two regimes having opposite chiralities [63]. At higher fields,
apartially polarized trivial phase appears. Remarkably, there is
a dimensional reduction of the excitation spectrum in the high
field partially polarized phase from 2D to 1D dispersing spin
waves along the xy-chains [63, 65, 66]. The authors of [65]
further found from numerical calculations that the interme-
diate gapless phase consists of weakly-coupled 1D quantum

Ising critical fermionic chains described by a (1 + 1)D CFT
with a central charge ¢ = 1/2. Upon introducing a small scalar
spin chirality, the spectrum becomes gapped [63] and chiral
with v = 4-1,, and the parton Chern number is found to change
sign at h¢;. Based on the change of sign of the parton Chern
number from the ITO to the intermediate phase, the authors
of [63] offered that this would manifest in a change of sign of
the half-quantized thermal Hall conductivity. We have already
discussed above that mean field parton theory is not suffi-
cient for a complete characterization of a spin liquid, and
it is essential to take the contribution from the gauge sector
into account. Recently two of us [51] microscopically derived
and analyzed an effective abelian Chern—Simons gauge theory
using a Jordan—Wigner fermionization strategy. For this, the
authors of [51] considered gauge fluctuation effects around the
mean field theory of [63]. They have provided a comprehens-
ive characterization of the low-field ITO by studying GSD,
v, fusion rules and braiding statistics of the quasi-particles.
Unlike Kitaev’s case, their non-abelian anyons are intrinsic
bulk excitations and is one of the few instances where a non-
abelian phase may be described within an abelian gauge theory
framework. Despite the change of sign of the Chern number
at h¢y, it was found that upon taking the contribution from the
gauge sector into account, the chiral central charge remains
unchanged at c_ = 1/2, implying no change of sign of the half
quantized thermal Hall response. Although the AFM interme-
diate phase has topologically trivial order with no fraction-
alized excitations, a unique ground state, and no topological
entanglement entropy; nevertheless it is not a trivial product
state and is a symmetry protected topological (SPT) phase. The
complete results are summarized in figure 2(b).

3.2. Zeeman effects with competing spin interactions

There is already a vast literature on the possible phases of
Kitaev models subjected to competing spin interactions and
magnetic fields (see e.g. [15-18]). However we are inter-
ested in a more restricted question, namely the signatures of
fractionalization and topological order and changes to such
properties upon field tuning. Such questions should not be
viewed in isolation—for example, in the context of magnet-
ically ordered underdoped cuprates, there has been an effort
to understand the properties (especially an anomalously large
thermal Hall response) originating from fractionalized (semi-
onic) excitations within the magnetically ordered phase [67].
In our opinion a similar situation is indicated in the charac-
teristic cubic field scaling of the spin gap from NMR meas-
urements in the Kitaev material a-RuCl; for small Zeeman
perturbation within the magnetically ordered phase [67].
Microscopic models—phenomenology and numerics:
Perhaps the simplest models with competing interactions
that one can study are those with K—1I'" and K —J type of
interactions, together with a Zeeman field. Although these toy
models are not immediately relevant for the Kitaev materials,
they provide a simple example of how the competition of two
phases, one of which is a Kitaev spin liquid, is affected by the
action of a magnetic field. [68] reports a study of K — I" model
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Figure 2. In (a) Reprinted figure with permission from [50], Copyright (2018) by the American Physical Society, the expectation values of
Wilson loop operators W, (main panel) and W, (inset) for the two lowest energy states for both AFM and FM models are shown as a

function of (111) Zeeman field. The two states have W, = —1 but are distinguished by W,

+1. (b) (from [51]) describes all the

topological properties (ground state degeneracy, topological entropy, quasi-particles) and chiral central charge for both FM and AFM Kitaev

models in different (001) field regimes.

on the honeycomb lattice in an external magnetic field by
parton mean field and variational Monte Carlo calculations.
The partons move in a mean field that corresponds to zig-
zag magnetic order—however the zigzag order here appears
to be imposed only as a parameter and not the result of a
phase competition. Depending on the field orientation, the
authors predict the existence of a field induced Dirac spin
liquid (e.g. for (001) Zeeman fields) or an abelian Kalmeyer—
Laughlin type chiral spin liquid with v = +2, where the
latter would show an integer quantized thermal Hall effect.
The analysis does not take into account the gauge fluctu-
ation effects required to impose U(1l) charge conservation
and the understanding of the nature of the spin liquid phases
and their excitations could change once the gauge fluctu-
ations are taken into account. In [69], possible field induced
quantum phases in theoretical models of the Kitaev mag-
nets (Ferromagnetic Kitaev—antiferromagnetic I') is studied,
using the two dimensional tensor network approach or infinite
tensor product states. Various magnetically ordered and para-
magnetic states are reported apart from the expected chiral
Kitaev spin liquid occupying a small area in the phase diagram
(i.e. small T'/K, h/K). The finite field paramagnetic phases of
interest have nematic order. The nematic phases in the K — T"
model give away to the complex magnetic orders with large
unit cells when I'/K becomes large. Neither of these two
papers shed light on the nature of topological order or frac-
tionalized excitations, if any, in the field induced paramagnetic
phases. More complicated models that better describe the par-
ent Kitaev materials have also been investigated. In a recent
study [70] a number of numerical techniques were deployed
to understand possible field induced spin liquid phases in a
(K—J—T—T") model with FM Kitaev interactions, with
parameters chosen from fits to certain established experi-
mental results on «-RuCls. Finite-temperature calculations
suggested that in a-RuCls, a window of excitation energies
above the magnetization gap exists and is possibly a Kitaev
phase (similar to proposals in some INS experiments) but the
nature of the paramagnetic phase was not proved explicitly.
When the magnetic field is applied perpendicular to the hon-
eycomb plane, the zigzag order is suppressed at 35 T, above
which, and below a polarization field of 100 T level, there

emerges a field-induced paramagnetic phase distinct from a
partially polarized phase that exists at higher fields. While ED
and DMRG calculations suggest the intermediate field phase
to be gapless, the VMC calculations suggest an abelian gapped
chiral spin liquid phase with v = £2. Intermediate field gap-
less phases have also been found in [71] for fields in the (111)
direction, where spin correlations were found to decay as
a power law in distance and the specific heat obeyed a T°
law. Note that experimentally, a gapped phase is indicated at
intermediate fields in specific heat measurements [23] except
for certain directions where the Majorana gap in the Kitaev
model vanishes. In summary, the existing studies of Kitaev
models perturbed by various spin interactions and subjected
to a magnetic field have not reported any evidence for field
revived ITO although there is some support for intermediate
paramagnetic phases that could be regarded as abelian spin
liquids. Furthermore, in the analytical studies, gauge effects
have not been taken into account, which limits the confid-
ence with which one can claim anything about the nature of
topological order and fractionalized excitations.
Gauge theory phenomenology: A deeper analysis of the
possibility of field-induced ITO in magnetically ordered
Kitaev systems has been made recently using a phenomeno-
logical gauge theory approach. For example in [72], the field
tuned criticality in a-RuCl; has been described using mod-
els of critical bosons or gapless fermions coupled to emergent
non-abelian QCD; Chern—Simons gauge theory. Although not
microscopically derived, these models are designed to give a
field-theoretical description of a pre-determined sequence of
phases, namely zigzag (ZZ) AFM order — ITO — partially
polarized paramagnet. The ITO phase is proposed to consist
of an SU(2), CS theory and a U(1)_4 CS theory (both of
which have Majorana excitations) followed by hybridizing the
Majorana fermions in these two theories (i.e. an anyon con-
densation). The zigzag AFM to ITO and ITO to polarized
transitions are respectively described by Ny=1 and Ny=2
QCDs theories. Since there is no independent microscopic
support for the above sequence of transitions, it remains an
open question whether this gauge theory is suitable for the
Kitaev materials where field-tuned re-emergence of ITO is
being investigated.
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3.3. Response in Kitaev systems

A number of proposals have been made theoretically for the
experimental detection of fractionalization in Kitaev materials
using magnetic field tuning. These studies, like we reviewed
earlier for experiments, can be broadly categorized as spectro-
scopic or thermodynamic probes.

3.3.1. Spectroscopic probes of Zeeman perturbed Kitaev
models  Apart from the dynamical spin structure factor (gov-
erning INS) studies that we have already described above, we
mention here some more studies of response in the Kitaev
limit. [73] used a time dependent mean field approach to study
the ‘transient Fermi surface’ of the Majorana excitations cre-
ated following a (001) Zeeman quench from a finite value to
zero at some instant of time. In particular, for the AFM case,
such transient Fermi surfaces were argued to be topologically
different from those at low fields. More recently, it was shown
[74] that it is possible to control the local vison density by
spatio-temporal variation of a (001) field.

3.3.2. Thermal response  Thermal Hall conductivity r,, is
the leading thermal transport probe for Kitaev systems, with
the latter providing a direct test of the topological order. The
low temperature thermal Hall response of a gapped chiral state
is determined by the chiral central charge c_ of the edge excit-
ations. For the ITO phase, c_ = 1/2, which translatestoa 1/2-
quantized thermal Hall conductivity. This value of c_ is not
unique to ITO and also appears, for example, in a topologically
trivial phase such as a p + ip superconductor (see our earlier
discussion). Thus, half-quantized thermal Hall response is
a necessary but not sufficient condition for establishing
ITO.

The chiral central charge can in principle be obtained
provided one has the knowledge of the low-energy effective
theory in the relevant parameter regime. As we have seen
above, for realistic models of Kitaev materials, we do not
yet have a good understanding of the field induced paramag-
netic phases realized upon suppression of the magnetic order
present in the parent material. At high fields, in the partially
polarized phase, spin waves provide a good description of the
low-lying physics.

Linear response calculation of thermal Hall response is
complicated on two counts. First, unlike its electrical counter-
part where one has a TKNN [75] formula relating the Chern
number of the bulk ground state to the Hall conductivity,
thermal Hall conductivity must be calculated for geometries
with a boundary. Second, the linear response thermal Hall con-
ductivity contains two important components [76]—a Kubo
part which is a correlator of energy currents, and an energy
magnetization part which represents bound currents that must
be subtracted from the local energy current since they do not
contribute to the transport thermal Hall current. In practice,
it is difficult to obtain the Kubo and energy magnetization
contributions in interacting systems, and almost all the past

studies have been conducted for models with free fermion
[77] or bosonic excitations [78]. More recently there has been
progress in the finite temperature thermal Hall response of
interacting fermionic matter [79] where the contribution of
gauge fluctuations has been addressed in a large-N theory.
Another approach has been to consider the contribution of
vison dispersion in the ITO phase to the thermal Hall response
[53, 54]. While the half-integer quantization does not appear
to be affected at such low fields, x,, displays a nonmonoton-
ous temperature dependence in the AFM Kitaev model where
the visons are in general chiral.

For noninteracting fermions, taking into account both the
Kubo and energy magnetization contributions yields the fol-
lowing expression for the thermal Hall conductivity (see [77]):
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where O,,(¢) = % epceIm < |a”"" > is the total Berry
curvature of the fermionic bands up to an energy e.

In magnetically ordered or partially polarized paramagnetic
phases of the perturbed Kitaev systems, the spin wave approx-
imation is a reasonable starting point. In [78], the following
expression for the bulk thermal Hall response of noninteract-
ing bosons was obtained (7 = kg = 1),

Ky = *TT/Z Z [Cz (nB (&) —

k n=1

2
7;] Oy (5)

-
where ¢;(x) = [; dr(In 1J”) and Q,; = iel“,[a3 703 ngk] is

the Berry curvature of the nth boson band. T is the Bloch
eigenstate and ng is the Bose distribution function. This
expression has been the most widely used in the Kitaev
literature.

A general real space expression for thermal Hall response
of arbitrary 2D Hamiltonians with local interactions was
provided by Kitaev [12] and subsequently clarified by
Kapustin [80]. A significant point made in these papers was
that linear response theory does not directly yield ky, but
instead changes in k,,/T between different temperatures,
and that the correct temperature dependence of ky, can be
obtained once the value of k,,/T is known for a particular
temperature.

Application of Kitaev—Kapustin theory for noninteracting
bosons yields [79] an expression for the derivative of «,, /T :

w0/ T)
(Kd)T/ zrsVZZ”B &) €3y (6)

The sum runs over both positive and negative eigenmodes with
equal contribution. The thermal Hall conductivity is obtained
by integrating equation (6), and the constant of integration is
fixed by specifying k,,/T at some temperature. For instance,
for a bounded spectrum, limy_, o (ky,/T) = 0.

For interacting bosons, one needs to revert again to Kitaev—
Kapustin theory and obtain the thermal Hall response in terms
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of the interacting Green functions. To the best of our know-
ledge, this has not been done yet.

In an earlier work [81], two of us observed that ,, for the
Kitaev model numerically obtained from equation (5) for mod-
erate fields h ~ K(111) shows a tendency to saturate [82] to a
finite value even at high temperatures. The same is the case
when k,, is obtained from equation (6). This was puzzling
on two counts. First, since the ‘infinite’ temperature density
matrix is diagonal with equal elements, the energy currents
and k,, should vanish. Second, physically, thermal response
should be proportional to the specific heat which vanishes at
high temperatures in any system with a bounded spectrum. In
[81] a new technique for the calculation of the thermal Hall
response of gapped 2D spin systems was proposed which is
simpler to implement numerically compared to the Kitaev—
Kapustin linear response treatment, which was used to decide
between equations (5) and (6). The basic idea is that for any
local Hamiltonian, i.e. H = ZiH,-, where i refer to spatial
coordinates, the thermal current jg(ij) from i to j is given by
Je(ij) = i[H;,Hj]. The energy current across a surface is found
by summing such local energy current contributions such that
the two sites in each local contribution jg(j) lie on either side
of the boundary. For Hall response, the 2D lattice is rolled
up into a cylinder, a time reversal symmetry breaking per-
turbation (here, a Zeeman field) is applied, and the system is
immersed in a uniform temperature bath. The thermal Hall cur-
rent is measured across any simple curve (boundary) that con-
nects the two open edges. Since both the edges are at the same
temperature, the total Hall current is zero, a consequence of
the exact cancellation of Hall currents reckoned from the two
edges. For gapped systems, the Hall currents are the largest
near the edges and exponentially decay into the bulk. Thus
one obtains the Hall current associated with a single edge
at any given temperature 7' by computing the energy current
across a curve that extends from one of the edges to the mid-
point of a sufficiently large cylinder. For calculation of the
thermal averages, a purification based tensor network tech-
nique was used. Thermal Hall response of the Kitaev model
as well as Kitaev—Heisenberg models were thus obtained.
The numerical strategy does not require any quasiparticle
picture.

Figure 3 shows the thermal Hall response of the Kitaev
model in a (111) Zeeman field calculated using the technique
introduced in [81]. Because of the finite size nature of the
samples, the edge modes become gapped even at vanishing
fields. At higher fields when ITO is lost, the excitation gaps
are genuine and not a finite size effect. At the lowest fields,
Kyy/ T peaks near the half-quantized value expected for the ITO
phase. Thereafter, the peak rapidly declines upon increasing
the field beyond the ITO regime. At a field h = 0.5K(111),
the thermal Hall conductivity is practically zero, unlike the
results obtained from spin wave theory. No saturation of x,y
is observed at high temperatures. We believe that this differ-
ence is on account of the inapplicability of spin wave theory in
such a field regime where nonlinear magnon interaction effects

could be significant. The topological entanglement entropy
(see inset) also shows a similar behaviour, declining sharply
from v = In2 outside the ITO phase. At the higher range of
fields far from ITO, the spin wave approximation becomes
justifiable.

When perturbed by Heisenberg or other competing spin
interactions, the ground state becomes magnetically ordered.
Thermal Hall effect has been studied in such cases using
the spin wave approximation around the classical magnetic
ground states. McClarty et al [82] describes that the spin-wave
bands of the K—J—T —T model carry nontrivial Chern
numbers over large regions of the phase diagram, imply-
ing the presence of chiral magnon edge states. Unlike other
models of topological magnons here nonvanishing anomal-
ous (number nonconserving) terms are responsible for opening
up a gap in the spectrum leading to Chern bands. The evid-
ence of the chiral surface states that are present and topolo-
gically protected in linear spin-wave theory is shown from
the time-dependent DMRG and interacting spin-wave the-
ory, and hence, should be experimentally detectable in prin-
ciple. These chiral magnons lead to integer quantized Hall
response that reverses its sign upon the reversal of the magnetic
field [83]. A direct numerical calculation [81] for the Kitaev—
Heisenberg model in the vicinity of field suppressed mag-
netic order reveals a large finite temperature peak (approach-
ing integer quantization for J/K near the Kitaev spin liquid
boundary), see figure. However at low as well as high tem-
peratures, the thermal Hall response approaches zero. This is
reminiscent of recent observations [39]. A calculation of the
topological entanglement entropy [81] does not indicate any
restoration of ITO near field suppressed magnetic order. It
appears that although the magnetic field is determental to mag-
netic ordering, in parallel it also acts to suppress topological
order.

Phonon contribution to Hall effect: Although phonons
are not intrinsically chiral and do not directly contribute to
the thermal Hall effect, the phonons inevitably couple to
the magnetic excitations in the Kitaev system, owing to the
dependence of the spin interactions on the interatomic sep-
arations. The phonon contributions could have both intrinsic
origin (from Berry phase effects of the hybrid magnon-
phonon modes) as well as extrinsic ones associated with
defect scattering (side jump and/or skew symmetric ori-
gin). The theory of phonon contribution to thermal Hall
effect through their coupling to spin waves has been recently
developed in [84]. Using these ideas, it has been argued
in [85] that to explain the experimentally observed thermal
Hall response in the vicinity of field-suppressed magnetic
order, one must include both intrinsic and extrinsic contri-
butions to the thermal Hall effect. Being a spin-wave ana-
lysis, these studies however do not shed light on whether
there is any signature of fractionalized excitations in this field
regime.

Other thermal response: Experimentally, we have seen how
the field dependence of the spectral gap extracted from specific
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Figure 3. (a) (Reprinted with permission from [81]) shows isomagnetic plots of ., /T for the ferromagnetic Kitaev model in the field range
0.025 < h/K < 0.5 interpolating the Ising topological order (ITO) and spin wave limits. Solid gray line describes the half-quantized thermal
Hall effect. Inset shows the plot of peaked k., /T versus magnetic field on the left y axes and topological entanglement entropy -y on the right
y axes in pure Kitaev limit. In (b) the same is shown for the / — K model, with Heisenberg interactions chosen both inside the Kitaev spin
liquid phase (J/K = 0.1) as well as in the SDW phase (J/K = 0.2,0.3) whereas the inset shows the plot of topological entanglement entropy
~ as a function of magnetic field //K for different values of J/K. (a) and (b) Reprinted figure with permission from [81], Copyright (2023)

by the American Physical Society.

heat measurements could provide convincing evidence for the
existence of fractionalized Kitaev quasiparticles. We are not
aware of theoretical work that supports this picture

Disorder as a signature of fractionalized excitations: There
have also been theoretical and experimental studies on the con-
sequences of various types of disorder in quantum spin liquid
systems. Most materials realistically have some level of dis-
order, which can significantly affect their low-energy proper-
ties, but can also serve as a probe for exotic excitations char-
acterizing spin liquid systems. In this context, more than a
decade ago, both site dilution and exchange randomness were
considered in the Kitaev honeycomb model, and it was shown
that in the gapless phase, a single vacancy binds a flux and
induces a local moment, leading to a logarithmically divergent
local susceptibility [86, 87]. This effect is further enhanced for
a pair of nearby vacancies. On the other hand, in the gapped
phase, it was shown that a finite density of randomly distrib-
uted vacancies remains tractable via a mapping to a bipartite
random hopping problem [88], which leads to a strong dis-
order form of the low-energy thermodynamics. The effect of
coupling magnetic impurities to the honeycomb lattice spin-
1/2 Kitaev model in its spin liquid phase also gives rise to an
unusual Kondo effect [§9] whose strong coupling limit creates
localized nonabelian anyons just like in the vacancy case [87,
89]. Furthermore, the massless spinons in the spin liquid were
shown to mediate an interaction between distinct impurities
unlike the usual dipolar RKKY interaction noted in various
2D impurity problems.

More recently, other possible signatures of different types
of disorder in the Kitaev model have been considered, with
a focus on intercalated compounds, with weaker interlayer
couplings, an effectively quasi-2D nature and a large num-
ber of stacking faults, where defects are expected to play an
important role, and which are also relatively better described
by a pure Kitaev model without competing interactions.

For example, in the hydrogen intercalated iridate H3Lilr,Og,
vacancies in the Kitaev model have been found to play
an important role in understanding the origin of a low-
temperature divergence in the specific heat C/T oc T~'/? as
resulting from a pileup of the low-energy density of states [90,
91]. The vacancy-induced low-energy states are predicted to
be gapped out in the presence of a magnetic field, resulting
in the suppression of the specific heat, as observed in this
material. It was also predicted that Raman or inelastic neut-
ron scattering experiments should be able to detect the low-
energy divergent power-law tail of the density of states, and a
controlled, sufficiently large change of disorder concentration
should be observable as a drift in the exponent of this diver-
gence. While such an interpretation is indicative of the poten-
tially useful role played by disorder in detecting spin liquid
physics, further discussion on other possible ways of under-
standing these experimental observations, unrelated to frac-
tionalization or topological order, is desirable. Besides, spin
vacancies in the non-abelian Kitaev spin liquid are known to
be harbor Majorana zero modes, the spectroscopic signatures
of which have recently been studied in a scanning tunnel-
ing setup [92] where a non-abelian Kitaev spin liquid with
a finite density of spin vacancies forms a tunneling barrier
between a tip and a substrate, and the key results include a
well-defined peak close to zero bias voltage in the derivative of
the tunneling conductance whose intensity increases with the
density of vacancies, and a single-fermion Van Hove singular-
ity at a higher voltage that reveals the scale of the emergent
Majorana fermions in the Kitaev spin liquid. The dynamical
response of vacancy-induced quasiparticle excitations in the
site-diluted Kitaev spin liquid has also been studied in the pres-
ence of a magnetic field [93]. Due to the flux-binding effect
and the emergence of dangling Majorana fermions around
each spin vacancy, the low-energy physics is governed by
a set of vacancy-induced quasi-zero-energy modes, resulting
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in unique characteristics of the dynamical spin correlation
functions.

4. Discussion

To conclude, we have surveyed the current theoretical and
experimental understanding of Zeeman field tuned degrada-
tion of topological order and spin fractionalization in Kitaev
magnets. Along with external Zeeman field, effects of other
competing perturbations like Heisenberg and Gamma interac-
tions were also discussed.

Among the signatures of fractionalization, data from
inelastic neutron scattering measurements [20, 21, 24, 27—
291, while not inconsistent with fractionalized excitations, can
also be explained from an interacting spin waves perspect-
ive. A definitive confirmation of fractionalization is preferred
over arguments merely suggesting compatibility with it. NMR
studies [23] have demonstrated that the field-dependent spin
excitation gap can be modeled by combining a finite value at
zero field with a cubic increase in the low-field range. Given
that a solitary spin flip is anticipated to yield a pair of visons
and a Majorana in the Kitaev model, this behavior in the low-
field regime serves as positive evidence for the presence of
fractionalized Kitaev excitations. The cubic behavior can also
be extracted from recent specific heat measurements a field
configuration that has nonzero components along all three spin
projection axes. NMR and specific heat measurements [23,
40], in our opinion, represent the strongest evidence so far
for fractionalization in field-tuned Kitaev magnets, although
one must remember here that the cubic field dependence is for
the Kitaev model, and it is not known if the same behavior
would persist in the presence of competing interactions strong
enough to cause magnetic ordering.

The most important debate regarding thermal
measurements [22, 35-37] concerns the controversial obser-
vation of a half-quantized thermal Hall conductivity near the
field suppressed magnetic order, where there is strong dis-
agreement in the community even on the existence of the phe-
nomenon in a-RuClj [38, 39]. The experiments are conducted
in a field regime where neither spinons nor magnons provide
a good quasiparticle starting point for analyzing thermal
Hall response. To add to the confusion, it appears that spin-
dependent scattering of phonons from electronic excitations
and defects could strongly affect the thermal Hall response
of Kitaev magnets. However there has been progress in the
development of quasiparticle agnostic numerical approaches
for the study of thermal Hall response in many-body systems
[79-81]. Second generation Kitaev materials, while heavily
disordered, are less susceptible to magnetic order, and the
known properties of defects in Kitaev spin liquids have been
used to interpret specific heat data of second generation Kitaev
materials as evidence of spin fractionalization [90, 91]. The
defect studies are, however, based on mean-field fermioniz-
ation of the Kitaev model and do not take into account the
gauge fluctuation contributions.

Given the complicated nature of the problem when both
Zeeman perturbations as well as competing spin interactions
are simultaneously present, a significant theoretical focus has
been directed towards the simpler problem of Zeeman effects
in Kitaev systems. A small Zeeman field (with nonzero field
components along the three natural spin quantization axes)
gaps out the Majoranas and makes them chiral [12]. In the case
of a ferromagnetic (FM) sign for the Kitaev coupling, the sys-
tem undergoes a direct transition into a partially spin-polarized
phase, which is topologically trivial. The shift towards the
topologically trivial phase seems to follow a confinement-
deconfinement mechanism driven by the proliferation of vis-
ons. Conversely, in the antiferromagnetic (AFM) scenario
[50-52, 63], there exists at least one intermediate field phase
that separates the low-field intermediate topological order
(ITO) phase from the high-field partially spin-polarized para-
magnetic phase. In recent studies, the intermediate field phase
is shown to be abelian [51, 55-59] and exhibits half quantized
thermal Hall response [51, 63] indicating the half quantization
is a necessary but not sufficient condition for proving the Ising
topological order, which additionally requires the demonstra-
tion of appropriate braiding statistics and fusion rules [51].

Competing spin interactions are necessary to account for
various experimental observations, such as the existence of
low-field antiferromagnetic zigzag order in aa—RuCl;. One
possibility is that the Zeeman and competing spin interactions
operate through distinct and competing mechanisms to disrupt
topological order. This provides a motivation to employ both
simultaneously, preventing either from fully suppressing the
nearby topological order within the parameter space, while
effectively counteracting their individual influence. Different
numerical and analytical studies [68—72] have been developed
in this context, focusing on fractionalization and topological
order, but have not reported any evidence for field revived
ITO, although there is some support for intermediate para-
magnetic phases that could be regarded as abelian spin liquids.
Moreover, in analytical investigations, the influence of gauge
effects has typically been disregarded, impacting the reliabil-
ity with which assertions can be made about the characteristics
of topological order and fractionalized excitations.

Field-tuned strategies for Ising topological order in Kitaev
systems could work in a few scenarios. First, based on the
observation that models with the AFM sign of Kitaev interac-
tion are significantly more robust to field induced ITO degrad-
ation, it makes sense to search for highly frustrated magnetic
insulators with AFM Kitaev interactions. Second, even in FM
Kitaev materials (which are more common so far), if the mag-
netic ordering scale happens to be well below the vison gap,
then such systems can also be field-tuned to an ITO phase.
Further work is also needed to understand better the nature of
any paramagnetic phases that are obtained upon the Zeeman
suppression of magnetic order in Kitaev models with compet-
ing spin interactions.

The bulk of the theoretical treatment of Zeeman-perturbed
Kitaev systems is based on quasiparticle mean field treatments,
whether magnons or spinons. Effects of magnon interactions
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have been studied in the context of inelastic neutron scattering,
although not on thermal Hall response. However, more work
needs to be done to understand magnon interaction effects
closer to spin liquid instabilities. From the spinon end, inter-
actions are naturally introduced through coupling to suitable
gauge fluctuations. Gauge theory approaches are still in the
process of development and offer a complementary treatment
to spin wave approaches. The effect of gauge fluctuations on
physical properties such as thermal Hall response is a topic that
is relevant for a wide range of 2D quantum magnets, including
the cuprates.
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