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The topological heavy fermion (THF) model of twisted bilayer graphene is a framework for treating its
strongly interacting topological flat bands. In this work, we employ the THF model with heterostrain and
particle-hole symmetry-breaking corrections to study its symmetry-broken ground states. We find that the
heterostrain correction motivates a specific parent-state wave function which dictates the presence or absence of
an incommensurate Kekulé spiral (IKS) at each integer filling by invoking Dirac node braiding and annihilation
as a mechanism to achieve low-energy gapped states. We then show that one-shot Hartree-Fock faithfully
replicates the numerical results of fully self-consistent states and motivates an analytical approximation for
the IKS wave vector. We can also account for the particle-hole asymmetry in the correlated insulator gaps.
In particular, the THF model predicts stronger correlated states on the electron side rather than hole side in
agreement with magic angle experiments, despite the electron side being more dispersive in the single-particle
band structure. This work demonstrates that we can analytically explain even the more subtle symmetry-breaking
order properties observed in experiments where heterostrain, relaxation, and interactions together determine the
ground state.
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I. INTRODUCTION

The correlated insulators in twisted bilayer graphene
(TBG) [1–42] have been extensively studied [43–116] within
the context of the Bistritzer-MacDonald (BM) continuum
model [105] with screened Coulomb interactions. In the
strong-coupling limit of the strain- and relaxation-free
interacting Hamiltonian, a manifold of exactly solvable
ground states appears [75,117–119], signaling close
competition between various spin and valley orderings.
Although the small kinetic energy of the eight nearly flat
BM bands splits this manifold, it is dwarfed by the effects
of heterostrain, the layer-asymmetric component of the strain
field, and moiré-scale lattice relaxation [82,120–131,166].

By and large, transport experiments indicate the presence
of interaction-driven insulators at ν = ±2 and semimetals at
ν = 0 (although not without exception [23,27,132]), as well
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as the simple band insulators at ±4. Common but not as ubiq-
uitous are insulators at ν = +3 and to a lesser extent ν = −3,
as well as metallic states ν = ±1. It has been understood that
most TBG devices are heterostrained [39,40,42,133], which
disrupts the strong-coupling phase diagram characterized by
generalized ferromagnets [119,134–156] with gaps possible
at each integer filling.

Local probes have provided further evidence for the impor-
tance of heterostrain. Scanning tunneling microscopy [31] has
shown that, even at low and moderate heterostrain, the ground
state at ν = −2 (two filled bands below charge neutrality) dis-
plays a clear Kekulé pattern on the graphene scale that appears
in and around the insulating phase. Similar behavior is found
in twisted trilayer graphene [157–159]. This Kekulé pattern
can be visualized as a tripling of the graphene unit cell orig-
inating from the interference of e±iK·r Bloch functions which
hybridize electrons in the graphene K and K ′ valleys. The
leading candidate ground state of the BM model in the strong-
coupling limit, called the Kramers intervalley coherent state
(KIVC) [75,118,119], is forbidden from showing a Kekulé
pattern despite possessing intervalley coherence [44,50] and
is therefore ruled out experimentally by Ref. [31].
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The experiment has also shown moiré scale variation of
the Kekulé pattern in a device with ∼0.2% heterostrain [31].
A state compatible with these observations was theoretically
predicted in the presence of heterostrain in Ref. [125] and
dubbed the incommensurate Kekulé spiral (IKS). While true
incommensuration is difficult to prove in an experiment, the
key feature of the IKS, namely modulation of the Kekulé
pattern between moiré unit cells, has been observed. This
is consistent with broken moiré lattice translation symmetry
TR but the preservation of a valley-boosted moiré translation
eiτ3q·R/2TR; here τ3 is the Pauli matrix acting on the two
valleys and q is the IKS boost vector. At very low heteros-
train ∼0.05%, there is evidence for a time-reversal invariant
intervalley coherent state [75,117–119,138] without moiré
translation breaking [31]. Such a state was argued to be sta-
bilized by strong-enough coupling of electrons to intervalley
phonons [48,160–163].

The heterostrained phase diagram [125,131] obtained from
Hartree-Fock calculations is in good agreement with experi-
ment [164]. In particular, it explains the semimetal at ν = 0
as a state without spontaneous symmetry breaking. Such a
state must have Dirac nodes protected by C2zT and U (1)
valley conservation [101,113,115,154]. They cannot annihi-
late because the two Dirac nodes in the same valley have
the same winding number [65,101,154]. What is more sur-
prising is the appearance of gapped states at ν = ±3 with
C2zT still preserved [125]; such states offer a natural expla-
nation for the experimentally observed absence of anomalous
Hall conductivity, because electrical current and electric field
have opposite parity under C2zT . In addition, experimental
lack of spin polarization [26,28] at ν = ±2 excludes a C2zT -
preserving spin-valley-polarized state filling both flat bands.
For comparison, we recall that the mechanism of gap opening
in and around the chiral limit (at zero strain) is Chern band po-
larization [75,118,119,138]. In this limit, the eight flat bands
are split into decoupled Chern ±1 bands that spontaneously
break C2zT , which gaps their charge excitations. U (4) × U (4)
rotations of such states can restore C2zT , but such states still
inherit the gap. For instance, at ν = 0 the valley-polarized
state occupies both C = ±1 bands and both spins in the K
valley and therefore globally preserves the intravalley C2zT
symmetry, but its charge excitation spectrum block diagonal-
izes into Chern sectors, and remains gapped. Without this
mechanism available in realistic devices, how can the system
open a robust insulating gap, and how does this lead to IKS
order?

The purpose of this paper is to offer new insights into the
heterostrained and relaxed phase diagram. We show that the
presence or absence of gaps, and their connection to IKS
order, can be explained through a topological analysis of
the Dirac nodes and in particular their non-Abelian braiding
properties [165] in multiband systems with C2zT symmetry
intact. To carry out these arguments analytically, we make
extensive use of the topological heavy fermion (THF) repre-
sentation of TBG [166–168], which has been used to explain
the cascade phase transitions [50,142,169–171], local mo-
ment entropy [17,172], thermoelectric effect [173–175], and
to motivate proposals of Kondo physics [176–181]. We will
provide a physical, local moment picture of the intricate IKS
symmetry breaking in TBG.

In this work, we obtain analytical model wave func-
tions for the candidate ground states at each integer filling
which all preserve C2zT . From these ansätze, we can ex-
plain how |ν| = 3, 2 can open gaps by developing IKS
order without breaking C2zT while |ν| = 1, 0 remain gap-
less. We then derive analytical estimates of the critical
heterostrain determining the IKS phase boundary and the
intervalley IKS boost vector q. Using symmetry analysis
and topological arguments, we explain why the IKS boost
q is required to open a gap: it does so by driving a non-
Abelian Dirac node braiding process [165] which we study in
detail.

Finally incorporating particle-hole asymmetry, which can
arise from lattice relaxation [182–185] or the inclusion of
momentum dependence in the interlayer hopping [186], we
are able to simply explain the particle-hole asymmetry in the
correlated insulator gaps. Intriguingly, these gaps are larger
on the more dispersive side of the single-particle band struc-
ture [14,27,41,187,188]. Our work shows the THF model can
capture subtle experimental details of TBG which are beyond
the minimal BM model. Although we focus on the Hartree-
Fock description of the ground states at integer fillings, the
THF model can serve as a starting point for more realistic dy-
namical mean-field theory calculations at higher temperatures
and arbitrary fillings [77,169,171,177,189].

II. SINGLE-PARTICLE HEAVY FERMION MODEL

The band structure of TBG has been studied exten-
sively. It has evolved to include key experimental perturba-
tions beyond the minimal model, namely heterostrain and
relaxation which reduce the symmetries of the Hamilto-
nian [51,72,76–98,100–109,140,155,156]. In a companion
paper [190], we have shown that the THF theory of
TBG can incorporate these effects merely by introducing
symmetry-breaking single-particle terms. The underlying
fermion character of the low-energy Hilbert space, as well as
the interacting part of the periodic Anderson model, remain
unchanged.

We start with a brief summary of the heavy fermion theory
of TBG. The flat bands of TBG are topological: There is
no unitary transformation respecting valley U (1) and space
group symmetries which maps the Bloch states of the flat
bands into exponentially decaying Wannier states. Thus, in
any model of the flat bands alone, one is forced to have
a Wannier basis where symmetries are not represented lo-
cally [138,191] or where the Wannier functions decay as a
power law [192], leading to long-range Coulomb matrix el-
ements that prevent a purely local Hubbard-like description.
Although mean-field theory has been shown to be reliable
at integer fillings [64,65,118,129,148,193], it cannot, for ex-
ample, reproduce the observed Hubbard bands above the
ordering temperature [37] or be trustworthy away from integer
filling. In order to study the effects of strong correlations
believed to be important away from integer fillings, access
to a real-space, microscopically derived Anderson model is
advantageous.

The topological obstruction to a Hubbard-like model is
resolved by including the low-energy states of the dispersive
bands in the Hilbert space. The result [166] is a mapping of
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the low-energy Hilbert space of the BM model into localized
and symmetric Wannier states f †

R,αηs coupled to a set of topo-

logical conduction “c” electrons c†
k,aηs. Here η = ±, s =↑,↓

are the valley and spin indices, and the flavor index α = 1, 2
corresponds to px ± ipy-like orbitals of the f electron at the
AA stacking site of the moiré lattice. The index a corre-
sponds to the two flavors of Dirac electrons carrying the
two-dimensional (2D) irrep �3 (a = 1, 2) and two 1D rep-
resentations �1 ⊕ �2 (a = 3, 4). Interestingly, the c electrons
happen to carry the representations of the low-energy states
of Bernal stacked bilayer graphene [166]. In principle, this
mapping is exact and unitary within the low-energy subspace,
but can be truncated [166] to obtain a simple yet faithful
model. The position space wave function of the BM flat bands
has been derived from this model in Ref. [166]. The wave
function is delocalized in position space at the � point, but
elsewhere in the BZ the wave function is localized on the AA
sites. Subsequent work in Ref. [194] derived a similar wave
function.

The original BM model at the magic angle 1.05◦ yields the
THF Hamiltonian acting on a six-component c- f spinor,
hK (k)

=
⎛
⎝ vk · (σ0, iσ3) γ σ0 + v′k · σσσ

vk · (σ0,−iσ3) Mσ1

γ σ0 + v′k · σσσ 0

⎞
⎠,

(1)

written for convenience in the K valley (K ′ is obtained by
spinless time reversal). The vanishing dispersion in the 2 ×
2 f block is due to the strong localization of the f -mode wave
functions. Here we have only kept the G = 0 shell of c elec-
trons, so k is restricted to the first BZ. The low-energy band
structure is highly accurate and the inclusion of higher shells
has a weak effect because of the large monolayer graphene
Fermi velocity. Reference [190] has obtained the corrections
to this Hamiltonian from heterostrain, relaxation and other
particle-hole symmetry-breaking effects. The dominant terms
are

δhK =
⎛
⎝ c εεε · σσσ + μ1σ0 c′εεε · σσσ ∗ iγ ′ε+σ3

M ′ε+σ2 + μ2σ0 c′′εεε · (σ0,−iσ3)
H.c. M f εεε · σσσ

⎞
⎠, (2)

where c, c′, c′′, M ′, γ ′, and M f describe the coupling to the
C3z-breaking heterostrain. The heterostrain is parameterized
by εεε = (εxy, ε−) and ε+, i.e., the shear εxy, anisotropic ε− =
(εxx − εyy)/2, and isotropic ε+ = (εxx + εyy)/2 components
of the tensor. We take a Poisson ratio νG = 0.16 [121], so
that compressive heterostrain ε > 0 along the x axis results in
εxy = 0 and ε∓ = −(1 ± νG)ε/2. A derivation of this model
may be found in Ref. [190], and the magnitudes of vari-
ous parameters can be found in Appendix A as calculated
from symmetry-breaking terms in the BM model employed in
Ref. [125]. We will refer to μ1, μ2 as the “μ terms”; they arise
from lattice relaxation and gradient interlayer tunnelings.

The band structures in Fig. 1 depict the effects of heteros-
train and μ terms separately. Heterostrain has the dramatic
effect of splitting the flat bands in two at the edge of the
BZ. This splitting is easy to understand from the THF model.
At the edge of the BZ, the f electrons are isolated due to
the large kinetic energy |vk| of the c electrons. Then from
Eq. (2), we see that the f modes are split by ±M f |εεε|, as
their local irreducible representation on the triangular lattice is
no longer two-dimensional upon adding strain. However, the
bands cannot be split entirely: C2zT symmetry protects Dirac
nodes that connect the bands as shown in Fig. 1.

Typical values of |εεε| ∼ 0.1% yield 2M f |εεε| ∼ 10 meV. This
splitting separates out four low-energy flat bands (one per spin
per valley) and completely breaks the U (4) × U (4) symmetry
of the many-body THF model that emerges when M = v′ = 0
(see Appendix A). This splitting and the presence of Dirac
nodes is the key to the IKS as we will show. The effect of
the μ terms is restricted to the vicinity of the � point, where
the energy of both states is shifted upwards; their effect is
negligible at large k where the kinetic energy dominates as
can be seen from Eqs. (1) and (2).

While both the heterostrain and the μ terms in δhK are
on the order of 10 meV, only heterostrain destabilizes the
strong-coupling KIVC ground state. This is easily seen from
the symmetries of the THF model. In Appendix A 3, we prove
that while the μ terms break (anticommuting) particle-hole,
they do not break the (commuting) U (4) × U (4) symmetry
which appears in the M = v′ = 0 limit of the THF model
(without δhK ). Thus the μ terms do not perturb the ground
state away from the U (4) × U (4) manifold, although they
do affect the Hartree-Fock charge gaps (in agreement with
experimental trends) as we will show in Sec. VI. In con-
trast, heterostrain provides the largest symmetry-breaking

FIG. 1. Single-particle band structure with both valleys, colored
by f /c character according to the color wheel. The two flavors of
conduction electron are labeled by their irreps �1 ⊕ �2 and �3 [see
Eq. (1)]. Panel (a) shows the band structures in ε = 0.15% heteros-
train, the main effect of which is to split the density of states, reduce
the gap to the dispersive bands, and unpin the Dirac nodes from the
KM points (see red circles in the inset). The gray bands plot the band
structure along a rotated path which goes through the C2zT -protected
Dirac nodes. Panel (b) includes gradient tunneling terms that break
particle-hole symmetry with ε = 0.
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scale in the problem. For simplicity, we neglect μ1, μ2 until
Sec. VI.

III. INTERACTING HAMILTONIAN AND PARENT STATES

Our analysis relies on the accuracy of heavy fermion “par-
ent states,” which are product states of Slater determinants
with symmetry-broken f modes and the half-filled c-mode
Fermi sea (with no f -c hybridization). Considered as initial
conditions for Hartree-Fock iterations, it has been shown that
the parent states rapidly converge to self-consistency [166].
Even after a single iteration, their density matrices and spectra
are typically in quantitative agreement with the self-consistent
states. We refer to the Hartree-Fock Hamiltonian after one
iteration (i.e., the Hamiltonian obtained from a parent state)
as the “one-shot” Hamiltonian, whereas the self-consistent
Hamiltonian is obtained after convergence. We limit ourselves
to a Hartree-Fock treatment in this work, noting that under
certain conditions the IKS has been demonstrated to exist
beyond Hartree-Fock [193].

The full interacting Hamiltonian can be written as [166]

H = H0 + HU + HW + HJ + HV , (3)

where H0 = Hf + Hc + Hf c is the single-particle Hamilto-
nian which is written in first quantization in Eqs. (1) and (2).
Explicitly, Hf reads

Hf =
∑

R,αηs

M f [εεε · (σ1, ησ2)]αα′ f †
R,αηs fR,α′ηs, (4)

which defines the flat (spatially decoupled) f -mode levels.
The largest interaction is

HU = U1

2

∑
R

(: f †
R fR :)2 + U2

2

∑
〈R,R′〉

: f †
R fR : : f †

R′ fR′ :

(5)
which is an onsite Hubbard term for the total f -mode den-
sity f †

R fR = ∑
αηs f †

Rαηs fRαηs with U1 = 58 meV and a much
smaller nearest-neighbor interaction U2 = 2.3 meV. Our an-
alytical results will demonstrate that varying U1 within the
same order will not alter our conclusions. The normal ordering
is with respect to charge neutrality where four of the eight
f modes are filled. HV is the residual Coulomb interaction
of the c modes. The f -c interactions yield a repulsion HW

between the f density and the �3 (�1 ⊕ �2) electrons with
strength W1 = 44 meV (W3 = 50.2 meV) and a ferromagnetic
exchange interaction HJ with strength J = 16.4 meV. The
explicit expressions for HW , HJ , and HV can also be found
in Appendix A 4. The localization of the f modes afforded
by the THF mapping makes U1 the dominant energy scale.
We can then write down parent states as many-body ground
states of the decoupled terms Hf + Hc + HU at integer filling
ν ∈ (−4, 4) which take the form [195]

|ν〉 =
ν+4∏

R,n=1

f †
R,n |FS〉 , f †

R,n =
∑
αηs

f †
Rαηs[ζn(R)]αηs. (6)

Here [ζn(R)]αηs are normalized ordering vectors of the heavy
f modes and |FS〉 is the Fermi sea filling the negative-
energy c-electron states of Hc in the absence of heterostrain
and μ terms, i.e., up to the quadratic (when M 
= 0) band

touching point. Going forward, we will abbreviate f †
Rζn(R) =∑

αηs f †
Rαηs[ζn(R)]αηs for various orders to be introduced

shortly.

A. Strong-coupling hierarchy

The variational parameters ζn(R) in Eq. (6) define different
trial states. To motivate our discussion in the heterostrained
case, we first review the heavy fermion construction of the
ferromagnetic states in absence of strain.

Without heterostrain, all eight f modes are degenerate and
translation-preserving states with different U (4) × U (4) po-
larizations are appropriate parent states. Their competition is
primarily decided by the U (4) × U (4) breaking perturbation
M ∼ 4 meV in Eq. (1), which favors the KIVC over other
U (4) × U (4) directions at ν = 0,±2 due to a generalized
Hund’s rule [166]. At odd fillings, the parent states are prod-
ucts of polarized px ± ipy f modes and IVC parent states.
The parent states in Eq. (6) all minimize the largest energy
scale, U1, leaving a large degeneracy due to the local U (8)
symmetry [167] rotating among all f modes. This symme-
try is preserved by the other density-density term HW , the
second-largest energy scale. The next energy scale is γ , the
f -c hybridization which ensures that the �1 ⊕ �2 flavor of
c electrons is at low energy near the � point. Since the c
electrons couple to the f -mode order, they will split the large
U (8) degeneracy. The mean-field term quantifying this effect
is [166],

h�1⊕�2 [O f ] = Mσ1 + J

2

(
τ3O

T
f τ3 + σ3O

T
f σ3

)
, (7)

where O f = ∑
n ζnζ

†
n − 1

21 is the f -mode order. The larger
J/2 ∼ 8 meV flat-U (4)-spin-coupling term favors a U (4)
ferromagnetic order for O f (Hund’s rule), and the smaller
M ∼ 4 meV term selects a preferred state, the KIVC, out of
this manifold since M breaks the U (4) symmetry [166]. This
hierarchy must be reconsidered when heterostrain is included.

Within the mean-field approximation to the heavy fermion
theory, we find a phase boundary at a critical value of the
heterostrain where the single-particle term Hf [see Eq. (4)]
destabilizes the strong-coupling ferromagnetic states stabi-
lized by J/2. We estimate this critical value by comparing the
typical magnitude of these terms as εc ∼ J/2M f ∼ 0.2%. This
small critical heterostrain is in reasonable agreement with the
IKS phase diagram in the BM model [125], where the IVC
states are destabilized at ε ∼ 0.15% for ν = −2, 0, 2. At ν =
±3, the critical heterostrain is <0.1% in Ref. [125]. Applying
the Hartree-Fock approximation to THF model at ν = ±3
may not be as reliable as at lower fillings since fluctuations are
large for our choice of interaction strength corresponding to a
dielectric constant of 6 [176,189]. Nevertheless, density ma-
trix renormalization group calculations [193] have confirmed
the IKS phase for a range of heterostrain magnitudes at ν =
−3 (using dielectric constant of 10). We will now identify the
THF parent states describing the heterostrain-induced phases.

B. IKS parent-state wave functions

Our central assertion is that in the |εεε|M f > J/2 phase,
ζn should minimize Hf in Eq. (4) since it is the largest
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f -mode energy scale after the U (8)-symmetric density-
density interactions. Thus ζn should be entirely supported by
the four eigenvectors of Hf with negative eigenvalues −M f |εεε|,
one eigenvector per spin per valley. These eigenvectors define
a linear combination of the px ± ipy orbitals depending on
direction of the heterostrain εεε. Note C3z = e

2π i
3 σ3 is always bro-

ken by M f εεε · σσσ , and C2x = σ1 is broken if there is compressive
heterostrain, ε− 
= 0 (see Appendix A) as is considered here.
However, C2zT = σ1K̂ (where K̂ is complex conjugation) is
unbroken. This will play an important role in our analysis.

For simplicity, we start at ν = −3 where one f mode is
filled per unit cell, which we will use as a point of departure
for our main study, i.e., the fillings |ν| = 2, 1, 0. Recall that
we chose a compressive heterostrain ε > 0 along the x axis,
resulting in ε− < 0, and assume the spin is polarized in the ↑
direction. Then, as per the discussion in the paragraph above,
the relevant eigenvectors of Hf , independent of R, are

ζK = (1, i, 0, 0)T /
√

2,

ζK ′ = (0, 0, i, 1)T /
√

2, (8)

in the valley ⊗ orbital = (K+, K−, K ′+, K ′−) basis. We now
consider an IVC state with ζθ,↑ = (cos θ ζK + sin θζK ′ ) ⊗ |↑〉,
where we have fixed the intervalley phase factor to 1; this
phase is arbitrary due to the spontaneously broken U (1) valley
symmetry and because the total energy cannot depend on
it, it is effectively not a variational parameter. On the other
hand, the angle θ is a variational parameter. For θ 
= π/4
mod π/2, this state breaks C2z (represented by τ1σ1) and spin-
less time reversal (represented by τ1K̂) but preserves C2zT .
This is important because C2zT protects the local stability of
the gapless Dirac nodes in the band structure [196].

Typically, a state can lower its energy in Hartree-Fock
by opening a gap to decrease the energy of the occupied
quasiparticles. According to this heuristic, Dirac nodes are
unfavorable energetically because they prevent a gap in the
Hartree-Fock band structure. Indeed, without strain, gapped
states are favored in strong coupling and spontaneously break
C2zT by polarizing to the Chern basis (or preserving C2zT
while breaking translations and annihilating the Dirac nodes
to open a gap [65,136]). These states are at high energy in
the presence of strain, however. Attempts to choose θ so as
to gap the Dirac nodes in the Hartree-Fock band structure
also fail, as we have verified numerically in self-consistent
Hartree-Fock. We explain this analytically in Appendix B 3 a
by solving the one-shot Hartree-Fock spectrum obtained from
ζθ,↑ in the flat-band limit.

Next, motivated by a tunable order parameter capable of
annihilating the Dirac nodes, we follow Ref. [125] and con-
sider the family of “spiral” states parameterized by the IKS
boost vector q:

ζ+,↑(R) = e−iQ·Rζ+,↑, where Q = τ3

2
q. (9)

The two component vector q serves as our variational param-
eter. The valley space Pauli matrix τ3 acts on states,

ζ+,↑ = 1√
2

(ζK + ζK ′ ) ⊗ |↑〉 = (1, i, i, 1)/2 ⊗ |↑〉 , (10)

chosen to have maximal IVC, i.e., an equal weight in each
valley. (Within the model, there remains an exact SU(2) ×
SU(2) symmetry corresponding to an independent spin ro-
tation in each valley, and ζ+,↑ is one representative of this
manifold generated by this symmetry.) The maximal IVC
ensures both spinless time reversal and C2z are preserved
by ζ+,↑(R). The presence of these symmetries is important
to our analytical argument presented later in the text; they
are supported by prior numerical calculations in the BM
model [125]. We will provide additional justification for max-
imal IVC, and hence C2z, T symmetries, by showing that
the IKS boost becomes energetically favorable through hy-
bridization gap openings enabled by IVC. Finally, we have
picked the (arbitrary) relative phase such that ζ+,↑ is even
under C2z. For later use, we will define the orthonormal vector
ζ−,↑ = 1√

2
(ζK − ζK ′ ) ⊗ |↑〉.

Note that ζ+,↑(R) breaks translations by moiré lattice vec-
tors implemented by TR but preserves the product of moiré
lattice translation and the valley U (1) transformation:

T̃R = eiQ·RTR, (11)

referred to as the IKS translation from now on. It will therefore
be convenient to define the boosted operators

f̃ †
R,αηs ≡ f †

R,αηse
−iR·qη/2, c̃†

k,aηs ≡ c†
k+qη/2,aηs, (12)

obeying T̃a f̃ †
R,αηsT̃

†
a = f̃ †

R+a,αηs and T̃ac̃†
k,aηsT̃

†
a = e−ik·ac̃†

k,aηs.
The advantage of this basis is that k, the IKS momentum, is
a good quantum number even though moiré translations are
broken. The Hamiltonian takes the same form in the boosted
operator basis provided we replace k → k − η

q
2 ; this only

affects the single-particle kinetic term (as discussed in the next
paragraph and in Appendix A 5).

We can now define the IKS parent state∣∣IKS0
q, ν =−3

〉 =
∏

R

f̃ †
Rζ+,↑ |F̃S〉 , (13)

where |F̃S〉 is the Fermi sea filling the negative-energy c̃-
electron states of the Hc, again in the absence of heterostrain
and μ terms, i.e., up to their quadratic band touching points
boosted by q/2 in valley K and by −q/2 in valley K ′. Because
there is no f -c hybridization in the parent states, their kinetic
energy 〈H0〉 is actually independent of q. This is because the
single-particle energy of the f modes is local and thus left
unchanged by the valley boost f †

R,αηs → f †
R,αηse

−iR·qη/2 [see
Hf in Eq. (4)]. The kinetic energy of the c electrons is also
unchanged by the boost since δhK is local and the filling is
still up to the quadratic band touching. Moreover, because
the parent state contains no f -c hybridization, the expectation
value of Hf c vanishes by Wick’s theorem. The interaction
energy of the parent states, 〈H − H0〉, is also independent of
q. This is apparent for the HU , HW , HV because they are local
density-density terms. To see this for HJ as well, we note that
it is local, charge neutral, and invariant under valley U (1)
transformations, as shown carefully in Appendix A 5. Thus
the parent-state energies are equal at all values of q. How-
ever, upon Hartree-Fock iteration, the descendants of parent
states with different q can, and do, have different energies.
This can be seen by noting that the Hartree-Fock Hamiltonian
obtained from the parent states (referred to as “one-shot”) has
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the form (
hK (k + q

2 ) + EK �KK ′
�

†
KK ′ hK ′ (k − q

2 ) + EK ′ ), where we highlighted

the valley space structure as well as the k and q dependence.
We also absorbed the strain and μ terms into the intravalley
self-energies Eη = δhη + �ηη, which are k and q independent
when we ignore the small Fock term contribution of HV . Be-
cause the f modes are intervalley coherent in the parent states,
the self-energy �KK ′ is nonzero (it is also k and q independent
at this step). Therefore, the eigenstates of the above Hartree-
Fock Hamiltonian give rise to the single-particle correlation

matrix, (
〈c̃†

k,μ
c̃k,ν 〉 〈c̃†

k,μ
f̃k,ν 〉

〈 f̃ †
k,μ

c̃k,ν 〉 〈 f̃ †
k,μ

f̃k,ν 〉), whose elements depend on both

k + q/2 and k − q/2. Such correlation matrix then results
in the q dependence of the total energy. Thus we see that q
is a variational parameter in the self-consistent energies even
though heterostrain has fixed the orbital degree of freedom in
ζ . In the following section, we will show how tuning q is able
to annihilate the Dirac nodes at |ν| = 2.

At ν = −2, our ansatz for the IKS parent state follows
similar reasoning. We first consider the spin degrees of free-
dom. Any spin-polarized ferromagnetic state (two ↑ f modes
per unit cell) fully fills the negative-energy ζ eigenstates
in both valleys. But since f̃ †

Rζ+,↓ f̃ †
Rζ−,↓ = − f̃ †

RζK,↓ f̃ †
RζK ′,↓ =

− f †
RζK,↓ f †

RζK ′,↓ now without boosting, this means there is
no intervalley coherence, so all q dependence of the f -mode
factors out of the wave function, removing q as a variational
parameter. Thus, the fully spin-polarized ferromagnet cannot
hope to remove the Dirac nodes and, as we confirm numer-
ically, leads to a higher-energy gapless state. We are led to
consider the spin unpolarized sector to access the variational
freedom afforded by q. We propose∣∣IKS0

q, ν =−2
〉 =

∏
R

f̃ †
Rζ+,↑ f̃ †

Rζ+,↓ |F̃S〉 , (14)

which is simply a copy of the ν = −3 IKS parent state in both
spin sectors. Lack of spin polarization is supported by exper-
iment [26,28,197]. Again, one can independently rotate the
spins in each valley to generate the full ground-state manifold.

The observation that a loss of IVC in the ferromagnetic sec-
tor removes q dependence from the wave function is important
as we reach |ν| = 0, 1. At filling ν = −1, adding another
negative-energy f mode to the ↓ sector will remove IVC there,
leaving a single copy of the IKS in the ↑ sector. Hence the
parent state wave function at ν = −1 is given by∣∣IKS0

q, ν =−1
〉 =

∏
R

f̃ †
Rζ+,↑ f̃ †

Rζ+,↓ f̃ †
Rζ−,↓ |F̃S〉

∝
∏

R

f̃ †
Rζ+,↑ f †

RζK,↓ f †
RζK ′,↓ |F̃S〉 . (15)

Note that the spin ↓ sector has no spontaneously broken
symmetries. This will have an important effect on the Dirac
nodes, which we will elaborate on next.

Last, at ν = 0, we fill all four negative-energy eigenvectors
(one in each spin and valley). This state has no IVC, and thus
there is no configuration of spins where q allows variational
freedom. Hence, unlike ν = −3,−2,−1 where the parent
states can use IKS order to enlarge the variational space, at
ν = 0 they cannot. The parent state is merely a semimetal
with externally broken C3 symmetry and possesses no broken

FIG. 2. Parent-state orders in heterostrain-split bands (black).
Blue shading denotes IVC ζ+ order between half-filled K and K ′ f
modes, and orange denotes fully filled VP f modes. Red X ’s denote
gapless sectors. At zero relaxation, the parent states are particle-hole
symmetric under the exchange of upper/lower f modes and unfilled
(black)/fully filled (orange) f modes. The phase diagram can be un-
derstood as a strongly interacting problem after selecting the lowest
4 f modes due to the (noninteracting) heterostrain.

global symmetries:

|SM0, ν =0〉 =
∏

R

f †
RζK,↑ f †

RζK,↓ f †
RζK ′,↑ f †

RζK ′,↓ |FS〉 .

(16)
Because there are no spontaneously broken symmetries at
ν = 0, i.e., U (1) valley and C2zT are preserved, the state
must be gapless due to Dirac nodes. This is because the Dirac
nodes in the two flat bands carry the same winding num-
bers [65,101,113,115,154] and cannot be annihilated without
breaking other symmetries or involving more bands. We show
this concretely in Appendix B 3 b by analyzing the one-shot
Hartree-Fock Hamiltonian, which we show takes the form of
a Bernal bilayer graphene k · p Hamiltonian and hence has
chiral winding number 2. The gapless phase at ν = 0, also
confirmed beyond mean-field [129], is a dramatic difference
compared to the strong-coupling strain-free phase diagram,
where ν = 0 has the largest correlated gap [119,198].

At positive fillings, the parent state follow from particle-
hole transformations on the f modes (see Fig. 2). At zero
relaxation this particle-hole transformation is exact, and in
the presence of relaxation we will find the same parent states
are valid, although their excitation gaps will show particle-
hole breaking. We address the particle-hole asymmetry in
the Sec. VI. It is also worth remarking that the |ν| = 2, 3
insulators, which preserve C2z and T , will have vanishing
anomalous Hall signal, consistent with experiments.

This heavy fermion construction of the phase diagram
is in agreement with the “basis spiral” picture proposed in
Ref. [125], which we now substantiate numerically.

IV. HARTREE-FOCK

Having written out the parent states at all fillings, the
important question of choosing q remains. To address this
question, we first study analytical one-shot and numerical
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FIG. 3. Heavy fermion one-shot band structures in ε = 0.15% heterostrain. Hartree-Fock bands are colored red, green, and blue according
to their f , c�1,�2 , and c�3 weights with the Fermi level set to 0. Panels (a) and (b) show the self-consistent Hartree-Fock and one-shot band
structure at ν = −2, respectively. The occupied bands are in quantitative agreement, although the one-shot band structure underestimates the
gap. Panels (c) and (d) show the one-shot ν = −1 and ν = 0 bands, respectively, which are also in excellent agreement with the self-consistent
bands (see Appendix B). Since ν = −1, 0 have Dirac nodes off the high symmetry lines, we show rotated paths through the BZ in gray where
the Dirac nodes are visible as in Fig. 1. In (a)–(c), the IKS boost vector is q = 2

3 MM and k is the momentum in the valley-boosted frame, and
in (d), q = 0 and k is the conventional moiré momentum.

self-consistent Hartree-Fock calculations. As in the unstrained
case, we establish that the one-shot results capture the self-
consistent Hartree-Fock results very well, hence validating
our proposed parent states.

Figures 3(a) and 3(b) shows the band structure of self-
consistent and one-shot HF at ν = −2, ε = 0.15%, and q =
2
3 MM where MM is the moiré M point, demonstrating re-
markable agreement with the self-consistent bands exhibiting
a larger gap but with otherwise extremely similar features.
The occupied bands contain the two f electrons in the parent
state hybridized with c modes, and the electron excitations
are heavy (red for f -like) while the hole electrons are much
lighter (blue-green). A simple understanding of the band
structure can be obtained from the energetics of the f modes,
which are decoupled from the c electrons at the BZ edge.
The Hartree-Fock Hamiltonian describing these modes is (see
Appendix B 3)

hHF, f [O f ] = −U1
(
OT

f − 1
2

) + ν f (U1 + 6U2) + M f ε−σ2τ3

(17)
for a general f -mode order parameter O f and ν f = Tr(O f −
1
2 ). The spectrum can be obtained analytically for O f =∑

s ζ+,sζ
†
+,s, giving energies (each is spin degenerate)

E f = −U1 − M f |ε−|, −M f |ε−|, M f |ε−|, M f |ε−| (18)

relative to the Fermi level which is approximately − 3
2U1 −

12U2. The spin-degenerate occupied levels are −U1 − M f |ε−|
with wave functions ζ+,s at ν = −2, and the remaining three
spin-degenerate levels (six in total) are unoccupied. This ex-
plains the splittings observed in the numerical spectrum as
also illustrated in Figs. 4(a) and 4(b). The wave functions
corresponding to lowest two energies in Eq. (18) are ζ+,s, ζ−,s

which have maximal IVC, whereas the higher two degenerate
levels can be chosen to have no IVC in their wave functions.

Figures 3(c) and 3(d) show the one-shot gapless spectra at
ν = −1, 0 respectively (self-consistent band structures may
be found in Appendix B and are also markedly similar). Last,

we can also compare the f -order parameter,

[O f ]αηs,βη′s′ = 1

N

∑
k

〈 f̃ †
k,αηs f̃k,βη′s′ 〉 , (19)

computed from one-shot HF applied to the heavy-fermion
model to the same order parameter calculated directly in the
six-band self-consistent HF calculations in the BM model (see
Appendix C) at ν = −2 denoted by OBM

f ,∞. We find strong
agreement quantified by ||O f ,1 − OBM

f ,∞||F /||OBM
f ,∞||F = 0.07.

Similar accuracy is found for ν = −1, 0 (see Appendix B).
This constitutes strong numerical support for the validity of
the parent states and one-shot HF.

We also observe in Fig. 3 that the ν = −2 is gapped while
ν = −1, 0 are gapless. The difference stems from the parent
states having broken valley symmetry in both spin sectors
at ν = −2 but not at ν = −1 (which has unbroken valley
symmetry in one spin sector) and ν = 0. We will explain
these features and emphasize their topological origin in what
follows.

V. IKS MECHANISM

As argued, the remaining variational freedom admitted by
the parent states in heterostrain is the boost vector q. We will
show that at q = 0, the ferromagnetic exchange interaction
J ensures a gapless phase. Then we will show that a nonzero
IKS boost q is able to open a gap and that the optimal q vector
can be estimated from the f -c decoupled limit by maximizing
the hybridization gap. Throughout, we will operate under
the assumption, guided by experiment and numerical calcula-
tions, that a gapped state is favored over nearby gapless states
within Hartree-Fock. Although it is difficult to obtain the total
Hartree-Fock energy analytically, comparing the direct gap
between different orders is a good heuristic. This is because
opening a quasiparticle gap at the Fermi level is expected to
lower the total energy, since the occupied states decrease in
kinetic energy while the unoccupied states gain kinetic energy.
At zero heterostrain for instance, the KIVC opens a larger
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FIG. 4. One-shot condition for the boost vector at ν = −2. (The
spectra in the spin ↑ and ↓ are identical. We use ε = 0.15%.) Panel
(a) shows the one-shot q = 0 band structure, which is gapless due
to the hole pocket. The high-energy f modes (two per spin) are
split from the unoccupied low-energy f modes (one per spin) by
the heterostrain term 2ε−Mf . The occupied f modes (one per spin)
are lowered by the large Hubbard U1. Panel (b) shows the unhy-
bridized one-shot band structure with the IKS boost obtained from
the analytical estimates in Eqs. (24) and (25). The three conduction
f modes are marked with the red bracket, and the four valence
c modes are marked with the black bracket. (c) Without the IKS
boost, the hybridized band structure cannot develop a gap due to
the Dirac nodes. The inset shows the topological semimetallic band
touching points on a rotated line in the BZ (see Fig. 1). (d) After
hybridization, a full gap opens at the Fermi level (dotted). The boost
vector qc = 0.61MM , which is close to the value of 2MM

3 used in
Fig. 3, where the self-consistent Hartree-Fock spectrum is plotted
for comparison. Note that the indirect gap is nonzero and is enlarged
at self-consistency. Panels (e) and (f) show the expectation value
of the valley charge τ3/2 and f -mode occupation number in the
self-consistent THF ground state at ν = −2. The edge of the BZ is
fully IVC, whereas the lobes created by the c-electron holes display
valley polarization.

gap than the valley-polarized state and indeed is favored in
self-consistent Hartree-Fock [166].

A. Topological protection of the q = 0 gapless phase

We will first prove that the q = 0 one-shot spectrum is
gapless. Figure 4 shows the one-shot ν = −2 band structure at
q = 0, which reveals a gapless state with a large hole pocket
at the � point where the �1 ⊕ �2 c electrons are pushed above
the Fermi surface [see Fig. 4(a)]. Moreover, the direct gap
also vanishes due to Dirac nodes between the valence and

conduction band off the high-symmetry lines as seen in the
inset of Fig. 4(c).

To explain this analytically, we develop a flat-band projec-
tion method in a k · p expansion. In Appendix B 3, we obtain
expressions for the four bands (per spin) near the Fermi level
in a degenerate perturbation theory about the flat-band limit.
Explicitly, we first find analytical eigenstates for the noninter-
acting flat bands at M = 0 in the absence of heterostrain and μ

terms. We then project the one-shot Hartree-Fock Hamiltonian
including the heterostrain terms onto these states. First, the
projected single-particle Hamiltonian is (in the K valley)

h0,eff(k) = vε−
2c′′γ kyσ0 + M f v

(−2kxkyσ1 + (
k2

x − k2
y

)
σ2

)
v2|k|2 + γ 2

+ Mγ 2

v2|k|2 + γ 2
σ1. (20)

Evidently, at M = 0 the above Hamiltonian has a winding
number 2 and a quadratic band touching at k = 0, similarly
to Bernal bilayer without trigonal warping terms, albeit with
a tilt due to the first term proportional to the unit matrix σ0.
At M 
= 0, the last term is akin to a nematic order parameter
added to the Bernal bilayer [199]. It splits the quadratic band
touching into two Dirac nodes, but the total winding around
a loop that includes both nodes is still 2. This can be seen
graphically by plotting the contours of constant kxky (hyper-
bolas) and the zero of k2

x − k2
y (diagonal lines) and looking for

intersections. At M = 0 there is a double intersection of two
“crosses” at k = 0 while at M 
= 0 there are two intersections
corresponding to two Dirac nodes. Thus, we see that both
Dirac cones in the flat bands have the same winding number.
This is important because it prevents a gap from opening
when the Dirac nodes collide at the � point, since they have
the same winding number: In this two-band Hilbert space
with unbroken spin and valley symmetries, it is impossible
to annihilate the Dirac nodes.

The potential to open a gap is realized at the interacting
level in the IVC parent state Eq. (14), where the Hamiltonian
now includes four bands thanks to the breaking of valley U (1)
symmetry. Nevertheless, we can prove that the Hartree-Fock
bands are still gapless due to the existence of Dirac nodes
when the boost vector q = 0 by examining the C2z eigenvalue
of the valence band at the � point. In perturbation theory on
the Hartree-Fock Hamiltonian, we find the analytical expres-
sions

E−,s(k = 0) = −2W3 ± M, (C2z odd),

E+,s(k = 0) = J

2
− 2W3 ± M, (C2z even), (21)

for the energies of the C2z = −1 and +1 eigenvalues respec-
tively. At ν = −2, one band should be occupied in each spin
sector. We see that for all M,W3, the C2z = +1 energies are
higher due to the ferromagnetic coupling J > 0. Thus the
valence band will always have the C2z = −1 irrep at the �

point. Next we recall that at the three M points on the BZ edge,
the band is made up of the heterostrain-split f modes with
C2z = +1 [see Eq. (10)]. Thus the product of the C2z eigen-
values in the valence band is odd, which, along with spinless
T , enforces a gapless point—it is a symmetry-enforced
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topological semimetal [200]. This is because an odd product
of C2z eigenvalues enforces an odd Chern number for an
isolated band [201], whereas T enforces zero Chern number.
This incompatibility requires a gapless point. Thus we have
proven that the parent state in Eq. (10), selected by heteros-
train, yields a gapless phase at q = 0 which is symmetry
indicated and protected energetically by the ferromagnetic
exchange J . It remains to show that q 
= 0 can open this gap.

B. Gap opening from non-Abelian Dirac node braiding

To open a gap, the ground state must undergo a level cross-
ing where the C2z = −1 eigenvalue of the highest valance
band at the � point is exchanged for a C2z = +1 eigenvalue.
We can demonstrate analytically that such a level crossing
occurs by turning on a boost q = (qx, 0), carrying out the
same degenerate perturbation theory as in the prior section at
the � point (for analytical expressions, see Appendix B 3).
For now, in order to obtain transparent analytical expressions,
we restrict consideration to q = (qx, 0) along the axis of the
applied heterostrain.) This shows that the C2z-protected ob-
struction can be resolved by the IKS boost. This is a necessary
but not sufficient condition for the opening of a gap.

To elucidate the gap opening mechanism, we will use the
theory of C2zT -protected non-Abelian Dirac node braiding.
Recall that in two-band models, Dirac nodes are associ-
ated with an integer winding number, which is essentially
the (signed) number of Berry curvature monopoles enclosed
in a loop taken around the node. Typical examples include
graphene, which has Dirac nodes with opposite winding num-
ber ±1 at the K and K ′ points, or Bernal bilayer graphene,
with winding number ±2. However, in multiband mod-
els, the Abelian classification of Dirac nodes breaks down.
Reference [165] demonstrated that in multiband systems with
C2zT , Dirac nodes are described by a generalized quaternionic
charge. Succinctly, we can assign a (non-Abelian) charge en

to a Dirac node between band n and n + 1 such that e2
n = −1,

{en, en+1} = 0 and [en, em] = 0 if |n − m| > 1. Two nodes can
be annihilated if they have charge −en, en whose product is
1. Since the charges in neighboring bands anticommute, the
braiding of nodes in adjacent bands can flip a sign. Hence we
can understand a non-Abelian braiding process

enen = enen+1(−en+1)en

= enen+1enen+1 = en+1(−en)enen+1 = en+1en+1, (22)

where a node-antinode pair is nucleated in the n + 1th gap
(first line) and undergoes braiding with a pair in the nth gap,
allowing them to flip sign and annihilate. This process exactly
describes the opening of the Hartree-Fock gap driven by the
IKS boost. Figure 5(a) shows the presence of two Dirac nodes
between the valence and conduction bands. In Fig. 5(b), these
nodes (enen) are shown in blue and the nodes between the low-
est two conduction bands are shown in red as a function of the
IKS boost qx. The sign of en, en+1 are denoted by arrows. The
arrows reverse sign when their curves passes under a curve of
an adjacent gap, capturing their anticommutation property. We
observe a braiding structure where the red nodes nucleate at a
finite qx = qn (marked by the dashed red line), which allows
the blue nodes to subsequently annihilate and open a gap
between the valence and conduction bands at qx = qg (marked

FIG. 5. Non-Abelian Dirac node braiding. (a) Difference in-
energy between the valence and conduction one-shot projected
Hartree-Fock bands at q = 0, with the two Dirac nodes marked by
the small black circles. (b) Braiding of Dirac nodes as a function
of qx , showing nucleation of a node/antinode pair at qn in the
conduction manifold followed by braiding and annihilation of the
valence band node at qg, where a direct gap opens at �. Analytical
expressions are shown in Eq. (23). (c) Level crossing of inversion
eigenvalues demonstrates the C2z obstruction being resolved in the
Dirac node braiding process. The energy ordering of the C2z eigen-
values at the � point (k = 0) for vanishing boost, q = 0, is robust
due to the positive (ferromagnetic) sign of J . Because this ordering is
inverted relative to the MM point, the absence of the gap is guaranteed
at qx = 0.

by the dashed blue line). We can obtain simple expressions for
the values of qg and qn in the projected one-shot model. They
are

qn = 2

√
J − 4M

U1

γ

v
, qg = J + M√

JU1/2

γ

v
. (23)

The scale qg is an estimate of the minimal qg such that a direct
gap can be opened in Hartree-Fock. In the next section, we
will discuss the indirect gap.

In summary, we have shown that the parent state favored
by heterostrain cannot open a gap when the boost vector van-
ishes, q = 0, due to a symmetry obstruction, but a direct and
indirect gap can be opened at some nonzero qx. This explains
the appearance of IKS order but does not yet determine which
value of q is optimal. For completeness, in Appendix B 4 b we
use the same symmetry analysis on the U (4) × U (4) states,
which are ground states without strain at ν = −2, to show that
they are gapped without a boost.
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FIG. 6. Six-band BM model simulations. (a) Transition from
the KIVC to IKS in the f -order parameter TrOf Ōζ where Ōζ

is the traceless part of the parent-state order parameters, obeying
TrŌIKSŌKIVC = 0. The f -mode order parameter is extracted directly
from the BM simulations. We use dielectric constant εhBN = 6.
(b) Optimal qIKS = (qx, qy ) as a function of interaction strength 6,
showing a sharp transition to qx ∼ 2MM

3 above a critical heterostrain
which scales linearly with interaction strength and then slowly rises
with increasing heterostrain. (c) Hartree-Fock total energy as a func-
tion of q (δE is measured relative to the average at each ε). At large
heterostrain, many different q in the MM -KM region compete closely
in energy. The stars mark q which have a nonzero indirect gap.

C. Criterion for the IKS boost

The optimal qc, at the one-shot level, is heuristically ex-
pected to be the one which maximizes the quasiparticle energy
gained by opening a gap at the Fermi level. From Fig. 6(c),
we indicate which solutions in self-consistent BM simulations
have nonzero indirect gaps. Surprisingly, very few IKS boosts
q show an indirect gap at all, and their locations are sharply
correlated with the lowest-energy ground states. Based on
this numerical observation, we now devise a method to es-
timate the optimal boost qc which opens the largest indirect
gap.

To understand the degrees of freedom available at the
Fermi level, we turn to the unhybridized limit where Hf c = 0.
Let us first understand the q = 0 state from this perspective,
whose one-shot band structure is shown in Fig. 4(a). At ν =
−2, we must first fill the two lowest f modes (one per spin),
which are pushed far down in energy by U1. We will refer to
these f modes as the valence f modes, and the higher-energy
six f modes as conduction f modes. Note that the conduction
f modes are split by heterostrain. To achieve overall filling
ν = −2, we expect to fill the Dirac-like c electrons up to
their charge-neutrality point. However, we see from Fig. 4(a)
that there is a significant hole pocket around � that prevents
filling the c electrons up to their charge neutrality point be-
cause there are lower-energy conduction f modes. Instead,
the f modes near the Fermi level will be partially occupied
in the first descendant state. A gap cannot be opened even
after hybridization as shown in Fig. 4(c) and as explained in
Sec. V A.

Let us then consider Fig. 4(b) where a boost is introduced
and hole pockets from valley K, K ′ are shifted relative to
each other. Due to the approximately linear dispersion of the
c electrons, turning on the boost will lower their energy at
the � point. For a range of boosts, c-electron modes near �

are brought down in energy to the vicinity of the conduc-
tion f modes, allowing them to be filled. Upon introducing
hybridization, the crossings of the f and c modes at generic
points in the BZ will turn into avoided crossings and a gap
opens since the semimetal obstruction has been resolved (as
explained in Sec. V A).

We now address of the question of which boost, qc, is the
most favorable. We propose that qc can be approximated from
the unhybridized limit (Hf c = 0). In this limit [see Fig. 4(b)],
the f and c bands cross and will open a hybridization gap as
Hf c is turned on. We will restrict our attention to the � point
motivated by our discussion of the C2z eigenvalues which must
be exchanged to obtain a gapped phase.

To maximize this gap, we propose that qc should be picked
so that the highest of the four low-energy c modes Ec,q(k = 0)
is just at the Fermi level. In this case, the off-diagonal Hf c

term leads to the greatest hybridization. This is a heuristic
principle which allows us to estimate qc in terms of the an-
alytically accessible unhybridized quasiparticle energies. This
condition for qc can be seen in Fig. 4(b), where all four low-
energy c modes are below the Fermi level unlike in Fig. 4(a).
The Fermi level is set by the lowest unoccupied f mode at
energy

E f = M f ε− − 3U1

2
− 12U2, (24)

denoted by the dashed line in Fig. 4(a). In Appendix B 5, we
find that the highest c-electron energy at k = 0 which must be
in the valence manifold for a gapped state is

Ec(qx ) ≈ −|vqx|
2

+ J

4
− (W1 + W3)

+ 1

2

√
M2 + (M ′ε+ + (2c′ + c)ε−)2 (25)

up to corrections of order O(1/|vqx|). Finally, the criterion
E f = Ec(q) gives an estimate of qc ∼ 0.6MM at ε = 0.2% and
varies between 0.52MM and 0.68MM for ε ∈ (0.1%, 0.3%).
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FIG. 7. (a) Zoom-in of the particle-hole symmetric self-consistent bands at ν = −2. Particle-hole breaking potentials (denoted μ 
= 0 to
indicate the inclusion of μ1, μ2) raise the energy of the c electrons (but do not affect the f electrons), leading to a decrease of the gap at ν = −2
in (b) and an increase of the gap at ν = +2 in (c). We show the ratio of the c-electron and f -electron density of states Dc/D f to explain why
raising the chemical potential of the c electrons must decrease the gap at ν = −2 and increase it at ν = +2. The dashed line marks Dc/D f = 1.
Throughout we use ε = 0.15%.

Note that qc ≈ 0.66MM corresponds to a tripling of the moiré
unit cell, which is in good agreement with experiment [31].
The hierarchy of energy scales γ > |M f ε−| is valid of strains
of |ε−| < 0.6%, at which point qc ∼ MM . We can also ver-
ify this analytical approximation with numerical calculations
within the full six-band BM model from which the THF
Hamiltonian is derived. The results are shown in Fig. 6 and
are obtained using a combination of randomized initial seeds
as well as the KIVC/IKS one-shot ansatz. We perform cal-
culations on a 12 × 12 momentum grid and sample all boost
vectors q on a 6 × 6 grid. Here we show the strain-tuned
competition between KIVC and IKS using the order param-
eter O f = ∑

s ζ+,sζ
†
+,s obtained from self-consistent HF by

projecting the BM model wave functions to the f mode
Wannier wave functions. Recall that the IKS ordering vector
ζ = (1, i, i, 1)/

√
2 in each spin sector [see Eq. (10)] and the

KIVC ordering vector is (−1, 0, 0, 1), (0, 1, 1, 0) in a single
spin sector [see Eq. (B48)].

We observe that the optimal q shows a broad minimum
which deviates slightly off the x axis at large ε. We leave
modeling of these finer details for future studies.

The unhybridized limit is also a useful way to understand
the k-dependent valley polarization that appears in the ground
state as shown in Fig. 4(e). At the BZ edge where the occu-
pied f modes are polarized along ζ+, no valley polarization
appears due to perfect IVC. However, regions of valley po-
larization, termed “lobes” in Ref. [125], appear in the BZ
corresponding to the regions of depopulated c electrons [see
Fig. 4(f) for the corresponding increase in f -electron occupa-
tion]. This is plain to see from the unhybridized limit where
the c electrons in valley K ′ are high energy at k = +q/2,
leading to a greater density of valley K in the ground state
and vice versa at k = −q/2.

VI. PARTICLE-HOLE ASYMMETRY

So far we have not incorporated the particle-hole breaking
potentials. Both μ1 and μ2, the c-electron chemical poten-
tials, should be viewed as small corrections since they do
not break the U (4) × U (4) symmetry of the M = v′ = 0
THF model. Thus we can understand their effect in one-shot
Hartree-Fock from first-order perturbation theory. Figure 7(a)
depicts the IKS band structure at ν = −2 (ν = +2) near

the Fermi level, where the c modes dominate the density
of states below (above) the gap. This is one of the key
physical features of the THF model, explaining the heavy
excitations towards charge neutrality and the light excitations
away [142,166,169,171,173–176,189,198]. Hence by adding
the positive μ1, μ2 potentials to the Hamiltonian which raise
the energy of the c electrons but do not affect the f elec-
trons, the gap will decrease at ν = −2 where the c electrons
are occupied but will increase at ν = +2 where the c elec-
trons are unoccupied. Indeed, Figs. 7(b) and 7(c) show that
the orbital makeup of states near the Fermi level is almost
unchanged, and it is only the gap size which is altered.
Quantitatively in self-consistent Hartree-Fock, we find that the
ν = ±2 gap is ∼6 meV for μ1 = μ2 = 0. When the poten-
tials μ1 = 14.5 meV and μ2 = 4.5 meV are turned on, the
ν = −2 gap shrinks to ∼3 meV while the ν = +2 gap rises to
∼12 meV. While these gaps will decrease in dynamical mean-
field theory or other more accurate treatments, the asymmetry
in the gaps at ±ν will remain. This clearly shows that finer
features of TBG phase diagram can be understood in a sim-
ple, analytical fashion and traced to their microscopic origin.
Here we have elucidated why relaxation, which increases the
dispersion on the electron side of the single-particle band
structure by raising the c-electron energy, leads to larger cor-
related gaps on the electron side than hole side. This is in
contrast to naive expectations that the more dispersive single-
particle band is more weakly correlated, and aligns with
experiment.

VII. CONCLUSION

We have used the heavy fermion model of TBG to ex-
plain why small heterostrains on the order of 0.1% transform
the phase diagram, while the inclusion of relaxation only
results in particle-hole symmetry breaking in the charge
gaps. Our theory identifies heterostrain as the most rele-
vant perturbation to the emergent U (4) × U (4) symmetry
of the flat bands due to its strong f -mode coupling, and
we showed that splitting the f modes reduces the possible
orders in strong coupling, removing variational degrees of
freedom. We found a topological reason that gapped phases
are forbidden without an IKS boost and then estimated its
magnitude using the zero-hybridization limit of the f and
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c modes. All ground states are robust to weak particle-hole
breaking, but their gaps change at leading order, explain-
ing the stronger correlated features at positive filling due
to the positive signs of the c-electron potentials computed
directly from the generalized BM model [190]. Our theory
can be used to simplify and physically explain key features
of the insulators observed most frequently in experiment
and gives a unified framework for understanding the numer-
ical results of self-consistent Hartree-Fock. One interesting
extension of this work is to study the correlated Landau
levels [164,202] within the magnetic Hofstadter bands of
the BM model [203–206], or to study the IKS as a parent
state for superconductivity [207]. Additionally, strongly cor-
related physics can be studied within the heterostrained THF
model using dynamical mean-field theory [77,169,171,177]
or diagrammatic methods [194] to obtain more realistic finite
temperature phase diagrams in the strong-coupling limit. It is
also possible to construct THF models in the weak-coupling
limit, which may serve as a way to study the competition of
other phases [208–210]. Finally, the framework introduced
here can apply to other systems with valley textures due
to topological obstructions [211,212], most notably twisted
trilayer graphene [195,213], and can be studied with other
techniques [210,214–218].
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APPENDIX A: REVIEW OF THE HEAVY FERMION
MODEL AND ITS SYMMETRIES UNDER PERTURBATION

In this Appendix, we review the heavy fermion model
and its correction terms in heterostrain. In Appendix A 1,
we review the form of the original, fully symmetric heavy
fermion model and introduce its global symmetries in the
U (4) × U (4) limit. Appendix A 2 introduces the perturbations
from heterostrain which break the U (4) × U (4) symmetry
to the minimal U (2) × U (2). Appendix A 3 then introduces
the perturbations from relaxation, which actually preserve
the U (4) × U (4) symmetry when the smallest corrections are
neglected. In Appendix A 4, we review the interaction terms
and discuss the boosted basis used for IKS calculations.

1. Heavy fermion Hamiltonian and symmetries

We briefly review the heavy fermion mapping of TBG from
Ref. [166]. The two nearly flat bands of TBG are anomalous in
the presence of C2zT and P, meaning that no lattice model can
reproduce their wave functions. In fact, this anomaly cannot
be lifted by including any particle-hole symmetric pair of
bands in the lattice model. However, a fully symmetric low-
energy model can be obtained in a different basis: the heavy
fermion basis. It consists of two flavors of Dirac electrons (one
carrying the 2D �3 irrep, one carrying the 2D �1 ⊕ �2 rep)
and a pair of localized Wannier states forming px-py orbitals
at the moiré unit cell center (carrying the E1a irrep). The heavy
fermion model evades the topological obstruction through the
formally infinite Hilbert space of the Dirac fermion.

The BM model can be projected into this basis and the
following single-particle Hamiltonian in the K valley is ob-
tained (the basis is ordered c†

�3
, c†

�1+�2
, fE1a each of which is a

two-dimensional representation)

hK (k) =

⎛
⎜⎝

v(kxσ0 + ikyσ3) γ σ0 + v′(kxσ1 + kyσ2)

v(kxσ0 − ikyσ3) Mσ1

γ σ0 + v′(kxσ1 + kyσ2) 0

⎞
⎟⎠, (A1)
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TABLE I. Heavy fermion parameters for the BM model at w0/w1 = 0.8. All valued reported are in meV except for the velocities
v, v′, v1, v2 which are in eV Å.

θ (◦) γ M v v′ μ1 μ2 v1 v2 c c′ c′′ Mf γ ′ M ′

BM: 1.05 –24.8 3.7 –4.3 1.6 14.4 4.5 0.2 –0.4 –8750 2050 –3362 4380 –3352 –4580

neglecting higher shells of the Dirac electrons for simplicity. The parameters of the model are given in Table I. The intravalley
symmetries of this Hamiltonian are

D[C3z] =
⎛
⎝ei 2π

3 σ3

σ0

ei 2π
3 σ3

⎞
⎠, D[C2zT ] =

⎛
⎝σ1

σ1

σ1

⎞
⎠K

D[C2x] =
⎛
⎝σ1

σ1

σ1

⎞
⎠, D[P] = −i

⎛
⎝σ3

σ3

−σ3

⎞
⎠, (A2)

where P is a unitary particle-hole taking r → −r. The Hamiltonian in the K ′ valley can again be obtained by time reversal,
and spin SU (2) symmetry is implemented by taking two copies of the K and K ′ Hamiltonians, leading to a fourfold degeneracy
overall. This degeneracy is due to the U (1) charge, U (1) valley, and SU(2) spin symmetries which yield a U (2) × U (2) symmetry
group, the factors corresponding to the two valleys. For clarity, we write the full model

hHF(k) =
⎛
⎝ v(kxτ3σ0 + ikyτ0σ3) γ τ0σ0 + v′(kxτ3σ1 + kyτ0σ2)

v(kxτ3σ0 − ikyτ0σ3) Mτ0σ1

γ τ0σ0 + v′(kxτ3σ1 + kyτ0σ2) 0

⎞
⎠ ⊗ s0, (A3)

where τi and si are sets of Pauli matrices representing valley
and spin, respectively. The intervalley crystallographic sym-
metries are spinless time reversal and twofold rotation,

D[T ] = τ1K, D[C2z] = τ1σ1, (A4)

which both take k → −k. The global symmetries are gener-
ated by the Hermitian commuting charge τ3 (valley) and si

(spin).
The U (2) × U (2) symmetry group is generated by the

algebras 1
2 (τ0 + τ3)σi and 1

2 (τ0 − τ3)σi. We now consider var-
ious limits where the U (2) × U (2) symmetry is enhanced,
ultimately to a U (4) × U (4) symmetry group. The key to this
enhancement is the intervalley anticommuting operator

D[PC2z] = −iτ1

⎛
⎝σ2

σ2

−σ2

⎞
⎠, (A5)

which is local in k. An analogous operator appears in the pro-
jected flat-band theory of twisted bilayer graphene in the BM
model. However, it is worthwhile to recall some key differ-
ences between the projected flat-band theory (see for instance
Ref. [191]) and the heavy fermion theory discussed here. In
the projected theory, all symmetry generators are restricted
to the flat bands. However, in the heavy fermion theory, the
symmetries are preserved by the full f and c Hilbert spaces
despite the kinetic-energy c electrons. Another key difference
concerns the chiral operator which we will now introduce.
In the BM model, the chiral operator is the sublattice oper-
ator and only anticommutes with w0 = 0. However, in the
heavy-fermion theory, one can define an anticommuting chiral
operator acting on the f -c basis for all values of w0 [166]. We
recall the details of the symmetries in the THF model now.

We exhibit two limits where new anticommuting local
symmetries C,C′ emerge. Then CPC2z and C′PC2z become
commuting local symmetries that enlarge the symmetry
group.

First, we introduce the chiral U (4) symmetry group which
arises when v′ = 0, so that

D[C] = τ0

⎛
⎝−σ3

σ3

σ3

⎞
⎠, (A6)

anticommutes with hHF(k) in Eq. (A3). This now gives a
commuting symmetry (multiplying by an overall phase and
the U (1) operator τ3)

D[CPC2z] ≡ τ2

⎛
⎝σ1

−σ1

σ1

⎞
⎠,

[D[CPC2z], hHF(k)] = 0 if v′ = 0. (A7)

In the chiral limit, D[CPC2z] enhances the U (2) × U (2) sym-
metry to a U (4) symmetry. This U (4) symmetry is the analog
of the chiral U (4) in the BM model but is defined in the THF
model by v′ = 0 rather than w0 = 0.

Second we introduce the U (4)-flat limit where M = 0 and

D[C′] = τ0

⎛
⎝−σ0

σ0

σ0

⎞
⎠ (A8)

anticommutes with hHF(k) in Eq. (A3). This now gives a
commuting symmetry (multiplying by an overall phase and
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the U (1) operator τ3)

D[C′PC2z] ≡ τ2

⎛
⎝−σ2

σ2

−σ2

⎞
⎠,

[D[C′PC2z], hHF(k)] = 0 if M = 0. (A9)

In the flat limit, D[C′PC2z] enhances the U (2) × U (2) sym-
metry to a U (4) symmetry. This U (4) symmetry has an analog
in the projected BM model when the dispersion is dropped,
in which case the entire single-particle term is zero and PC2z

commutes with the interaction Hamiltonian. This is a crucial
difference with the THF model, where C′PC2z commutes with
the single-particle kinetic energy as well.

It can be checked that if v′ = 0 and M = 0 (the chiral-flat
limit),then the total symmetry algebra is U (4) × U (4), with
each factor acting on a separate “Chern” sector. Details can be

found in Ref. [166]. In the projected BM model, the U (4) ×
U (4) can be understood as rotating each of the four C = 1 and
four C = −1 flat bands within spin-valley space. In the THF
model, the U (4) × U (4) symmetry group acts on the full f , c
Hilbert space.

Our emphasis will be on perturbations away from this
U (4) × U (4) limit. In particular, heterostrain on the order of
0.2% is already a much larger symmetry-breaking term than
M or v′ as we now show.

2. Strain

We now discuss the topological heavy fermion model
characterizing the heterostrained BM model. Reference [190]
showed that heterostrain is captured within the fully sym-
metric THF Hilbert space by adding the symmetry-breaking
kinetic term δhε :

δhε =
⎛
⎝c(εxyσ1 + ε−σ2) c′(εxyσ1 − ε−σ2) iγ ′ε+σ3

c′(εxyσ1 − ε−σ2) M ′ε+σ2 c′′(εxyσ0 − iε−σ3)
−iγ ′ε+σ3 c′′(εxyσ0 + iε−σ3) M f (εxyσ1 + ε−σ2)

⎞
⎠, (A10)

written in valley K for one spin. To obtain the coefficients,
we project the heterostrained BM model onto the f mode
Wannier functions and � point conduction wave functions
of the original THF model. Table I contains the results. The
large values of the heterostrain coefficients reflects the fact
that small heterostrains ε ∼ 0.001 add ∼5-meV perturbations
to the Hamiltonian. The M f term is the most significant since
it breaks the symmetry of the px-py f orbitals, polarizing
them along the −M f -energy eigenmode of (εxyσ1 + ε−σ2).
We showed with perturbation theory in Ref. [190] that a
minimal model preserving the key heterostrained features of
the band structure consists of only keeping M f and c′′.

We now discuss the symmetry that survive in heterostrain.
First, heterostrain breaks C3z and C2x but preserves C2z and T .
Moreover, P is also preserved to leading order when strain
is introduced via minimal coupling k → k ± A in the BM
model, where A is the pseudogauge field and ± reflects layer
antisymmetry. Note that this is not true for relaxation or for
more elaborate models of heterostrain [190]. An important re-
sult of this is that the anticommuting local symmetry D[PC2z]
is preserved. To check the survival of the U (4) symmetries,
we note that D[C] only anticommutes with δhε if c′ = c′′ = 0,
and since c′′ is relevant to the low-energy band structure [190],
the chiral U (4) is broken. Similarly, D[C′] anticommutes with
δhε if c = M ′ = c′′ = M f = 0, and since both c′′ and M f are
relevant to the low-energy bands, the flat U (4) is also broken.

3. Gradient hopping terms

We next consider the effect of gradient hopping terms that
break the emergent particle-hole symmetry of the BM model.
Reference [190] derived the kinetic term perturbation to the
heavy fermion model, which is (for valley K and spin ↑)

δh�(k) =
⎛
⎝μ1σ0 + v2k · σσσ v1k · σσσ ∗ 0

v1k · σσσ ∗ μ2σ0 0
0 0 0

⎞
⎠ (A11)

consisting of the c-electron potentials μ1, μ2 and velocities
v1, v2. (Without loss of generality, we have set the f -electron
chemical potential to zero.) The parameters are given in
Table I. We showed with perturbation theory in Ref. [190] that
a minimal model preserving the key particle-hole breaking
features of the band structure consists of only keeping μ1

and μ2.
We now check the symmetries of δh�. Although P

is broken, we find that D[CP] = −i diag(−σ0, σ0,−σ0)
is preserved if v2 = 0. Since v2 is negligible, the chi-
ral U (4) is actually preserved by δh�. Next we check
that D[C′P] = −i diag(−σ3, σ3,−σ3) is preserved if v1 =
0. Since v1 is negligible, the flat U (4) symmetry is also
preserved. Thus relaxation, despite breaking particle-hole,
does not destroy the U (4) × U (4) limit of the heavy
fermion model. This explains the numerical observation that
particle-hole breaking alone is insufficient to destabilize the
KIVC [125].

4. Interaction terms

Because the interaction Hamiltonian, first obtained in
Ref. [166] is obtained purely from the overlaps of the Wannier
states and conduction wave functions on the Coulomb poten-
tial, the interaction Hamiltonian in the presence of heterostrain
is unchanged. This is because we have shown that the THF
basis is unchanged in the presence of heterostrain, although
symmetry-breaking terms appear in the Hamiltonian. Hence
we retain the original fully symmetric interaction of the THF
model, with heterostrain appearing only as a perturbation in
the kinetic term.

We now recap the interaction Hamiltonian, which consists
of five terms:

Hint = HU + HW + HJ + HV , (A12)
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where the f - f interaction is

HU = U1

2

∑
R

(: f †
R fR :)2 + U2

2

∑
〈RR′〉

: f †
R fR :: f †

R′ fR′ :

(A13)
including an on-site term with U1 = 58 meV and nearest-
neighbor term U2 = 2.3 meV. We note that these values
depend on the choice of dielectric constant, screening length,
and twist angle, which are device dependent, and smaller
values of U1 can be easily obtained. The c-c repulsion is

HV = 1

2N

∑
q,k,k

V (q)

�
: c†

k+qck :: c†
k′−qck′ :, (A14)

where V (q) is the screened Coulomb interaction. We only
keep the mean-field decoupling of HV in the Hartree channel,
so we can effectively replace V (q) by V (0) = πξe2

ε
where e

is the electric charge, ξ = 10 nm, and the dielectric constant
ε = 6.

Next, the f -c repulsion is

HW = 1

N

∑
Rkk′

e−i(k−k′ )·R : f †
R fR :: c†

kW ck′ :, (A15)

where W is a diagonal matrix acting as W1 = 44 meV on the
�3 c electrons and W2 = 50 meV on the �1 ⊕ �2 electrons.

Last, the U (4) ferromagnetic exchange interaction is

HJ = − J

2N

∑
αsη,α′η′s′

∑
Rkk′

ei(k−k′ )·R(ηη′

+ (−1)α+α′
) : f †

R,αsη fR,α′s′η′ :: c†
k,α′+2,s′η′ck′,α+2,sη :

(A16)

and J = 16.38 meV. The interaction preserves the full U (4) ×
U (4) symmetry group.

5. Boosted basis

We now discuss the boosted basis relevant for the IKS
states which break translation TR and U (1) valley τ3 but pre-
serve T̃R = ei τ3q

2 ·RTR. It is convenient to introduce a diagonal
basis of this surviving symmetry group as in the main text,

f̃ †
R,αηs = f †

R,αηse
−iR·qη/2, c̃†

k,aηs = c†
k+qη/2,aηs, (A17)

obeying T̃a f̃ †
R,αηsT̃

†
a = f̃ †

R+a,αηs and T̃ac̃†
k,aηsT̃

†
a = e−ik·ac̃†

k,aηs.
We now write the interaction in this basis.

First, we note that the HU term contains only the total
f -mode density f †

R fR = f̃ †
R f̃R since the position-dependent

phases cancel. Thus HU can be rewritten by replacing f → f̃ .
Next we consider HV , which reads

HV = 1

2N

∑
aηs,a′η′s′

∑
p,k,k

V (p)

�
: c†

k+p,aηsck,aηs :: c†
k′−p,a′η′s′ck′,a′η′s′ :

= 1

2N

∑
aηs,a′η′s′

∑
p,k,k

V (p)

�
: c̃†

k+p−qη/2,aηsc̃k−qη/2,aηs :: c̃†
k′−p−qη′/2,a′η′s′ c̃k′−qη′/2,a′η′s′ :

= 1

2N

∑
aηs,a′η′s′

∑
p,k,k

V (p)

�
: c̃†

k+p,aηsc̃k,aηs :: c̃†
k′−p,a′η′s′ c̃k′,a′η′s′ :, (A18)

where we shifted the k sum by qη/2 and k′ sum by qη′/2. Thus HV can also be rewritten by replacing c → c̃.
Next we consider the f -c coupling terms. We see that

HW = 1

N

∑
aηs

∑
Rkk′

e−i(k−k′ )·R : f †
R fR :: c†

kaηsWack′aηs :

= 1

N

∑
aηs

∑
Rkk′

e−i(k−k′ )·R : f̃ †
R f̃R :: c̃†

k−qη/2,aηsWac̃k′−qη/2,aηs :

= 1

N

∑
aηs

∑
Rkk′

e−i(k−k′ )·R : f̃ †
R f̃R :: c̃†

k,aηsWac̃k′,aηs : (A19)

after shifting the sums. Last, we consider

HJ = − J

2N

∑
αsη,α′η′s′

∑
Rkk′

ei(k−k′ )·R(ηη′ + (−1)α+α′
) : f †

R,αsη fR,α′s′η′ :: c†
k,α′+2,s′η′ck′,α+2,sη :

= − J

2N

∑
αsη,α′η′s′

∑
Rkk′

ei(k−k′ )·R(ηη′ + (−1)α+α′
)eiR·qη/2−iR·qη′/2 : f̃ †

R,αsη f̃R,α′s′η′ :: c̃†
k−qη′/2,α′+2,s′η′ c̃k′−qη/2,α+2,sη :

= − J

2N

∑
αsη,α′η′s′

∑
Rkk′

ei(k+qη′/2−k′−qη/2)·R(ηη′ + (−1)α+α′
)eiR·qη/2−iR·qη′/2 : f̃ †

R,αsη f̃R,α′s′η′ :: c̃†
k,α′+2,s′η′ c̃k′,α+2,sη :

= − J

2N

∑
αsη,α′η′s′

∑
Rkk′

ei(k−k′ )·R(ηη′ + (−1)α+α′
) : f̃ †

R,αsη f̃R,α′s′η′ :: c̃†
k,α′+2,s′η′ c̃k′,α+2,sη :, (A20)
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so in all cases, the c → c̃ and f → f̃ replacement holds. This
can be expected because the interaction arises from project-
ing the density-density Coulomb interaction, which is locally
invariant under U (4) × U (4) gauge transformations, onto the
f -c basis.

This means that the expectation value of Hint on any state is
unchanged upon replacing c, f with c̃, f̃ operators. As such,
the one-shot-energy dependence on q only comes from the
kinetic energy, where breaking translation and U (1) for q 
=
0 allows new hybridization gaps to open. This effect will be
studied extensively in the following sections.

APPENDIX B: HARTREE-FOCK AND ONE-SHOT THEORY
OF THE CORRELATED INSULATORS

In this Appendix, we propose heavy fermion parent states
for the integer filling ground states in the presence of het-
erostrain. These parent states are used for the seeds of
self-consistent Hartree-Fock. We find that the overlap of the
initial and final Hartree-Fock states is high enough that an
analytical one-shot calculation accurately predicts the self-
consistent band structure. We then develop a perturbation
theory in the mean-field heavy fermion Hamiltonian which
predicts a gap opening at a critical value of the IKS boost
vector at ν = −2. This expression is in good agreement with
numerical Hartree-Fock calculations.

1. Parent states

The crux of a heavy fermion model is a separation between
the c electrons, which form a weakly correlated Fermi sea
due to their strong kinetic energy, and the local moments
(heavy fermions) which possess very weak kinetic energy
and are governed by the interactions. We study this system
with Hartree-Fock, where the strong interaction effects on the
heavy fermions manifests as spontaneous symmetry breaking.
We pursue an analytical understanding of the ground state
by proposing a model wave function or “parent state.” To
motivate this approach, let us write the full Hamiltonian

H = (Hf + Hc + Hf c) + (HU + HW + HV + HJ ). (B1)

A parent state, by definition, is an eigenstate of

Hd = Hf + Hc + HU (B2)

which decouples the f -mode and c-mode states. The ground
state of Hc is the (product state) Fermi sea of the c electrons.
Note that we do not consider HW as part of Hd (like was done
in Ref. [166]), although HW also has exact eigenstates which
are products of decoupled f and c states. This simplifies the
discussion since the c-Fermi sea is independent of ν, the filling
measured from charge neutrality, and the interaction. The
effect of HW will be captured within one-shot Hartree-Fock.

The ground state of Hd depends on ν: There are ν + 4 f
modes per unit cell. Since H contains a strong onsite repulsion
HU between all eight flavors of f modes (valley, spin, and
flavor), the ground state requires equal occupation on all sites,
i.e., conventional charge density waves are strongly disfavored
at integer filling [176]. In the original heavy-fermion model,
the single-particle term Hf is zero, and there is a massive de-
generacy of possible ground states which is resolved primarily

by Hf c and HJ . In the case of heterostrain, instead we have

Hf = M f

∑
R

f †
R(εxyτ0σ1 + ε−τ3σ2)s0 fR, (B3)

where, as a reminder, τ, σ, s are the Pauli matrices on val-
ley, sublattice, and spin, respectively. The eigenvalues of Hf

are ±M f

√
ε2

xy + ε2
− which split the eight f modes into two

branches with these energies. We see that the essential effect
of heterostrain is to impose external symmetry breaking at
the level of the parent states. Since the single-particle energy
splitting is quite large, ∼10 meV for strain ∼ε = 0.002, we
find it is energetically favorable for the parent state to fill the
lower-energy f modes and induce symmetry-breaking orders
within this subspace.

For simplicity, we set εxy = 0 which amounts to choosing
the uniaxial heterostrain along the x axis. We now discuss
each filling in turn by identifying the f -mode order at the
appropriate filling in the low-energy sector:

|GS0, ν〉 =
ν+4∏
R,n

f †
Rζ f ,ν

n |FS〉 . (B4)

The states |GS, ν〉 capture the heterostrain-induced symmetry-
breaking of the f modes. Their associated one-particle
reduced density matrix, commonly called the order parameter,
is

O f = 〈GS0, ν| f †
R,A fR,B|GS0, ν〉 =

[ ∑
n

ζ f ,ν
n ζ f ,ν

n
∗
]

BA

(B5)

where A, B label the tensor product basis α, η, s. (Note that
O f can be a nonzero matrix even if no symmetries are spon-
taneously broken.) The resulting IKS orders are immediately
obtained by oppositely boosting the valleys in opposite direc-
tions:

|GS0, q, ν〉 =
ν+4∏
R,n

f †
R

[
exp

(
i
τ3

2
q · R

)
ζ f ,ν

n

]
|F̃S〉

=
ν+4∏
R,n

f̃ †
Rζ f ,ν

n |F̃S〉 . (B6)

Since the IKS boost commutes with HU and the parent states
are still decoupled in f and c, |GS, q, ν〉 are also good parent
states.

We will now write out the parent states at each integer
filling and compute their one-shot Hartree-Fock spectrum and
order parameter within the THF model. We also perform
numerical calculations in the six-band BM model and numer-
ically compute the f -mode order parameter

[O f ]αηs,βη′s′ = 1

N

∑
k

〈 f̃ †
k,αηs f̃k,βη′s′ 〉 (B7)

using the explicit f -mode wave functions obtained from the
BM model. Here the boost in f̃k,αηs is chosen to be that of
the global ground state, which q 
= 0 for ν 
= 0. We choose a
12 × 12 mesh in the BM model simulations (see Appendix C)
so that q = 2

3 MM is a point on the mesh and is typically the
IKS ground state for a range of heterostrain values.
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FIG. 8. Hartree-Fock band structures at ν = −3, −2 for q = 2
3 MM , ε = 0.15%. Bands are colored to indicate their f -mode character (see

Fig. 1). Panels (a) and (b) compare the self-consistent and one-shot bands at ν = −3, whereas panels (c) and (d) compare them at ν = −2. The
gray lines show the same band structure along a rotated path where Dirac nodes appear at ν = −1, 0. Note that ν = −3 suffers from strong
charge fluctuations due to the large value of the interactions. To achieve convergence, we have scaled down the interactions in (a) and (b) by
20%. Even so, we observe large differences between one-shot and self-consistent Hartree-Fock (SCHF) compared to the strong qualitative
agreement at ν = −2.

a. ν = −3

We begin with ν = −3 where the parent state consists
of a single f mode per unit cell. We note that fluctuations
are strong at ν = −3 for our choice of dielectric constant
and restricted Hartree-Fock may not be appropriate [176]. In
fact, exact diagonalization in the projected BM model shows
the presence of charge density waves at ν = −3 for some
parameters [136]. Nevertheless, we include ν = −3 in our
study for completeness, and because it offers a simple starting
point for higher fillings (where Hartree-Fock is expected to
accurately describe the physics). We consider the low-energy
spin-polarized, spinless T preserving eigenstates of the f -
block Eq. (B3). Working in the spin ↑ sector without loss of
generality, and recalling that ε− � 0 in our conventions, we
find that the lowest-energy eigenvectors of Eq. (B3) are

ζ = (1, i, 0, 0)T /
√

2, (0, 0, i, 1)T /
√

2 (B8)

in the ordered basis K+, K−, K ′+, K ′− where K, K ′ are the
two valleys ± labels the px ± ipy orbitals. Any linear com-
bination of these eigenvectors will have the same energy. To
select a state of out this manifold, we impose spinless time-
reversal symmetry D[T ] = τ1K on the ground state, so that
D[T ]ζ = eiαζ . The overall phase eiα is a gauge choice be-
cause D[T ] is antiunitary. Since D[T ] exchanges valleys, the
amplitudes of the two states in Eq. (B8) must be equal, impos-
ing maximal intervalley coherence. Their relative phase can be
chosen arbitrarily because of the U (1) valley symmetry. For
concreteness, we fix the phase by imposing D[C2z]ζ = +ζ .
(Choosing the opposite phase is equivalent to a valley U (1)
gauge transformation. In later sections, we will compare the
C2z eigenvalues at the � point and BZ edge. Their relative
sign is invariant under the valley U (1) gauge freedom.) The
resulting eigenvector and many-body parent state at q = 0 are

ζ f ,ν=−3 = (1, i, i, 1)/2,

|GS0,−3〉 =
∏

R

f †
R,+,K,↑ + i f †

R,−,K,↑ + i f †
R,+,K ′,↑ + f †

R,−,K ′,↑
2

× |FS〉 (B9)

and |FS〉 is the Fermi sea of negative-energy c electrons. The
parent state |GS0,−3〉 contains maximal C3-breaking and IVC
due to the equal amplitude superposition of f modes. This can
be seen explicitly from the order parameter [Eq. (B5)]

O f ,0 = 1

4
(τ0σ0 + τ1σ1 − τ2σ3 − τ3σ2) ⊗

(
1

0

)
, (B10)

where the final Kronecker product is a projector on the spin ↑
states. One can see explicitly that the C2z and T symmetries
commute with O f . We note that, since U (1) valley is sponta-
neously broken, numerical Hartree-Fock can converge to any
U (1) valley rotation of this state.

Figure 8 contains Hartree-Fock spectra in an IKS state with
boost vector q = 2

3 MM . We emphasize again that Hartree-
Fock might not be trustworthy at ν = −3 due to strong
fluctuations of the f modes beyond the Slater approximation.
We include Fig. 8 only for completeness. We reserve a quan-
titative comparison of the one-shot heavy fermion ansatz for
higher fillings below.

b. ν = −2

The parent state at ν = −2 is obtained by stacking two
spin-polarized ν = −3 state of opposite spins to obtain a
spin singlet, again with maximal C3-breaking and intervalley
coherence. The parent state is

|GS0,−2〉

=
∏

R,s=↑,↓

f †
R,+,K,s + i f †

R,−,K,s + i f †
R,+,K ′,s + f †

R,−,K ′,s

2
|FS〉

(B11)

with the associated f -order parameter

O f ,0 = 1
4 (τ0σ0 + τ1σ1 − τ2σ3 − τ3σ2)s0. (B12)

Both spin sectors have intervalley coherence and will respond
to the IKS boost. However, we note that even without a
boost, this state displays the C3z-breaking and Kekulé distor-
tion at the graphene lattice scale observed in low heterostrain
samples in experiment. It is clear that the zero-strain strong-
coupling ferromagnetic states like VP, KIVC, and TIVC incur
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FIG. 9. Hartree-Fock band structures at ν = −1 for q = 2
3 MM , ε = 0.15%, and ν = 0 for q = 0, ε = 0.15%. Bands are colored to

indicate their f -mode character (see Fig. 1). Panels (a) and (b) compare the self-consistent and one-shot bands at ν = −1, whereas (c) and
(d) compare them at ν = 0. The gray lines show the same band structure along a rotated path where Dirac nodes are visible. Both fillings show
excellent agreement between the one-shot and self-consistent calculations.

a strain energy penalty ∼|2M f ε−| per particle, since they have
support on the high-energy modes split by heterostrain.

Moreover, we find in Fig. 8 that the one-shot band structure
shows a strong similarity with the fully self-consistent band
structure. This underscores the predictive power of the analyt-
ical one-shot Hamiltonian obtained from the order parameter
in Eq. (B12). Furthermore, we can quantitatively assess the
similarity of the one-shot and self-consistent order parameters
from the absolute error,

||O f ,1 − O f ,∞||F = 0.022, (B13)

remarkably indicating that the one-shot calculation is nearly
98% accurate. The error in the parent state is ||O f ,0 −
O f ,∞||F = 0.26. This larger value can be easily understood by
comparing TrO f ,0 = 2 to TrO f ,∞ = 2.57, which shows that
the self-consistent order parameter has increased its f -mode
occupation and slightly depleted the Fermi sea. This effect is
not captured in the parent state (the “zero-shot” Hartree-Fock
state). Nevertheless, we find that

||O f ,0O f ,∞||2F = 2 (B14)

to within machine precision, showing that O f ,∞ is completely
contained the eigenspace of the parent state O f ,0.

Last, we can compare the one-shot order parameter ob-
tained from the heavy fermion model to the f -mode order
parameter extracted from a six-band BM model Hartree-Fock
calculation with the same boost vector. We again find good
agreement ∣∣∣∣O f ,1 − OBM

f ,∞
∣∣∣∣

F = 0.16, (B15)

showing that, despite the numerous simplifications in the
heavy fermion Hamiltonian, both in the interaction and strain
coupling, it (even at the one-shot Hartree-Fock level) still
produces a quantitatively reliable comparison to the six-band
BM model.

c. ν = −1

Since ν = −1 is a half-integer spin state, all the low-energy
f modes in one spin sector (↓) are occupied. The other spin
sector (↑) contains a copy of the ν = −3 parent state. Note
that all the intervalley coherence is restricted to the ↑ sector,
since the Slater determinant of the two states in Eq. (B8)
which span the ↓ sector is diagonal in valley. Explicitly, the
parent state is

|GS0,−1〉 =
∏

R

−i f †
R,+,K,↓ + f †

R,−,K,↓√
2

i f †
R,+,K ′,↓ + f †

R,−,K ′,↓√
2

f †
R,+,K,↑ + i f †

R,−,K,↑ + i f †
R,+,K ′,↑ + f †

R,−,K ′,↑
2

|FS〉 , (B16)

with the associated f -order parameter

O f ,0 = 1

2
(τ0σ0 + τ3σ2) ⊗

(
0

1

)

+ 1

4
(τ0σ0 + τ1σ1 − τ2σ3 − τ3σ2) ⊗

(
1

0

)
.

(B17)
We see explicitly that only the ↑ sector has intervalley co-
herence, e.g., τ1σ1, τ2σ3 which breaks eiθτ3 . Thus we can
interpret the parent state as a ν = −3 state stacked with a
valley-symmetric C3-breaking background.

We find in Fig. 9 that the one-shot band structure is in quan-
titative agreement with the fully self-consistent band structure.

Furthermore, we can quantitatively assess the similarity of
the one-shot and self-consistent order parameters from the
absolute error

||O f ,1 − O f ,∞||F = 0.023, (B18)

indicating the one-shot calculation is nearly 97% accurate.
The error in the parent state is ||O f ,0 − O f ,∞||F = 0.214. This
larger value can be easily understood by comparing TrO f ,0 =
3 to TrO f ,∞ = 3.22, which shows that the self-consistent
order parameter has increased its f -mode occupation and
slightly depleted the Fermi sea. This effect is not captured in
the parent state. Nevertheless, we find that

||O f ,0O f ,∞||2F = 3 (B19)
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to within machine precision, showing that O f ,∞ completely
contained the eigenspace of the parent state O f ,0.

Last, we can compare the one-shot order parameter ob-
tained from the heavy fermion model to the f -mode order
parameter extracted from a six-band BM model Hartree-Fock
calculation with the same boost vector. We again find good
agreement ∣∣∣∣O f ,1 − OBM

f ,∞
∣∣∣∣

F = 0.20, (B20)

which is similar to the small value at ν = −2.

d. ν = 0

The last state we consider is ν = 0 (all other states can be
obtained by particle-hole symmetry since the parent state f
mode order is not altered by the presence of μ1, μ2 when
we relaxation is included, which do not break any global
symmetries of the parent Hamiltonian). At ν = 0, the parent
state fills four f modes. Since heterostrain splits the f modes
into four low-energy and four high-energy states, there is only
one possible parent state:

|GS0, 0〉 =
∏

R,s=↑,↓

−i f †
R,+,K,s + f †

R,−,K,σ√
2

i f †
R,+,K ′,s + f †

R,−,K ′,s√
2

× |FS〉 , (B21)

which is diagonal in valley and hence has no intervalley co-
herence. This means that |GS0, 0〉 is invariant under boosts
and will not lower its energy by forming an IKS state at the
level of the parent state. The associated order parameter is

O f ,0 = 1
2 (τ0σ0 + τ3σ2)s0 (B22)

and will not exhibit a Kekulé distortion due to lack of valley
breaking. Note that no symmetries are spontaneously broken
in this state, and the nontrivially order parameter O f ,0 merely
reflects C3z breaking due to heterostrain.

Figure 9 confirms that the one-shot calculation is an ex-
tremely good match to the fully self-consistent calculation,
which is a valley-preserving semimetal. (In Appendix B 3,
we will obtain analytical expressions for these bands.) To
quantitatively compare the order parameters, we compute the
absolute errors

||O f ,0 − O f ,∞||F = 0.076,

||O f ,1 − O f ,∞||F = 0.018, (B23)

showing that the one-shot, and even the parent state itself,
reproduce the self-consistent state to high accuracy. This can
be explained in part by the fact that TrO f ,∞ = 4 so the parent
state is has the same f occupation of the self-consistent state.

Last, we can compare the one-shot order parameter ob-
tained from the heavy fermion model to the f -mode order
parameter extracted from a six-band BM model Hartree-
Fock calculation with the same boost vector. We again find

remarkably good agreement∣∣∣∣O f ,1 − OBM
f ,∞

∣∣∣∣
F = 0.11, (B24)

which is even smaller than the value compared to ν = −2 and
ν = −1.

In sum, we find that at fillings 0,±1,±2, the one-shot
theory of the IKS states is quantitatively predictive, yielding
analytical model wave functions that capture the C3-breaking,
intervalley coherence (or lack thereof at ν = 0), and IKS order
of the self-consistent Hartree-Fock ground states. We have
compared the one-shot heavy fermion f order parameters to
those of the self-consistent six-band BM, and found absolute
errors �0.2.

2. Flat band projection within heavy fermion theory

Having established the qualitative and nearly quantitative
accuracy of a one-shot theory based on heavy fermion par-
ent states, we now develop a perturbation theory to obtain
analytical expressions for the band structures of the one-shot
Hamiltonians, which is equivalent to projecting the six-band
heavy fermion model onto the two flat/active bands. We will
use this expression at ν = −2 to show how valley boosts open
up a gap in the one-shot spectrum and thereby stabilize IKS
order.

We begin our derivation by studying the unstrained, single-
particle heavy fermion model. This model contains a few key
parameters, the Dirac velocity v, the f c coupling γ and v′,
and the c-electron mass M. When M → 0, the active bands
are perfectly flat and the model possesses an emergent SO(2)
rotation symmetry, which will allow us to obtain simple ex-
pressions for the energies and eigenstates. This will be the
starting point of our perturbation theory.

Explicitly, the Hamiltonian can be written in terms of k =
k(cos θ, sin θ ) for M → 0 as

hK (k) → U (θ )

⎛
⎝ 0 vkσ0 γ σ0 + v′kσ1

vkσ0 0
γ σ0 + v′kσ1 0

⎞
⎠U †(θ ),

U (θ ) = diag (eiθ , e2iθ , 1, e3iθ , eiθ , e2iθ ), (B25)

where the eiθ , e2iθ factors represent the angular momenta of
complex �3 irrep and 1, ei3θ represent the two real irreps
�1 ⊕ �2 [note that the lattice breaks SO(2) to C3, such that
angular momentum is only defined mod 3]. After the basis
transformation by U (θ ), no θ dependence appears in the ma-
trix in Eq. (B25), so the spectrum is SO(2) invariant. Note
that the M term breaks this symmetry by reintroducing θ

dependence since it couples the 1, ei3θ irreps. Throughout this
section for notational brevity, we neglect the e−k2λ2/2 damping
factor that multiples γ and v′. However, it may be trivially
restored by taking γ → γ e−k2λ2/2 and v′ → v′e−k2λ2/2 at the
end of any algebraic calculation.

The eigenvectors of the two flat bands (which have exactly
E = 0 in the flat-band limit M → 0) are

U+,K (k) = 1√
2(v2k2 + (v′k + γ )2)

U (θ )(0, 0, v′k + γ , v′k + γ , −vk, −vk)T

U−,K (k) = 1√
2(v2k2 + (v′k − γ )2)

U (θ )(0, 0, −v′k + γ , v′k − γ , −vk, vk)T . (B26)
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FIG. 10. Comparison of the numerical (gray) and analytical (blue) projected bands for the noninteracting [(a) and (b)] and one-shot Hartree-
Fock [(c) and (d)] bands at ν = 0 [see Eq. (B37)]. Panels (b) and (d) simplfy the model by setting subdominant terms v′, γ ′, c, c′ to zero, which
still capture the essential features of the bands. All plots are shown at q = 0, ε = 0.15% and include both valleys. The dashed lines are obtained
on a rotated path through the BZ to show Dirac nodes.

In the case v′ = 0, which is exclusively the limit in which we
will perform analytical calculations in this work and captures
the essential features of the strained bands quite well (see
Ref. [190]), it is simpler to work with the alternative orthonor-
mal basis

U1,K = (U+(k) + U−(k))/
√

2,

U2,K = (U+(k) − U−(k))/
√

2, (v′ = 0)

UK (k) = (U1,K (k) U2,K (k)). (B27)

The eigenvectors in the other valley Ui,K ′ (k) are obtained by
time reversal.

We can now reintroduce M and δhε with degenerate pertur-
bation theory within projection onto the flat bands. We find

U †
K (k)(δhε + hM )U (k)

= ε−
v2|k|2 + γ 2

(
2γ c′′vky −iM f v

2(kx − iky)2

iM f v
2(kx + iky)2 2γ c′′vky

)

+ γ 2M

v2|k|2 + γ 2

(
0 1
1 0

)
, (B28)

where we have neglected the M ′ term for simplicity, since the
strain Hamiltonian is dominated by the c′′ and M f terms (see
Ref. [190]).

We have shown that projecting the model onto the ε =
0, M = 0, v′ = 0 flat bands provides a quantitatively accu-
rate perturbation theory for the noninteracting bands [see
Fig. 10(a)]. We will now perform this projection on the mean-
field Hamiltonian.

3. One-shot mean-field Hamiltonian

The mean-field heavy fermion Hamiltonian takes into ac-
count the full spin and valley degrees of freedom, leading
to a 24 × 24 matrix h0(k) + hint where hint is the mean-field
form of the interaction obtained by contracting with the order
parameter. Note that h0(k) is the noninteracting Hamiltonian
containing all spins and valleys. We consider one-shot states
where only the f order parameter is nonzero. Then mean-field
interaction Hamiltonian hint can be written using Appendix 4
of Ref. [166]. The result (using P = OT

f and ν f = TrO f − 4)
is

hint =
⎛
⎝ν f W11

ν f W31 − J
2 (τ3

(
P − 1

2

)
τ3 + σ3

(
P − 1

2

)
σ3)

−U1
(
P − 1

2

) + ν f (U1 + 6U2)1

⎞
⎠. (B29)

We will consider ν = −2 where the ground state is a spin singlet, all bands are doubly degenerate. In principle the same
calculation can be performed for ν = −3, but since Hartree-Fock shows large charge fluctuations for the interaction strength
we use, in this work we focus on ν = −2. As such we only need to study a single spin sector. Using the parent states in
Appendix B 1 for now at q = 0, we compute

τ3
(
P − 1

2

)
τ3 + σ3

(
P − 1

2

)
σ3 = − 1

2 − 1
2τ1σ1 (B30)

in the spin ↑ sector. We now project the one-shot Hamiltonian in the spin ↑ sector onto the flat bands, obtaining

h̄HF,↑(k) = U†(k)(h0(k) + hint )U (k), (B31)

where the columns of U (k) are U1,K (k),U2,K (k),U1,K ′ (k),U2,K ′ (k). Along the kx direction, we obtain simple expressions for
the bands (each is spin-degenerate):

spectrum h̄HF,↑(kx, 0) = (J − 4W3)γ 2 − 3v2k2
x (U1 + 8U2) ± 2

√
v4k4

x (M f ε−)2 + M2γ 4

2
(
v2k2

x + γ 2
) ,

−2W3γ
2 − 2v2k2

x (U1 + 6U2) ± √
v4k4

x (U1/2 − M f ε−)2 + M2γ 4

v2k2
x + γ 2

, (B32)

which are compared with the full band structure in Fig. 11.
We see that there is no indirect gap, since filling ν = −2
is achieved by occupying the bottom projected band [the −

sign in the second line of Eq. (B32)] in each spin sector.
We can show this analytically by comparing the energies of
the lowest occupied band at � and the lowest unoccupied
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FIG. 11. (a) Decoupled (γ = γ ′ = c′′ = 0) mean-field band structure (dashed) at ν = −2 with a hole pocket visible at q = 0. (b) Full
mean-field band structure at q = 0 (gray) compared with the projected calculation (blue) and the projected calculation with M = 0 (red). The
Fermi level (dotted) is slightly above the flat-band energy at the edge of the BZ due to the hole pocket at �. A very good match is obtained for
the three lowest conduction bands per spin, and the k = 0 energy of the highest valence band is also accurate. At lower energies, mixing with
the �3 c electrons invalidates the flat-band projection. (c) Perturbation theory expressions for the k = 0 energies as a function of q, the IKS
boost. We see a level crossing at |q| ∼ 0.2M after which the lowest C2z eigenvalue switches from −1 to +1. (d) The same trend is reproduced
in numerical one-shot calculations.

band at the BZ edge assuming the bottom band is filled at
each k. The maximum of the bottom band has energy −M −
2W3 = −104.13 meV, and the minimum of the next highest
band has energy − 3

2U1 − 12U2 − |M f ε−| < − 3
2U1 − 12U2 =

−114.8 meV. Since |M f ε−| < 5 meV is smaller than U1, we
see that the unboosted spectrum must have no indirect gap
based on the hierarchy of interactions, W3 vs U . As discussed
in the main text, a direct gap is also forbidden by symmetry
due to the presence of protected Dirac nodes. Next, we gen-
eralize this calculation to a general IVC angle and show that
Dirac nodes remain protected.

a. Presence of Dirac nodes for general IVC angle
without IKS boost

We now show that generalizing the above calculation to
a generic IVC angle does not gap the Dirac nodes. This is
motivation for the necessity of introducing the IKS boost. To
do this, we study the projected one-shot mean-field Hamilto-
nian obtained from the generic IVC order (without IKS boost)
parameter obtained from (cos θζK + sin θζK ′ ) as discussed in
the main text. The order parameter is

O = PT = 1
4 (1 + τ3σ2 + sin 2θ (τ1σ1 − τ2σ3)

+ cos 2θ (τ3σ0 − τ0σ2)) ⊗ s0. (B33)

The spin Pauli matrix s0 corresponds to filling ν = −2. At
the end of this section, we will explain how our finding also
holds for ν = −3. Using Eq. (B29), we obtain the one-shot
matrix hint (θ ) and project the Hamiltonian using the U (k)
eigenvectors as before. In the spin ↑ sector, we obtain a 4 × 4
matrix that can be decomposed into generalized Pauli matrices
�ab = σa ⊗ σb. Although we use the notation σ , these Pauli
matrices do not refer to the heavy-fermion orbital, and � acts
instead on the four spin-↑ projected bands. The decomposi-
tion is

4(v2k2 + γ 2)U†(k)(h0(k) + hint (θ ))U (k)

= (−v2k2(7U1 + 48U2) + (J − 8W3)γ 2)�00

+ (4γ 2M + 2v2kxky(U1 − 4M f ε−))�01

− 4v2kxky cos θ sin θ�10

+ (v2U1k2 + Jγ 2) sin 2θ�11

− 2v2kxkyU1 cos 2θ�31

+ ((v2U1k2 + Jγ 2) cos 2θ + 8c′′ε−vkyγ )�30

+ v2
(
k2

x − k2
y

)
(U1 cos θ�02 + U1 sin θ�23

− (U1 + M f ε−)�32). (B34)

To show the existence of Dirac nodes, it turns out to be
sufficient to examine the kx = −ky line, where the last line
in the equation above vanishes. We see from the remaining
matrices that �01 is a symmetry of the Hamiltonian along
this line. Thanks to this symmetry, the Hamiltonian splits into
two 2 × 2 blocks with opposite �01 eigenvalues. Thanks to
this emergent symmetry, the exact spectrum can be found
and the Dirac nodes can be identified as protected crossings
in the spectrum between different �01 symmetry sectors. Let
us denote the lowest-energy band in the �01 = ± sector by
E±(kx = −ky). We will now prove that these bands undergo a
crossing. We compute that

E+(0) = 2W3 + M, E−(0) = 2W3 − M, (B35)

so that E+(0) > E−(0) since M > 0, but that at the BZ edge
(which can be accessed in our k · p approximation by taking
|k| → ∞), we obtain

E+(k → ∞) = − 5
2U1 − 12U2 + M f ε−,

E−(k → ∞) = − 3
2U1 − 12U2 − M f ε−, (B36)

so that E+(k → ∞) < E−(k → ∞), recalling that U1 > 0
and M f ε− < 0. Thus a level crossing must occur along the
kx = −ky at k = ±(k∗,−k∗). Our results hold for all IVC
angles θ . Last, we point out that if M < 0, as can be achieved
for instance by increasing the twist angle [167], then no
Dirac nodes appear along this line. However, it can be easily
checked that they occur instead on the line kx = +ky pro-
jected by the same �01 symmetry. At M = 0, the two Dirac
nodes come together at k = 0 and form a double vortex band
touching.

Last, we discuss the generalization to ν = −3, which has
the same valley-orbital order parameter but is spin polarized.
From Eq. (B29), we observe that the only change at ν = −3
within the spin ↑ sector is to change ν f → −3. This is equiv-
alent to a redefinition of W1, W3, and U2. But from Eq. (B34),
we see that these parameters only enter the constant term �00

in the projected Hamiltonian. Hence changing this term will
not change the Dirac nodes.
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b. Charge neutrality semimetal spectrum and Dirac nodes

For completeness, we also study ν = 0 where the predicted order parameter in nonzero heterostrain is full filling of all
lower-band f modes with no global symmetry breaking, and O f = 1

2 (τ0σ0 − τ3σ2)s0 for heterostrain along the x axis. The
one-shot mean-field Hamiltonian is

hint,ν=0 =
⎛
⎝0

− J
2

(
τ3

(
P − 1

2

)
τ3 + σ3

(
P − 1

2

)
σ3

)
−U1

(
P − 1

2

)
⎞
⎠, (B37)

where P = OT
f . Projecting to U (k) yields a 2 × 2 matrix which can be solved to yield the eigenvalues (written in polar

coordinates k, θ )

E ν=0
± (k) =

4γ c′′vkε− sin θ ±
√

4v4k4M2
f ε

2− − 4v4k4M f U1ε− + v4k4U 2
1 + 4γ 2v2k2M sin(2θ )(U1 − 2M f ε−) + 4γ 4M2

2(γ 2 + v2k2)
,

(B38)
which are shown in Fig. 10(b) and compare favorably with the numerical spectrum. With these expressions, we can solve for
the Dirac points exactly, which must occur between the conduction and valence bands since C2zT is unbroken. We find that the
Dirac points occur where the argument of the radical in Eq. (B38) vanishes, leading to

θ = −π

4
, v2k2 = Mγ 2

U1/2 − M f ε−
= Mγ 2

U1/2 + M f |ε−| . (B39)

Thus we have obtained an analytical understanding of the semimetallic phase at charge neutrality.

4. Boosted mean-field spectrum

The projected IKS one-shot Hamiltonian has the same order parameter in the boosted f basis, but now differs in the kinetic
term:

h̄HF,↑,q(k) = U†
q (k)

(
h0,q(k) + hint

)
Uq(k), (B40)

where the boosted kinetic term and its boosted flat-band eigenvectors are

Uq(k) =
(
U1,K

(
k + q

2

)
,U2,K

(
k + q

2

)
,U1,K ′

(
k − q

2

)
,U2,K ′

(
k − q

2

))
, h0,q(k) = h0,K

(
k + q

2

)
+ h0,K ′

(
k − q

2

)
. (B41)

To show that the IKS boost opens up an indirect gap, we compute the eigenvalues at the k = 0 point in the boosted BZ. This can
be accomplished analytically, yielding

Eq(k = 0) =
−16γ 2W3 − 3q2v2(U1 + 8U2) ± 2

√
16γ 4M2 + M2

f q4v4ε2−

8γ 2 + 2q2v2
,

4γ 2(J − 4W3) ± √
64γ 4M2 + q4v4(−2M f ε− + U1)2 − 4q2v2(U1 + 6U2)

8γ 2 + 2q2v2
. (B42)

Note that it is also possible to obtain the bands k 
= 0 for all q, but these expressions contain quartic roots and are too cumbersome
for analytics. We plot these boosted k = 0 energies as a function of q in Fig. 11(c) and compare with the corresponding one-
shot energies of the full mean-field Hamiltonian in Fig. 11(d). We find good agreement, with both showing that Eq(k = 0) is
decreasing with q, and that a level crossing occurs near |q| = 0.2MM [visible as the crossing of the red and orange lines in
Fig. 11(c)]. Both facts are quite important. To understand the level crossings, we compute the eigenvectors. They are written
Uq(k = 0)vq(k = 0) where vq(k = 0) are the four-component vectors

vq(k = 0) = (−1,± arg(−4Mγ 2 + iM f q2v2ε−),± arg(4Mγ 2 − iM f q2v2ε−), 1)T /2,

= (1,± arg(8Mγ 2 + iq2v2(U1 − 2M f ε−)),± arg(4Mγ 2 − iM f q2v2ε−), 1)T /2, (B43)

which we find have C2z eigenvalues −1,−1 and +1,+1 respectively. Since the bands have C2z eigenvalues +1 at the three M
points at the edge of the BZ (where they are of f -character and the C2z = +1 gauge has been fixed in our conventions of the
order parameter in the main text), an odd C2z eigenvalue at � enforces a topological semimetal. This is because the product of C2z

eigenvalues is odd implying a nonzero Chern number if the band is gapped (i.e., if it were isolated), but the presence of spinless
time-reversal symmetry requires the Chern number to vanish if gapped (i.e., if isolated). Recall that the Fermi level at ν = −2
in the projected Hilbert space is chosen to occupy the lowest two bands, or the lowest band in each spin sector. It is this lowest
band (in each spin sector) which has C2z = −1 at � and C2z = +1 at the M points. Last, we emphasize a technical point, which
is the nonperiodicity of the projected model in the moiré BZ. This arises because of the k · p approximation made in obtaining
the spectrum around the � point, and we only use this model to study the energy spectrum in this regime. The full model, with
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higher c-electron shells, has moiré BZ periodicity and has well-defined C2z eigenvalue fixed by the f -mode wave functions. The
wave functions can be found [166] by summing over plane waves, but the expressions become more cumbersome.

Thus there can be no direct gap until the qx is increased beyond the level crossing. Second, the decrease in the � point energy
below the conduction band minimum shows that an indirect gap can also open. The flat-band projection approximation breaks
down at larger q because of mixing with the �3 c electrons that is not accounted for in the projected theory. Thus we will
develop an understanding of the IKS boost q through an alternative limit, the decoupled limit where hybridization is set to 0 in
Appendix B 5.

a. Braiding thresholds

We briefly discuss the approximations made in obtaining the thresholds qn, where the Dirac node pair in the lowest two
conduction bands appears, and qg, where the Dirac nodes annihilate in between the valence and conduction bands.

Inspecting Fig. 11(c) and Eq. (B42), we observe that qn, where the blue and red lines cross and a Dirac node pair is nucleated,
is obtained from the solution to

−16γ 2W3 − 3q2v2(U1 + 8U2) + 2
√

16γ 4M2 + M2
f q4v4ε2−

8γ 2 + 2q2v2

= 4γ 2(J − 4W3) − √
64γ 4M2 + q4v4(−2M f ε− + U1)2 − 4q2v2(U1 + 6U2)

8γ 2 + 2q2v2
. (B44)

Since the q4 terms in the square root are negligble at small q, we drop them and obtain the approximate solution

qn = 2

√
J − 4M

U1

γ

v
, (B45)

as in Eq. (23) of the main text. Numerically this approximation is better than 95% accurate.
Next we examine qg, which is the solution to

−16γ 2W3 − 3q2v2(U1 + 8U2) − 2
√

16γ 4M2 + M2
f q4v4ε2−

8γ 2 + 2q2v2

= 4γ 2(J − 4W3) − √
64γ 4M2 + q4v4(−2M f ε− + U1)2 − 4q2v2(U1 + 6U2)

8γ 2 + 2q2v2
, (B46)

where the orange and red lines cross in Fig. 11(c). Since qg is larger, it is not justified to drop the O(q4) term in the radical.
Instead, we proceed by approximating ε− = 0, which removes the q4 term on the left-hand side but not on the right-hand side,
where the U1 prefactor is still large. The solution is then approximated by

qg =
√

J + M

JU1/2

γ

v
, (B47)

which is better than 90% accurate. It is obvious that higher-order corrections can be kept to improve the accuracy.

b. Comparison with other orders

For completeness, we compare the one-shot IKS results
discussed above with other f orders at ν = −2 in the presence
of heterostrain. In particular, we consider the KIVC, which is
favored in the absence of heterostrain, as well as the TIVC
and symmetric state. The explicit f -mode order parameters
we consider are (see Ref. [166])

O f = 1
2 (τ0σ0 + τ2σ2) ⊗ |↑〉 〈↑| , (KIVC)

O f = 1
2 (τ0σ0 + τ1σ1) ⊗ |↑〉 〈↑| , (TIVC)

O f = 1
4τ0σ0s0, (symmetric), (B48)

which, with Eq. (B29), fully determine the HF Hamiltonian at
ν = −2. Here we have made use of the gauge freedom of the
intervalley phase factor to choose O f such that it commutes
with the C2z representation τ1σ1. The IKS preserves spinful

time reversal T s = iτ1s2K , the TIVC preserves spinless time
reversal T = τ1K , the KIVC preserves the modified Kramers’
time reversal K = iτ2K , and the symmetric state preserves all
symmetries. The presence of C2z and an antiunitary symmetry
allows us to determine the presence of Dirac nodes, which we
now discuss.

For each O f , we diagonalize the projected one-shot Hamil-
tonian in Eq. (B31) and obtain the C2z eigenvalues at the � and
M point in each spin sector at ν = −2. Note that the TIVC and
KIVC are spin polarized, while the IKS is a spin singlet. The
results are shown in Fig. 12. Let us recall the proof of Dirac
nodes for the IKS: In each spin sector, the lowest valence band
has an odd number of C2z = −1 eigenvalues and hence there
must be a Dirac node connecting the valence and conduction
band in each spin sector (as we have verified numerically).
In the TIVC, the two valence bands are both in the spin ↑
sector and each has an odd number of C2z = −1 eigenvalues.
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FIG. 12. One-shot ν = −2 band structures (gray) compared with the flat-band projected one-shot band structure using all parameters (blue)
vs M = 0 (red). Panels (a)–(d) show the bands using order parameters corresponding to the symmetric state, IKS at q = 0, TIVC, and KIVC,
respectively. The C2z eigenvalues at the high-symmetry points are marked (multiple marks if the band is multiply degenerate at such points),
and the spin character of the two valence bands are marked. One can see that the projected bands are a good approximation in the conduction
bands and near the � and M points in the valence bands but are worse in the middle of the BZ where the other c electrons hybridze strongly
and deform the bands. Note that the symmetry-breaking orders IKS, TIVC, and KIVC all have two dispersive bands that are lowered by U (in
the IKS and KIVC, they are degenerate) which are supposed to be fully occupied at ν = −2, although Dirac points or negative indirect gaps
prevent the Fermi level from lying in a gap. The symmetric state has no bands pushed by U away from the Fermi level.

This means that they must have a Dirac node between them
(as we have verified numerically), but there is not a protected
Dirac node between the valence and conduction bands since
the there is an even number of total C2z = −1 eigenvalues in
the valence spin ↑ sector. We have also verified numerically
that there is a global direct gap in agreement with this result.
In the KIVC, K2 = −1 ensures that the two valence bands
are degenerate at the time-reversal invariant points, and we
find that the total number of C2z = −1 eigenvalues in the
valence spin ↑ sector is even so there are no protected Dirac
nodes between the valence and conduction bands. We have
also verified numerically that there is a global direct gap in
agreement with this result. Last, in the symmetric state, C2zT
is preserved in each spin-valley sector, so there are Dirac
nodes between the interaction-renormalized flat bands.

In summary, we have shown that the IKS state, but not
the TIVC or KIVC, have symmetry-projected Dirac nodes
preventing a direct gap at q = 0. By turning on q to a finite
value, it is possible for the Dirac nodes to annihilate and open
a direct gap, as we now show.

5. Criterion for the optimal IKS boost

We now propose a simple criterion for the optimal IKS
boost. To motivate this criterion, we first compute the one-shot
f -block eigenvalues of h0(k) + hint in the presence of strain
and IKS order, which are

E f -only = −M f ε− − 3U1

2
− 12U2 (4),

M f ε− − 3U1

2
− 12U2 (2),

M f ε− − 5U1

2
− 12U2 (2), (B49)

in decreasing order, where the degeneracy is marked in paren-
theses. These energies describe the f modes at the edge of

the BZ where hybridization with the c electrons is very weak
due to their large kinetic energy. The lowest two eigenvalues
M f ε− − 5U1

2 − 12U2 are pulled far below the Fermi level by
the large U interaction (they are outside the plotting range in
Fig. 13). The parent state occupies these two f modes and
the Fermi sea of c electrons. As discussed in the last section,
the one-shot spectrum can gap at the Fermi level through
hybridization with the c electrons thanks to the IKS boost,
and this gapping decreases the energy of the quasiparticle
Hartree-Fock bands. Note that such hybridization occurs with
the f modes near the Fermi level, the lowest of which is
M f ε− − 3U1

2 − 12U2 (see Fig. 13 marked in blue) which is
split from the higher ones by heterostrain. We can treat this f
mode and the nearby c mode as a two-level system at k = 0,
in which case the maximum hybridization occurs when the f
and c modes are at equal energy. We will use this criterion to
approximate the optimal value of q analytically.

While we cannot obtain a closed form expression for the
c-mode energies including all terms, we can obtain very good
approximations in the large q limit where |vF qx| � J,W, M.
Recall that although q is periodic on the BZ, the truncation of
the THF model to 1 shell of conduction electrons breaks BZ
periodicity. While we find that this artificial periodicity break-
ing is numerically small for q in the first BZ, our analytical
expressions are not periodic in q which allows us to formally
expand in large |q| to obtain simplified expressions. Surpris-
ingly, we find this approximation is numerically accurate over
a large range of |q|. A comparison of the numerical one-shot
eigenvalues of h0(k) + hint , the numerical decoupled eigen-
values (setting γ = γ ′ = c′′ = 0), and our approximation can
be found in Fig. 14. We find that the characteristic polynomial
of the 8 × 8 c-mode block of the Hamiltonian (per spin) splits
into two fourth-order factors. Expanding the cumbersome but
closed form of the quartic roots, we find the eigenvalues

Ec(qx ) ≈
{

− |vqx|
2

+ J

4
− (W1 + W3) ± 1

2

√
M2 + (M ′ε+ + (c + 2c′)ε−)2,

− |vqx|
2

− (W1 + W3) ± 1

2

√
M2 + (M ′ε+ + (c + 2c′)ε−)2,
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FIG. 13. Decoupled (γ = γ ′ = c′′ = 0) mean-field band structures at q = 0, q = 0.5|MM | and q = 0.6|MM | in (a), (b), and (c) respectively,
at ε = 0.001. Our proposed optimality condition is satisfied by (b) where the highest of the four valence c-electron states touches the lowest
conduction f mode energy. When hybridization is reintroduced, this will maximize the mixing between f and c in order to open the IKS gap.
The small splittings that appear are due to the the interaction J which couples the �1, �2 modes, as well as the single-particle strain terms
c, c′, M ′, discussed in Appendix A 2, which couple all �1, �2, �3 irreps due to the breaking of C3z and C2x .

|vqx|
2

+ J

4
− (W1 + W3) ± 1

2

√
M2 + (M ′ε+ + (c + 2c′)ε−)2,

|vqx|
2

− (W1 + W3) ± 1

2

√
M2 + (M ′ε+ + (c + 2c′)ε−)2

}
. (B50)

This expansion is verified numerically to be very accurate,
with less than 1% error at qx = 2

3 MM and ε = 0.0015. We
emphasize that all c-electron strain parameters (c, c′, M ′) have
been included in the determination of the eigenvalues Ec(qx ).

To determine the optimal qx, we propose the criterion that
the highest occupied c-electron energy at k = 0 equal the
lowest unoccupied f -electron energy. When hybridization is
turned on, these levels will couple and open a gap at the Fermi
level. In each spin sector, this is because the four f levels are
split into three conduction bands and one valence band [given
in Eq. (B49)], while the eight c electrons are split into four
valence and four conduction bands [given in Eq. (B50)]. This
gives the matching criterion for qc:

M f ε− − 3U1

2
− 12U2 = −|vqc|

2
+ J

4
− (W1 + W3)

+ 1

2

√
M2 + (M ′ε+ + (c + 2c′)ε−)2.

(B51)

A detailed discussion of the determined optimal qx value is
given in the main text.

APPENDIX C: BISTRITZER-MACDONALD
HARTREE-FOCK CALCULATIONS

In this Appendix, we outline the methodology used in
our Hartree-Fock simulation of the continuum Bistritzer-
MacDonald model. After formalizing the notation, we
describe the extraction of the f -electron order parameter
from the Hartree-Fock self-consistent solution in the band-
projected continuum Hamiltonian.

1. Notation

Written in the plane-wave basis, the
Bistrizer-MacDonald Hamiltonian [105] in the
absence [89,115,118,148,166,186,191,198] or pres-
ence [76,80,124,125,190] of heterostrain and relaxation
effects can be generically written as

Ĥ0 =
∑

k∈MBZ
η,α,β,s

∑
Q,Q′∈Q±

[
h(η)

Q,Q′ (k)
]
αβ

ĉ†
k,Q,η,α,sĉk,Q′,η,β,s, (C1)

where the Hamiltonian matrix’s explicit form under differ-
ent conditions is detailed in the cited references. The TBG

FIG. 14. (a) Full numerical one-shot eigenvalues at k = 0 as a function of q. (b) Decoupled (where Hcf = 0) numerical one-shot
eigenvalues at k = 0 as a function of q. The flat levels are those of the f modes, given in Eq. (B49). (c) Decoupled analytical one-shot
eigenvalues for the conduction bands (no f modes included) at k = 0 as a function of q (dashed) with numerical c-electron eigenvalues in
color for comparison. In all figures, the horizontal thin line shows the lowest conduction f mode energy, which is a proxy for the Fermi energy.
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Hamiltonian in Eq. (C1) can be diagonalized as

Ĥ0 =
∑

k∈MBZ

∑
η,n,s

εn,η(k)γ̂ †
k,n,η,sγ̂k,n,η,s, (C2)

where

γ̂
†
k,n,η,s ≡

∑
Q∈Q±,α

uQα;nη(k)ĉ†
k,Q,η,α,s, (C3)

are the energy-band operators with energies εn,η(k). Here
uQα;nη(k) are the eigenstate wave functions of energy band n
for the first-quantized single-particle TBG Hamiltonian [191],∑

β

∑
Q′∈Q±

[
h(η)

Q,Q′
]
αβ

uQ′β;nη(k) = εn,ηuQα;nη(k). (C4)

For each valley and spin, the integer n > 0 represents the nth
conduction band, while n < 0 denotes the |n|th valence band.
Additionally, the f electrons are expressed in terms of the
plane-wave operators as [166]

f̂ †
k,α,η,s =

∑
Q,β

v
η

Qβ;α (k)ĉ†
k,Q,β,η,s, (C5)

where v
η

Qβ;α are the f -electron momentum-space wave func-
tions.

The interaction Hamiltonian of TBG is given
by [75,119,191]

ĤI = 1

2

1

N0�0

∑
q

∑
G∈Q0

V (q + G)δρ(−q − G)δρ(q + G),

(C6)
where the density operator is

δρ(q + G) = ρ(q + G) − 1

2
δq,0δG,0

=
∑
η,α,s

∑
k

∑
Q∈Q±

×
(

ĉ†
k+q,Q−G,α,η,sĉk,Q,α,η,s − 1

2
δq,0δG,0

)
,

(C7)

and the Fourier transform of the double-gate screened
Coulomb interaction potential is

V (q) = (πUξ ξ
2)

tanh (|q|ξ/2)

|q|ξ/2
, (C8)

In Eq. (C8), Uξ = e2

4πε0εξ
is the interaction energy scale,

with ε being the dielectric constant and ξ the distance be-
tween the two screening gates. We employ ξ = 10 nm (see
Refs. [24,219]) and Uξ = 24 meV, which corresponds to a
dielectric constant ε ≈ 6.

To explore the low-energy physics of TBG near charge
neutrality, we project into the lowest Nb conduction and
highest Nb valence bands. The projected single-particle
Hamiltonian H0 is obtained by restricting the summation in
Eq. (C2),

H0 =
∑

k∈MBZ

∑
η,n,s

|n|�Nb

εn,η(k)γ̂ †
k,n,η,sγ̂k,n,η,s. (C9)

The projected interaction Hamiltonian HI is expressed using
form factors [191],

Mη
mn(k, q + G) =

∑
α

∑
Q∈Q±

u∗
Q−Gα;mη(k + q)uQα;nη(k)

(C10)
as

HI = 1

2N0

∑
k,k′,q

∑
m,n,m′,n′

|m|,|n|,|m′ |,|n′|�Nb

∑
s,s′,η,η′

V ηη′
mn;m′n′

× (k, k′; q)

(
γ̂

†
k−q,m,η,sγ̂k,n,η,s − 1

2
δq,0

)

×
(

γ̂
†
k′+q′,m′,η′,s′ γ̂k′,n′,η′,s′ − 1

2
δq′,0

)
, (C11)

where the interaction tensor is

V ηη′
mn;m′n′ (k, k′; q)

= 1

�0

∑
G

V (q + G)Mη
mn(k,−q − G)Mη′

m′n′ (k′, q + G).

(C12)

In practice, when computing the interaction tensor, we employ
the C2zT gauge fixing condition of Ref. [191], which renders
the form factors real, thus halving the memory requirements
associated with its storage.

The band-basis fermions γ̂
†
k,n,η,s preserve the moiré trans-

lation symmetry. To study phases where the moiré translation
symmetry is broken, but a modified IKS translation symmetry
e−iq·Rτ3/2TR with momentum qIKS is preserved, we introduce
modified fermions [see Eq. (A17)]

ˆ̃γ †
k,n,η,s ≡ γ̂

†
k+ η

2 qIKS,n,η,s. (C13)

In the tilde basis, k is a good quantum number corresponding
to a conserved IKS momentum, but broken valley and trans-
lation symmetries. In this basis, the projected single-particle
and interaction Hamiltonians are

H0 =
∑

k∈MBZ

∑
η,n,s

|n|�Nb

ε̃n,η(k) ˆ̃γ †
k,n,η,s

ˆ̃γk,n,η,s, (C14)

HI = 1

2N0

∑
k,k′,q

∑
m,n,m′,n′

|m|,|n|,|m′ |,|n′|�Nb

∑
s,s′,η,η′

Ṽ ηη′
mn;m′n′ (k, k′; q)

×
(

ˆ̃γ †
k−q,m,η,s

ˆ̃γk,n,η,s − 1

2
δq,0

)

×
(

ˆ̃γ †
k′+q′,m′,η′,s′ ˆ̃γk′,n′,η′,s′ − 1

2
δq′,0

)
, (C15)

where we define the shifted energy-band eigenvalues and the
shifted interaction tensor,

ε̃n,η(k) = εn,η

(
k + η

2
qIKS

)
, (C16)

Ṽ ηη′
mn;m′n′ (k, k′; q) = V ηη′

mn;m′n′

(
k + η

2
qIKS, k′ + η′

2
qIKS; q

)
.

(C17)
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2. Hartree-Fock Hamiltonian and self-consistent solution

From now on, the restriction |n| � Nb on the band index
summations will be implicit (recall that we take Nb = 3 keep-
ing the six lowest-energy bands. We aim to solve the projected
many-body TBG Hamiltonian H0 + HI at the Hartree-Fock
level. We focus on solutions that preserve IKS translation
symmetry for a given IKS momentum qIKS, such that

〈 ˆ̃γ †
k,n,η,s

ˆ̃γk′,n′,η′,s′ 〉 = 0, for k 
= k′, (C18)

where 〈. . . 〉 denotes the expectation value in the grand-
canonical ensemble at the Hartree-Fock level. Each solution
is characterized by a density matrix

ρnηs;n′η′s′ (k) = 〈 ˆ̃γ †
k,n,η,s

ˆ̃γk,n′,η′,s′ 〉 − 1
2δnn′δηη′δss′ . (C19)

The Hartree-Fock Hamiltonian for a given density matrix is

HHF =
∑

k

∑
nηs

n′η′s′

hHF
nηs;n′η′s′ (k) ˆ̃γ †

k,n,η,s
ˆ̃γk,n′,η′,s′ , (C20)

where the Hartree-Fock Hamiltonian matrix is given by

hHF
nηs;n′η′s′ (k) = ε̃n,η(k)δnn′δηη′δss′

+ 1

N0

∑
k′

∑
m,m′

∑
η′′,s′′

Ṽ η′′η
mm′;nn′ (k′, k; 0)

× ρmη′′s′′;m′η′′s′′ (k′)δss′δηη′

− 1

N0

∑
k′

∑
m,m′

∑
η′′,s′′

Ṽ η′η
mn′;nm′ (k, k′; k − k′)

× ρmη′s′;m′ηs(k′). (C21)

At self-consistency, the density matrix and the Hartree-Fock
Hamiltonian are related by

ρT (k) = {exp[β(hHF(k) − μ1)] + 1}−1 − 1
21, (C22)

where 1 is the identity matrix. In Eq. (C22), β = 1
T is the

inverse temperature, and the chemical potential μ is fixed by
requiring that the total filling is

ν = 1

N0

∑
k

ρ(k). (C23)

To obtain integer-filled solutions under heterostrain, we
start with a random initial density matrix ρ(k) and use the
EDIIS [220,221] and DIIS [222,223] methods to reach self-
consistency. We assume different IKS momenta qIKS and
select the solution with the lowest energy. A small finite tem-
perature T = 10 K (or 1 meV) is used to speed up convergence
in any eventual gapless phases. The Hamiltonian is projected
into the two active bands and the four closest remote bands for
each spin and valley (Nb = 3).

After achieving self-consistency, the f -electron order pa-
rameters are extracted by projecting the density matrix in the
f -electron basis as

OBM
f ,∞ = 1

N0

∑
k

P(k)ρ(k)P†(k), (C24)

where the projection matrix is

Pαηs;nη′s′ (k) =
∑

Q∈Q±,β

(
v

η

Q,β;α

(
k + η

2
qIKS

))∗
uQβ;nη

×
(

k + η

2
qIKS

)
δηη′δss′ . (C25)

In Eq. (C25), v
η

Q,β;α (k) represents the wave function of the
ˆ̃f †
k,α,ηs fermion from Eq. (C5), while uQβ;nη(k) are the energy-

band wave functions defined in Eq. (C3).
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[173] D. Călugăru, H. Hu, R. Luque Merino, N. Regnault, D. K.
Efetov, and B. A. Bernevig, The thermoelectric effect and
its natural heavy fermion explanation in twisted bilayer and
trilayer graphene, arXiv:2402.14057 [cond-mat.str-el].

[174] R. Luque Merino, D. Calugaru, H. Hu, J. Diez-Merida, A.
Diez-Carlon, T. Taniguchi, K. Watanabe, P. Seifert, B. A.
Bernevig, and D. K. Efetov, Evidence of heavy fermion
physics in the thermoelectric transport of magic angle twisted
bilayer graphene, arXiv:2402.11749 [cond-mat.mes-hall].

[175] S. Batlle-Porro, D. Calugaru, H. Hu, R. Krishna Kumar,
N. C. H. Hesp, K. Watanabe, T. Taniguchi, B. A. Bernevig,
P. Stepanov, and F. H. L. Koppens, Cryo-near-field photovolt-
age microscopy of heavy-fermion twisted symmetric trilayer
graphene, arXiv:2402.12296 [cond-mat.mes-hall].

[176] H. Hu, B. A. Bernevig, and A. M. Tsvelik, Kondo lattice model
of magic-angle twisted-bilayer graphene: Hund’s rule, local-
Moment fluctuations, and low-energy effective theory, Phys.
Rev. Lett. 131, 026502 (2023).

[177] G.-D. Zhou, Y.-J. Wang, N. Tong, and Z.-D. Song, Kondo
phase in twisted bilayer graphene, Phys. Rev. B 109, 045419
(2024).

[178] L. L. H. Lau and P. Coleman, Topological mixed valence
model for twisted bilayer graphene, Phys. Rev. X 15, 021028
(2025).

[179] Y.-Z. Chou and S. Das Sarma, Kondo lattice model in magic-
angle twisted bilayer graphene, Phys. Rev. Lett. 131, 026501
(2023).

[180] Y.-Z. Chou and S. Das Sarma, Scaling theory of intrinsic
kondo and Hund’s rule interactions in magic-angle twisted
bilayer graphene, Phys. Rev. B 108, 125106 (2023).

[181] Y. Li, B. M. Fregoso, and M. Dzero, Topological mixed va-
lence model in magic-angle twisted bilayer graphene, Phys.
Rev. B 110, 045123 (2024).

[182] H. Yoo, R. Engelke, S. Carr, S. Fang, K. Zhang, P. Cazeaux,
S. H. Sung, R. Hovden, A. W. Tsen, T. Taniguchi, K.
Watanabe, G.-C. Yi, M. Kim, M. Luskin, E. B. Tadmor, E.
Kaxiras, and P. Kim, Atomic and electronic reconstruction at
the van der waals interface in twisted bilayer graphene, Nat.
Mater. 18, 448 (2019).

[183] Z. Zhu, P. Cazeaux, M. Luskin, and E. Kaxiras, Model-
ing mechanical relaxation in incommensurate trilayer van
der Waals heterostructures, Phys. Rev. B 101, 224107
(2020).

[184] S. Carr, D. Massatt, S. Fang, P. Cazeaux, M. Luskin, and E.
Kaxiras, Twistronics: Manipulating the electronic properties
of two-dimensional layered structures through their twist an-
gle, Phys. Rev. B 95, 075420 (2017).

[185] S. Carr, D. Massatt, S. B. Torrisi, P. Cazeaux, M. Luskin,
and E. Kaxiras, Relaxation and domain formation in incom-
mensurate two-dimensional heterostructures, Phys. Rev. B 98,
224102 (2018).

[186] Z.-D. Song, B. Lian, N. Regnault, and B. A. Bernevig, Twisted
bilayer graphene. II. Stable symmetry anomaly, Phys. Rev. B
103, 205412 (2021).

[187] A. T. Pierce, Y. Xie, J. M. Park, E. Khalaf, S. H. Lee, Y.
Cao, D. E. Parker, P. R. Forrester, S. Chen, K. Watanabe, T.
Taniguchi, A. Vishwanath, P. Jarillo-Herrero, and A. Yacoby,
Unconventional sequence of correlated Chern insulators in
magic-angle twisted bilayer graphene, Nat. Phys. 17, 1210
(2021).

[188] J. Yu, B. A. Foutty, Z. Han, M. E. Barber, Y. Schattner,
K. Watanabe, T. Taniguchi, P. Phillips, Z.-X. Shen, S. A.
Kivelson, and B. E. Feldman, Correlated Hofstadter spectrum
and flavour phase diagram in magic-angle twisted bilayer
graphene, Nat. Phys. 18, 825 (2022),.

[189] H. Hu, G. Rai, L. Crippa, J. Herzog-Arbeitman, D. Călugăru,
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