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Phase diagram of twisted bilayer MoTe, in a magnetic field with an account
for the electron-electron interaction
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We study electron-electron interaction-induced states of twisted bilayer MoTe, in an out-of-plane magnetic
field BZ near one hole per moiré unit cell filling. The three-dimensional phase diagram showing the evolution of
competing phases with B, interaction strength, and an out-of-plane electric field is presented at electron fillings
that follow the Diophantine equation along the Chern number —sgn(B) line, that is pointing away from the charge
neutral filling, where we find prominent Chern insulators consistent with the experiments. We also explain the
experimental absence of prominent Chern insulators along the Chern number +sgn(B) line.
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Introduction. Moiré materials are well known for their
tunability and hosting various correlated phases due to their
narrow energy electronic bands [1,2]. Among these materials,
twisted transition metal dichalcogenide (TMD) homobilayers,
as well as heterobilayers, are predicted [3,4], and experi-
mentally shown, to exhibit an integer quantum anomalous
Hall (QAH) effect [5,6]. Intriguingly, a fractional quantum
anomalous Hall effect has recently also been observed in
twisted MoTe, homobilayer (tMoTe;) [7-10], with a number
of theoretical papers devoted to these integer and fractional
Chern insulators [11-27]. Due to the large unit cell area A, of
moiré materials, the out-of-plane magnetic field BZ has proven
to be a powerful probe of their correlated states [7,8,28,29].
Particularly interesting is the evolution of such states in the
v-B plane, where the electron filling v = p,A,c and p, is the
areal density of electrons. The key tool is the thermodynamic
formula [30,31] which states that the quantized Hall conduc-
tivity of a gapped state of electrons (with charge —e) at7 = 0
follows

30, e

Oy = —Oyy = —€ = —t—. (1)
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Here, t is the Chern number [32] and we use SI units through-
out. The Diophantine equation for v is [33-37]

¢
v==s+ t¢0 , 2)
where the flux quantum ¢y = h/e = 4136 T nm? and the flux
through the unit cell is ¢ = BA,.

A ubiquitous experimental observation in tMoTe, at twist
angles in the 3.4°-3.9° range is the QAH state atv = —1 = s
evolving into a Chern state at B # 0 with a prominent gap
at t = —sgn(B) and a noted absence of a prominent gap at
t = +sgn(B) [7-10]. In other words, the Streda lines emanat-
ing from v = —1 point away from the charge neutrality point
(CNP) for either sign of B. The two QAH states with opposite
Chern numbers at B = 0 are partners under the time reversal
symmetry, which is spontaneously broken, and therefore they
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must be equally stable at B = 0. The relative instability of the
t = +sgn(B) state at B # 0 has thus far not been explained.
Note that in 1.23° twisted WSe, bilayer the prominent Chern
insulator line at s = —1 points fowards the CNP [29], and
that both behaviors have been observed in the magic angle
twisted bilayer graphene device of Ref. [38], as well as in
calculations [39].

Here, we show that, within our B # 0 self-consistent
Hartree-Fock calculation at the twist angle 3.89° and the
dielectric constant € entering the interaction (4) chosen to
reproduce the B =0 QAH state [23], the ground state at
s = —1 andr = —sgn(B) is valley polarized and that the holes
preferentially populate the valley whose spin is aligned to
the direction of the magnetic field. This state can be thought
of as a Landau quantized QAH state with a nonvanishing
(large) gap in the B — O limit and we refer to it as a Chern
paraelectric because it preserves C,, 7T, the combination of
an in-plane twofold rotation symmetry and the time reversal
symmetry. Its energy spectrum as a function of ¢ /¢y is shown
in Fig. 1(a). Since the spin orientation of the holes in the two
valleys is opposite due to the spin-valley locking [40], the
valley polarization reverses upon reversing the sign of B [still
att = —sgn(B)]. Interestingly, the nature of the lowest-energy
state at s = —1 and ¢t = +sgn(B) depends sensitively on g,
the strength of the spin and orbital Zeeman coupling [41].
At g =0, it is valley polarized but now the holes populate
the valley whose spin is antialigned to the direction of the
magnetic field. For a given B, it can be thought of as a Landau
quantized time reversed partner of the QAH discussed above.
Its (large) gap also does not vanish in the B — 0 limit [see
Fig. 1(d)]. If it were stable, the valley polarization would
reverse at a fixed B upon changing the filling from —1 — %

to —1+ %, similar to the observations reported in Ref. [42]
in graphene heterostructures. Such a state would appear as a
prominent Chern insulator, inconsistent with the experiments
[7-10]. At g 2 2, however, the ground state changes and the
holes populate the valley with spin aligned to the direction
of the magnetic field for a range of B that expands to lower

©2024 American Physical Society
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FIG. 1. (a)—(d) Hartree-Fock energy spectrum with varying magnetic field at v = —1 — % and v=—1+ %. Electrons occupy all

eigenstates below the black dashed line (guide to the eye). Blue (red)

points represent eigenstates in the K (K’) valley. (e), (f) Total energy

per unit cell vs magnetic field. Dashed lines are obtained from quadratic interpolation using calculated energy per unit cell at B = 0. (g), (h)

Energy per unit cell with nonzero g factor.

|B| as g increases [Fig. 1(h)]. It can be thought of as an
integer quantum Hall (IQH) state, populating the lowest pair
of Landau levels (LLs) of the Chern paraelectric excitation
spectrum at t = —sgn(B) with electrons, as seen in Fig. 1(c).
Because of the sizable band mass, its gap is small and van-
ishing as B — 0, consistent with the experimental absence
of a prominent Chern insulator at t = +sgn(B) and presence
at t = —sgn(B). As detailed below, we estimate the orbital
Zeeman contribution to g in tMoTe, to be 3.23 and of the same
sign as the spin contribution 2, placing us safely in the g = 2
regime. We note that the sophisticated ab initio calculation
[43] yields a total Landé g factor g = 9.17, exceeding our
estimate and placing the system deeper into the g 2> 2 regime.

The perpendicular electric field D has also proved to be a
powerful tool to probe and manipulate the nature of correlated
states in tMoTe, [7-10]. In the experiments at B = 0, the spin-
polarized QAH state transitions into a trivial insulator above
a critical D, [7-10]. The proximate trivial state is argued to
be spin, and therefore valley, unpolarized in Ref. [8] and spin,
and therefore valley, polarized in Ref. [10]. Such a topological
transition is also seen in the Hartree-Fock calculation at B =
[23,27], and the spin structure of the trivial state depends
on the value of €. For € > ¢ ~ 19 the transition is directly
into a spin-unpolarized intervalley coherent state (IVC) and
for €, ~ 15.4 < € < € the proximate trivial state is valley

polarized (VP). This can be seen in the B = 0 plane of Fig. 2
where we vary the D-induced potential difference between
two layers up. Intriguingly, at B ## 0 and t = —sgn(B) a sharp
change of compressibility can be seen in the experiment at
the same D, as the transition at B = 0 (see extended data

FIG. 2. Tentative phase diagram of tMoTe, atv = —1 — % and
3.89° twist. The blue surface at B # 0 denotes the boundary between
the IVC state and two valley U (1) preserving states, Chern paraelec-
tric and QH ferroelectric.
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FIG. 3. (a) Hartree-Fock spectrum at € = 20 with varying up, at
v=—1-— % and (b) v = —1. Topological phase transition at B = 0
is at up-+. (c), (d) Layer polarization P; and polarizability with varying
up and € at B =8.78 T.

Fig. 10 of Ref. [8]). Our calculation at B # 0 captures this
effect. As shown in Fig. 3(a), at € = 20 chosen to recover the
phenomenology of Ref. [8] at B = 0, we observe a crossover
at D, between a Chern paraelectric with a large gap and an
ostensibly IQH state of a Landau quantized trivial insulator
with one LL depopulated by electrons and a small gap. We
refer to the latter as a QH ferroelectric because at up = 0 it
breaks C,,7 . Both states are spin polarized. The results of a
separate Hartree-Fock calculation at # = 0 shown in Fig. 3(b)
confirm the prominent trivial insulator with a large gap. Thus,
the incompressible states can appear simultaneously at v =
—landv =—-1-— %‘ for a range of D near D,.

In order to explore the robustness of the above results, as
well as the tunability of the correlated phases, we perform
the Hartree-Fock calculations at s = —1 and t = —sgn(B) at
varying €, up, and B. The resulting tentative phase diagram is
shown in Fig. 2. At D = 0 the first-order topological transition
at €, extends to B # 0 despite separating states with the same
Chern number ¢ at B # 0 because the QH ferroelectric on one
side breaks C,,7 and the Chern paraelectric on the other does
not. This first-order phase transition moves towards a stronger
interaction as B increases, favoring the Chern paraelectric,
i.e., the descendant of the QAH state. The transition must also
extend to small nonzero D despite the explicit breaking of
C,,T by D because it starts out first order at D = 0. Indeed,
Fig. 3(c) shows the jump in the layer polarization at a fixed B
persisting to nonzero up, with D favoring the ferroelectric and
the first-order transition terminating at a critical endpoint. As
we show below, we can describe this using a simple Landau
theory for an Ising ferroelectric with a negative quartic cou-
pling. Upon varying B the critical endpoint extends to the red
curve shown in Fig. 2. Interestingly, the D-induced crossover
shown in Fig. 3(a) appears at B and € notably separated from
the critical endpoint. We understand it as crossing the Widom
line, defined as the peak in the layer polarizability, extending
beyond the critical endpoint as shown in Figs. 3(d) and 2.

As IVC is strongly suppressed by the B field, the Chern
paraelectric and QH ferroelectric phases are the main phases
in Fig. 2. Below we discuss our formalism and computational
scheme that lead to the above results. We note in passing that
at the twist angle 3.89°, ¢ = ¢p at B >~ 176 T, so to get below
9T as in the experiments we need ¢/¢y < 1/20. Reaching
such a small flux efficiently in our interacting calculation is
enabled by a recently developed technique [44—46] utilizing
the B =0 hybrid Wannier states to construct the basis at
B # 0; some of our calculations go down to ¢ /¢y = 1/47.

Continuum model. The moiré bands of experimental rel-
evance originate from the spin-valley locked valence bands
of monolayer MoTe, [40]. The relations in Egs. (1) and (2),
as well as the stated experimental results, hold in any right-
handed coordinate system (even though o,,, and therefore ¢,
changes sign between two coordinate system choices related
by a 180° rotation about the x or y axis). We are therefore
free to choose any of the two out-of-plane directions as Z and
we made the common choice [40] of aligning it with the spin
angular momentum direction of the valley K. Then, in valley
K and for spin up, the noninteracting moiré band structure can
be described by a continuum electronic model [3]:

Hi = / ey (O ()

5 (hb(p) + Ap(r) + 42

Ar(r)
AZ(r) hi(p) + A(r) — %

o <wa(r)). 3)
Yk (1)

Here, wITK(r) creates an electron in layer [ =b,¢, in
valley K, and at position r. h(p) = —(p — hik;)?/2m*
is the kinetic energy, with p = —ihV, and effective
mass m*. k; points sit at the corners of the hexagonal
moiré Brillouin zone, and we describe the effect of
D by adding a potential difference up between two
layers, where Ay (r) =2V Zj=1,3.,5 cos(Gj-rE¢) is
the intralayer potential for the bottom (top) layer, and
A7r(r) = w(l 4 e 62T 4 ¢7763T) is the interlayer tunneling
potential. The reciprocal lattice vector G; is obtained
by the counterclockwise rotation of G| = 4m/ (vBay)k
by angle (j—1)m/3. ay =ap/6(rad) is the moiré
superlattice constant, where ay is the lattice constant of
monolayer MoTe,. We choose parameters (ag, m*, V, ¢, w) =
(0.355 nm, 0.62m,, 17.0 meV, +107.7°, —16.0 meV) at
twist angle 6 = 3.89° [23]. The noninteracting model in
the K’ valley and for spin down is related by time reversal
symmetry 7, which takes the complex conjugation of the
2 x 2 Hamiltonian in Eq. (3).

In an external magnetic field, we replace p — p + €A,
where V x A = B2, and add Zeeman coupling %gpLBBtan,
where 1 is the identity Pauli matrix acting on layer degrees
of freedom, and o, is the spin Pauli matrix. At B =0, the
Hamiltonian is invariant under threefold out-of-plane rotation
Cs, in-plane twofold rotation symmetry about the y axis Cy,,
and the time reversal symmetry 7. At this order the continuum
Hamiltonian also has a pseudoinversion symmetry [19,47] 7
given by r — —r in each valley and flipping the layers with
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FIG. 4. (a) Band structure at B = 0 in the valley K for tMoTe, at
0 = 3.89°. (b), (c) Hofstader spectra at K and K’, omitting Zeeman
effect.

7. While both C,, and 7 are broken at B # 0, their product
Gy, T is preserved, as are Cs, and Z. Figure 4(a) shows the
noninteracting band structure at B = 0 in the valley K where
the two uppermost bands carry Chern numbers +1 and —1.
The band dispersion and Chern numbers in the opposite valley
K’ are related by 7. For B > 0 the corresponding Hofstadter
spectra for the valleys K and K’, together with the (s, 7) labels
of the gaps, are shown in Figs. 4(b) and 4(c), respectively.
As can be seen by the evolution of the magnetic subbands, a
Chern band gains or loses states per unit cell according to the
relation 1 +t¢/¢o. To study the correlated phenomena, we
project the Coulomb interaction onto the upper two Chern %1
bands of both valleys if at B = 0, i.e., two bands per valley, or
the magnetic subbands emanating from these Chern bands if
atB # 0,
2 1

e
= — — tanh d): P _dP . 4
v 4€EOA§M anh (|q|d) : Ppqp—q 4

Here, pg =3, , [ dzre*iq'rw;(r)wm(r) is the Fourier trans-
form of the electron density operator, with n = K or K’, and
total area A. In this work we consider a dual gate screened
Coulomb interaction, d being the distance between each gate
and tMoTe,, taken to be 30 nm in our calculations, with the
small distance between the two MoTe, layers neglected. The
symbol :: denotes operator normal ordering with respect to the
charge neutrality [19]. P projects onto the mentioned Hilbert
subspace which can be generated at B # 0 by solving the
noninteracting problem [29,44,45]. At the B values of interest
here, expanding P in the LL basis proves to be computa-
tionally expensive when dealing with interactions. Instead,
we construct the basis states using the B = 0 hybrid Wannier
states method following Refs. [45,46].

Streda line near v = —1 and Zeeman effect. The B > 0
energy spectrum of candidate Chern states along the (—1, F1)
lines is shown in Figs. 1(a)-1(d). We present their total energy
per unit cell as a function of B at varying Zeeman g factors
in Figs. 1(e)-1(h). The orbital contribution to the Zeeman
effect stems from the d-orbital nature of the states in each
valley [40]. The two-band k - p Hamiltonian describing the
large semiconductor gap in MoTe, monolayer has the form
of a massive 2 + 1-dimensional (2 + 1D) Dirac Hamiltonian
[40], whose minimal coupling to a low B field results in
an additional %ha)c energy shift compared to a Schrodinger
Hamiltonian. Since the Dirac mass effectively flips sign be-
tween different valleys, this orbital shift also flips sign; it

adds to the usual spin Zeeman factor of 2 (see Supplemental
Material [46] for details). Using the known effective mass of
MoTe, we find it to be 3.23 and thus the total g = 5.23. Using
the computed ground state energy of the QAH state at B = 0,
we smoothly interpolate between the calculated energies at
B # 0 and B = 0 at g = 0 using at most a second-order poly-
nomial in B as shown by the dashed lines in Figs. 1(e) and 1(f).
Because the Chern paraelectrics are fully valley polarized,
their Zeeman energy can be obtained analytically. We can
therefore find the critical B below which the valley switches
for Chern paralectrics. As seen in Figs. 1(g) and 1(h) the
crossing only occurs for the (—1, 1) line. While at g =2 it
occurs at 5.01 T (cyan star), at the more realistic g = 5.23 it is
~178 mT (red star). Thus any putative density-induced valley
switching would occur in the regime where the effects of
quenched disorder dominate in realistic devices [9,10], likely
modifying the clean limit energetics obtained here.

Effects due to D field. The energy spectrum induced by the
perpendicular electric field D at ¢ /¢pg = 1/20, corresponding
to B = 8.78 T, is shown in Fig. 3(a) along the (—1, —1) line.
The lowest unoccupied LL can be seen to detach from the
unoccupied LL group as D increases and to closely approach
the highest occupied LL. This is similar to the magnetic sub-
band spectrum of an electron confined to move in a plane
in a periodic potential and an out-of-plane uniform magnetic
flux slightly smaller than ¢y shown in Fig. 7 of Ref. [36]
as the strength of the periodic potential increases and drives
a transition from a Chern insulator (a broadened LL) and a
trivial insulator at their ¢ = ¢9. As shown in Fig. 3(b) for
(—1,0), a prominent trivial insulator is indeed stabilized in
our Hartree-Fock calculation as well.

The evolution of the layer polarization P =
A S [ dr(y), (0P, () — ¥ (0P, (r))  and  polariz-
ability dP;/dup at (—1, —1) with varying € and D, at a fixed
B =8.78 T, are shown in Figs. 3(c) and 3(d). The main
features can be captured by a simple Landau theory for an
Ising order parameter, odd under Cy, 7T,

a(e b 1

5 = —yupn + “Op Pp e
Here, y and b are positive constants, and the prefactor of
P16 was used to rescale the energy units. Decreasing a with
decreasing € causes the spontaneous symmetry breaking at
up o D = 0 via a first-order phase transition due to the neg-
ative quartic term. At the critical endpoint, the local minima
merge (see Supplemental Material [46]).

Phase diagram. The tentative three-dimensional (3D)
phase diagram along the (—1, —1) line is shown in Fig. 2.
Markers correspond to parameters at which the transition, or
a crossover in the case of Widom line, was calculated within
Hartree-Fock. The solid lines and surfaces are interpolated
based on physical arguments. At up o< D = 0 the Chern para-
electric and the quantum Hall ferroelectric are distinguished
by P;, a Landau order parameter, and so must be separated
by a phase transition. At up # 0, however, it is possible to
transform one to another without encountering a phase tran-
sition by avoiding the (orange) surface of first-order phase
transitions terminating in the (red) critical endpoint curve. The
IVC is a sharply defined phase at any B and D because it
breaks valley U (1) symmetry, preserved by B and D while
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the other phase(s) do not break it. It is suppressed by B
even at g = 0, and further suppressed by the Zeeman effect.
Therefore, while all the lines are computed at g = 5.23, the
(cyan) phase boundary at up = 16.8 meV is extrapolated from
the g = 2 markers; it moves closer to the B = 0 plane at higher
g (see Supplemental Material [46]).

Discussion. Our calculation explains the presence of the
(=1, —1) line and the absence of the (—1, +1) line in the
experiments [7—10]. It also demonstrates the delicate balance
between the energies of competing Chern states at (—1, 4+1)
polarized to opposite valleys, with the orbital Zeeman con-
tribution ultimately deciding on the ground state with the
small gap. Recent calculations [47—-49] pointed out a rich
evolution of the Chern bands and a lattice relaxation playing
increasingly important role at low twist angles. While the Zee-
man contribution is expected to be the same in the low-angle
regime, the energetic differences due to the magnetic sub-
bands shown in our Figs. 1(e) and 1(f) will change. It would

be interesting to explore the possibility of density-induced
switching of the Chern number at different angles or different
homobilayers using the framework developed here.
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