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Optical absorption and emission from Wannier-Stark spectra of moiré superlattices
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Using a formalism based on the non-Abelian Berry connection, we explore quantum geometric signatures
of Wannier-Stark spectra in two-dimensional superlattices. The Stark energy can be written as intraband Berry
phases, while Zener tunneling is given by interband Berry connections. We suggest that the gaps induced by
interband hybridization can be probed by THz optical absorption and emission spectroscopy. This is especially
relevant to modern moiré materials wherein mini-bands are often spectrally entangled, leading to strong inter-
band hybridization in the Wannier-Stark regime. Furthermore, owing to their large superlattice constants, both
the low-field and high-field regimes can be accessed in these materials using presently available technology.
Importantly, even at moderate electric fields, we find that stimulated emission can dominate absorption, raising
the possibility of lasing at practically relevant parameter regimes.
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I. INTRODUCTION

Quantum electrons in a crystalline solid subjected to a
homogeneous, time-independent electric field display a sur-
prisingly rich phenomenology of both fundamental interest
and practical importance [1,2]. In the time domain, under
ideal conditions, these electrons execute Bloch oscillations
with frequency ωB = eEa/h̄, where E is the field magnitude
and a is the crystal period [3,4]. In the frequency domain,
the electric field fractures otherwise continuous energy bands
indexed by crystal momentum into discrete Wannier-Stark
ladders indexed by lattice positions with ladder rungs spec-
trally separated from each other by multiples of h̄ωB (a
two-dimensional example is shown in Fig. 1) [5–8]. De-
spite their early formulations, these concepts remained purely
theoretical for many decades because their potential experi-
mental realizations in natural crystals at detectable values of
ωB demanded, in part, insurmountably high electric fields.
This stringent requirement was ingeniously circumvented
by the introduction of engineered semiconductor quasi-one-
dimensional superlattices wherein the lattice constant can be
enlarged to considerably reduce the required field strengths
[9–16]. This breakthrough led to numerous observations of
signatures of Bloch oscillations and Wannier-Stark ladders
using complementary experimental techniques: photocurrent
[17–21], emission spectroscopy [22,23], four-wave mixing
[24–27], electro-optics [28,29], reflectance or transmission
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spectroscopy [21,30–32], and steady-state transport [33–37].
Several of these experiments were even done at room temper-
ature [18,20,23,38–40]. Sustained interest in these coherent

FIG. 1. Schematic representation of Wannier-Stark spectra of
topological bands in two limiting cases of applied electric field. The
three-dimensional axes are energy E , crystal momentum in the direc-
tion perpendicular to the electric field, k⊥, and Wannier-Stark ladder
index along the direction parallel to the electric field, n. In regimes
of small fields eEa‖ � W (left panel), the decoupled Wannier-Stark
bands capture the essence of the band structure. Here, the bands
are topological because they wind around k⊥. Intersections must
therefore occur, which are gapped out by interband Zener tunneling.
The magnitudes of these gaps are given approximately by the Fourier
transform of the Berry connection in the ladder representation. In
the eEa‖ � W limit (right panel), the Stark energy on localized
orbitals dominates the physics. The inter-orbital hoppings become
insignificant, as shown in the inset. So the resulting Wannier-Stark
bands are dispersionless.
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phenomena over many decades is rooted in their promise
for potential future electronic devices such as tunable THz
emitters [11,13,41]. While quasi-one-dimensional semicon-
ductor superlattices provide proof-of-concept demonstrations
of the fundamental idea, modern material platforms enable
new physics stemming from macroscopic two-dimensional
superlattice structures endowed with an unprecedented level
of device tunability, motivating us to examine the Wannier-
Stark regime in moiré materials.

In recent years, moiré superlattices have been constructed
via interlayer interference controlled by twist angle, lattice
constant mismatch, and/or strain [42–45]. Similar to tradi-
tional semiconductor superlattices, these moiré superlattices
have large lattice constants ideal for observing Bloch oscil-
lations and Wannier-Stark localization. However, the physics
of these materials is much richer because they (1) often fea-
ture bands that carry nontrivial momentum-space quantum
geometry, (2) offer in situ band structure tunability via in-
terlayer displacement field, substrate engineering, twist angle,
and more, and (3) host a plethora of highly correlated phases
of matter. As such, moiré materials are attractive platforms
for exploring novel physics that may occur at high electric
fields. Recent theoretical analyses have already uncovered
novel signatures in Wannier-Stark spectra and Bloch oscil-
lating behavior of topological band-structure models [46–61]
and of moiré materials [62–68]. In this work, we focus on the
consequences of quantum geometry on Wannier-Stark spectra
in two-dimensional band structures detectable through optical
techniques [69–71]. Optical experiments provide a reliable
means to identify the Wannier-Stark regime through direct
detection of gaps in a ladder spectrum. In contrast, trans-
port experiments are less definitive since they infer Bloch
oscillations from negative differential conductance, which
can often be explained by many different mechanisms of
localization [9,33]. This inspires us to focus on optical ab-
sorption and emission. By adopting the Wannier-Stark basis,
we accurately and efficiently capture the effects of large
electric fields for many-band systems in one and two dimen-
sions. In particular, we recast the theory of Wannier-Stark
localization in the modern language of non-Abelian Berry
connection and show how some of the geometric features can
be ascertained in optical spectroscopy. Including interband
processes is essential for moiré materials since their band
structures are often highly entangled. Finally, we propose spe-
cific experimental platforms on which these signatures should
be accessible, highlighting the unique suitability of modern
moiré materials.

II. QUANTUM GEOMETRIC THEORY

We begin by recasting Wannier-Stark ladder theory
in the language of non-Abelian Berry connection
[49,52,53,55,67,72–75]. We work with a tight-binding repre-
sentation with M orbitals per unit cell located at τσ . Using the
Fourier transform convention ĉ†

k,σ = N− 1
2
∑

r eik·(r+τσ )ĉ†
r,σ ,

where r is a lattice translation vector and N is the number of

unit cells, the Hamiltonian takes the form1

Ĥ =
∑

k∈BZ,σ,σ ′
ĉ†

k,σ [H0,σ,σ ′ (k) + iδσ,σ ′eE · ∇k]ĉk,σ ′ , (1)

where E is the electric field and H0(k) is the M × M first-
quantized Hamiltonian in the absence of the electric field.
Equation (1) assumes that the position operator r̂ is diagonal
in the orbital basis and that the k-gradient acts on the right.
The spectrum of this Hamiltonian comprises a ladder struc-
ture. Explicitly, the commutation relation [H(k), L+(r)] =
eE · rL+(r), where L+(r) = e−ik·r1, implies that a state �E

at energy E has a partner state at E + eE · r obtained by
�E+eE·r = L+(r)�E . If r is perpendicular to E , states gener-
ated this way are degenerate (but not necessarily independent)
because they are translated along equipotential lines. In fact,
the Hamiltonian is translationally invariant along the direction
perpendicular to E . Therefore, we can retain the plane-wave
character of energy eigenstates in that direction.

The Hamiltonian in Eq. (1) can be rewritten in the band
basis wherein k-space band geometry becomes apparent.
For simplicity, we assume that there are no band degenera-
cies from H0 throughout this work.2 Diagonalizing H0(k) =
V (k)�(k)V†(k), where V (k) is the matrix of eigenvectors
on its columns and �(k) is the diagonal energy matrix, the
Hamiltonian in the band representation now contains the term
eE · A(k) [74,76,77], where A(k) = iV†(k)∇kV (k) is the
non-Abelian Berry connection matrix. For this representation
to be useful, a differentiable and periodic gauge for V (k) has
to be chosen along the direction parallel to E , which can
always be done even in topological bands [78,79]. The Berry
connection along the perpendicular direction never enters the
Hamiltonian, so a differentiable gauge needs not be chosen
there. The above considerations suggest that it is convenient
to separate these two directions explicitly. We assume that E
is parallel to b‖ = n1b1 + n2b2, where n1 and n2 are coprime

1In principle, one can numerically solve Eq. (1) as an eigenvalue
differential equation problem using a finite difference method. How-
ever, this system of differential equations is convection dominated.
Therefore, in the process of obtaining the physical solutions, one
needs to eliminate many unphysical solutions that are highly oscilla-
tory. One reasonable approach is to insist on keeping only solutions
whose eigenvalues are regularly spaced as the ladder structure dic-
tates. However, even this restriction might not catch all pathological
solutions. To be certain, one must devise a method to inspect the
eigenfunctions themselves to ensure that they are at least numerically
differentiable. An alternative approach is to add a small amount of
damping to the differential equations. We do not favor the finite
difference approach in this work since, although perfectly valid, it
obscures quantum geometric features encoded in the band structure.

2If degeneracies are present, then the formalism still works,
but it should be applied directly to the orbital basis without
first transforming into the band basis, which is useful when
bands can be disentangled. In particular, we can write HL(k) =
L†(k)H(k)L(k), where L(k) = exp[ i

eE
∫ k‖

0 H0,d(k′
‖, k⊥)dk′

‖]. Then
HL(k) = H0,nd(k) + i1eE∂k‖ . This Hamiltonian is not periodic in k
for our choice of gauge. So care must be taken to choose suitable
eigenfunctions that satisfy appropriate boundary conditions, as de-
tailed in the text.
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integers and bi are primitive reciprocal-lattice vectors, and we
define b⊥ such that b‖ · b⊥ = 0 and |b‖ × b⊥| = |b1 × b2|.3
The Hamiltonian is now partitioned into a matrix differential
equation along k‖ for every value of k⊥, with E = |E|,

HB(k‖, k⊥) = �(k‖, k⊥) + eEA‖(k‖, k⊥) + 1ieE∂k‖ , (2)

where A‖ = A · b‖|b‖|−1. For later convenience, we com-
bine the diagonal terms into D = � + eEA‖,d. Throughout,
the subscripts “d” and “nd” to a matrix denote taking only
that matrix’s diagonal and nondiagonal elements, respectively.
Thus, the two-dimensional problem has been reduced to a
series of one-dimensional problems, one for each k⊥ [80–86].

Before proceeding further, let us consider the limit where
all the off-diagonal couplings are zero, i.e., A‖,nd(k‖, k⊥) = 0.
In this case, the solutions to Eq. (2) can be written explicitly:

φn,m(k‖, k⊥) = e
i

eE
∫ k‖

0 [D(k′
‖,k⊥)−En,m (k⊥ )1]dk′

‖
1m√
N‖

,

En,m(k⊥) = D̄m,m(k⊥) + neEa‖, (3)

where a‖ = 2π |b‖|−1, 1m is the column vector of ze-
ros everywhere except for one on the mth row, and
D̄m,m(k⊥) = a‖

2π

∫ 2π/a‖
0 Dm,m(k‖, k⊥)dk‖ is the average value

of Dm,m(k‖, k⊥). We use overlines to denote the average of a
function f (k‖, k⊥) along the k‖ direction throughout this work:
f̄ (k⊥) = a‖

2π

∫ 2π/a‖
0 f (k‖, k⊥)dk‖. The spectrum contains a fa-

miliar ladder structure labeled by spatial index n and band
index m. In addition, there is dispersion in the k⊥ direction due
to both the band dispersion of the original Hamiltonian and
the variation of the hybrid Wannier centers [87,88], with the
latter contribution being multiplied by E . By hybrid Wannier
functions, we mean those which are simultaneously defined
in reciprocal space in one direction and in real space in the
other. As such, the intraband topology in the original band
structure is encoded in En,m(k⊥). For bands whose Wannier
centers do not wind along the k⊥ direction, such as topo-
logically trivial bands, En,m(k⊥) = En,m(k⊥ + 2π/a⊥), where
a⊥ = 2π |b⊥|−1. For topological bands with a nontrivial wind-
ing, such as Z2 topological insulators or Chern insulators, we
instead have En,m(k⊥) = En,m(k⊥ + 2π/a⊥) + weEa‖ [49],
where w is the winding number.

Even in topologically trivial bands where the hybrid Wan-
nier centers do not wind, they can still vary as a function of k⊥.
That is, even topologically trivial bands can carry nontrivial
band geometry that can induce intersections of Wannier-Stark
bands in the limit of vanishing interband tunneling. These
intersections always occur between different bands (m 	= m′)
either with the same spatial index (n = n′) or with differ-
ent spatial indices (n 	= n′). At these intersections, interband
hybridization, i.e., Zener tunneling [4], will generally gap
them out. Thus, interband processes are crucial in multiband
systems, especially at large E , and cannot be neglected or
treated perturbatively in general. To analyze them, we perform
a unitary transformation to absorb all intraband effects and
leave only interband processes for further scrutiny: HL(k) =

3Explicitly, we have b⊥ = b2 ·b‖
b‖·b‖

b1 − b1 ·b‖
b‖·b‖

b2 for the perpendicular
direction. The overall sign is not fixed.

L†(k)HB(k)L(k), where L(k) = exp[ i
eE

∫ k‖
0 D(k′

‖, k⊥)dk′
‖].

The Hamiltonian in this ladder representation is just

HL(k‖, k⊥) = eEAL(k‖, k⊥) + 1ieE∂k‖ , (4)

where AL(k) = L†(k)A‖,nd(k)L(k) is purely off-diagonal.
We can use the transformed ladder eigenfunctions ψn,m(k) =
L†(k)φn,m(k) as basis vectors.4 Here, they are simply plane
waves. We can, therefore, expand the Hamiltonian using the
Fourier transform of AL. Writing an eigenstate as �(k‖, k⊥) =∑

n,m cn,m(k⊥)ψn,m(k‖, k⊥), the coefficients cn,m(k⊥) are ob-
tained from diagonalizing the matrix equation

E (k⊥)cn,m(k⊥) = [D̄m,m(k⊥) + neEa‖]cn,m(k⊥)

+ eE
∑
n′,m′

ÃL,m,m′ (n − n′, k⊥)cn′,m′ (k⊥),

ÃL,m,m′ (n, k⊥) = a‖
2π

∫ 2π/a‖

0
dk‖AL,m,m′ (k‖, k⊥)

× e
i

eE [D̄m,m (k⊥ )−D̄m′ ,m′ (k⊥ )]k‖+ink‖a‖ . (5)

Although Eq. (5) is formally a matrix equation of infinite size,
we truncate it to a finite order in numerical diagonalization.
The number of sites needed in a calculation depends on how
fast the Fourier harmonics decay. We emphasize that this
formalism is not perturbative in E , as is clear from factors E−1

in the exponential. In fact, for larger E , we find that fewer
Fourier harmonics of AL are needed for an accurate calcu-
lation. As mentioned previously, we find that ladder rungs
belonging to the same band do not interact directly because
AL is off-diagonal. Because of translational symmetry, we
can still label states by a position index n and a band index
m. It is important to emphasize that while the existence of
Wannier-Stark ladders can, in some cases, be explained purely
by spectral considerations of the underlying band structure,
the mixing between ladders and the resulting Zener-tunneled
gaps are always inherently driven by interband Berry connec-
tion, as is made explicit in this formalism.

At this point, it is worth specifying the boundary conditions
of the wave functions in the various representations. In the or-
bital representation, H(k) = H0(k) + ieE · ∇k is not periodic
in k, but instead obeys H(k + G) = B(G)H(k)B(G)†, where
Bσ,σ ′ (G) = δσ,σ ′e−iG·τσ and G is a reciprocal-lattice vec-
tor. Eigenfunctions H(k)�(k) = E�(k) satisfy �(k + G) =
B(G)�(k), and thus are not periodic. In the band representa-
tion, HB(k) = V (k)†H(k)V (k) and �(k) = V (k)†�(k). Us-
ing V (k + G) = B(G)V (k), we find that �(k + G) = �(k)
is periodic in k. Finally, in the ladder representation, HL(k) =
L(k)†HB(k)L(k), where L(k) = exp[ i

eE
∫ k‖

0 D(k′
‖, k⊥)dk′

‖],
and �(k) = L(k)†�(k). The boundary condition follows
from L(k‖ + G‖, k⊥) = exp[ i

eE D̄(k⊥)G‖]L(k‖, k⊥) : �(k‖ +
G‖, k⊥) = exp[− i

eE D̄(k⊥)G‖]�(k‖, k⊥). It is clear that the ba-

sis functions ψn,m(k) = 1mN−1/2
‖ exp[− i

eE En,m(k⊥)k‖] satisfy
the correct boundary condition. So expanding using these
basis functions is guaranteed to give the correct boundary
condition.

4These basis states satisfy the completeness relation∑
k‖ ψ†

n,m(k)ψn′,m′ (k) = δn,n′δm,m′ .

205132-3



PHONG, GUINEA, AND LEWANDOWSKI PHYSICAL REVIEW B 111, 205132 (2025)

The above analysis allows us to draw a qualitative distinc-
tion between the small-E and large-E limits. In the former
scenario, roughly when eEa‖ � W , where W is the band-
width of the pristine band structure,5 the decoupled energy
bands capture the essence of the spectrum, including the topo-
logical winding of the bands. If the bands wind, they must
intersect;6 bands that do not wind can intersect too, but are not
required to do so. At momenta k∗

⊥ where band intersections
occur, gaps 
ε form with magnitude given by lowest-order
degenerate perturbation theory:


ε ∼ 2eE |ÃL,m,m′ (n, k∗
⊥)|, (6)

as shown in Fig. 1. We note that the gap is magnified by E ; so
this approximation only holds for small E . Also, the order of a
gap n denotes the hybridization between Wannier-Stark states
that are separated by |n| lattice sites apart. Thus, the gaps
generally decrease with increasing |n|. In the high-E limit, the
Wannier-Stark bands no longer resemble the decoupled bands
since interband processes dominate the spectral formation.
In fact, in the eEa‖ � W limit, the band basis adopted here
is not necessarily the most physically transparent. Instead,
one should remain in the orbital basis in Eq. (1) and treat
H0,σ,σ ′ (k) as a perturbation on iδσ,σ ′eE · ∇k. In this case,
the Wannier-Stark spectrum consists essentially of the Stark
energy on localized orbitals, which is dispersionless in k⊥,
as shown in Fig. 1. Any sense of band topology that is en-
coded in the entanglement between orbitals becomes difficult
to discern. We do not consider the strict E → ∞ regime in
this work, for it is difficult to access experimentally. Instead,
any mention of “high field” here refers to parameter regimes
where low-order perturbation theory cannot capture interband
tunneling. Gaps induced by interband hybridizations have re-
cently also been derived in Ref. [67] using a time-dependent
Floquet formalism.

III. PROTOTYPICAL MODEL

For illustration, we now apply this formalism to a proto-
typical model of a topological insulator: the Haldane model
[89]. In the orbital basis, the Hamiltonian is H0(k) = h(k) · σ,
where σi are Pauli matrices, hx(k) − ihy(k) = −t1

∑
δi

eik·δi ,
hz = −t2

∑
ai

sin(k · ai ). This model has only one adjustable
parameter t2/t1 	= 0 that simultaneously controls the gap size,
the bandwidth, and the topology of the bands; in practice,
|t2/t1| � 1, so we fix t2/t1 = 0.1 for simplicity. The topology
of the Haldane model is discussed in detail in Appendix A.
In this Appendix, we also show how to choose a contin-
uous gauge of the wave functions for the Haldane model,
using the method shown in Refs. [78,79]. First, we apply
the electric field in the x direction. As shown in Fig. 2(a)
in the blue and green regions, various global gaps develop
at small electric fields that evolve nonmonotonically as field

5The bandwidth is one possible measure of the dispersion of the
bands. Since these bounds are only approximate, one can use other
measures such as some well-defined matrix norm of H0(k).

6Indeed, intersections must occur if the bands topologically wind
across k⊥, but these intersections need not occur at the same spatial
index as shown in Fig. 1 for emphasis. A simple example is when
two bands have a large band gap.

strength enhances. There are certain values of E at which
the global gaps are quenched entirely. However, these precise
gap closures require fine tuning of parameters, so we shall
not devote particular attention to them in this work. The
convoluted evolution of the band structure at small E values
reflects the fact there are a variety of competing processes
operative in this regime, namely, effects from both spectral
and quantum geometrical interband and intraband properties.
When E becomes large, the physics is universally dominated
by on-site Stark energy. Therefore, the bands become mono-
tonically flatter as electric field increases, as shown in the red
region of Fig. 2(a). For particular values of E , we show the
momentum-resolved band structures in Fig. 2(b). For small
E , the band structures somewhat resemble their counterparts
without Zener tunneling, which are shown in gray in Fig. 2(b).
Interband hybridization results in gaps that can be estimated
by Eq. (6). Such a resemblance is lost when E is large. The
physics is qualitatively the same when E points along the y
direction, as shown in Figs. 2(c) and 2(d).

IV. OPTICAL PROPERTIES

The interband-hybridized gaps can, in principle, be probed
by THz spectroscopy. To calculate various optical responses,
it is necessary to determine electron occupation. Generally,
this is a highly nontrivial, nonequilibrium problem requiring
assumption about various relaxation pathways [90–92]. In this
work, we prefer to focus on qualitative features of possible
optical signatures and delegate detailed investigations to fu-
ture studies. To this end, we assume the simplest physically
motivated form of the occupation function based on transla-
tional symmetry. That is, we assume the electron density is
uniform on the unit-cell scale. This is also consistent with the
existence of local charge neutrality. Inhomogeneous charge
distributions are likely to be compensated by intra-unit-cell
charge transfers. This effect is captured by the screening effect
described in the Hartree approximation (it is worth noting that
this can be the case in magic angle twisted bilayer graphene).
Then, the occupation of states shifted over by integer multi-
ples of a‖ must be the same. From these considerations, we
are led to a spatially varying chemical potential, which is
permitted since we are not in equilibrium: μn,m(k⊥) = μ +
eE r̄‖,n,m(k⊥), where r̄‖,n,m(k⊥) is the average position of the
state being evaluated. Similar forms of the occupation func-
tion were used in previous studies [90,93–98]. As a matter of
convenience, we continue to use the Fermi-Dirac distribution:

f [En,m(k⊥)] = [
1 + eβ[En,m (k⊥ )−μ−eE r̄‖,n,m (k⊥ )]]−1

, (7)

where β → +∞ is inverse temperature. Despite appearance,
one should not regard the usage of the Fermi-Dirac distribu-
tion as implying an equilibrium situation. This assignment
of electron occupation is sensible in both weak and large
electric field limits. For weak fields, E → 0, where the
chemical potential approaches homogeneity, the distribution
function reverts to the equilibrium Fermi-Dirac distribution.
In the large-field limit and as E → ∞, the occupation is
that of basically dispersionless Wannier-Stark bands. Another
consistency check is to consider the limit where all inter-
band couplings are switched off. Then, the total energies
are given analytically by Eq. (3). The assumed chemical

205132-4



OPTICAL ABSORPTION AND EMISSION FROM … PHYSICAL REVIEW B 111, 205132 (2025)

FIG. 2. Wannier-Stark spectra for the Haldane model as a function of field strength and direction. The electric field points along x̂ in panels
(a) and (b) and along ŷ in panels (c) and (d). In panels (a) and (c), the energies are plotted as a function of electric field. The background
colors are used to qualitatively distinguish between the regimes of low (blue), moderate (green), and high (red) fields. A few representative
band structures from each regime are shown in panels (b) and (d). For comparison, spectra without interband tunneling are shown in light gray
in the background. In the low-field regimes, we observe that the decoupled bands remain mostly intact except at places where those bands
cross. In the large-field regimes, the bands become much flatter. Below each band structure, we also plot the renormalized energies which are
obtained by removing the Stark contribution as detailed in the text. Energies are recorded in units of t1. Here, a‖ = a/2 in panels (a) and (b) and
a‖ = √

3a/2 in panels (c) and (d).

potential prescribes that only the original band energies �

dictate the occupation of states and not the Stark contri-
bution eE (A‖ + na‖), i.e., states that are occupied before
E is turned on remain occupied after E is switched on.
This is sensible for a gapped insulator (as in the Haldane
model) where all the states of the valence bands are occu-
pied both before and after E is introduced. In the absence of
interband tunneling, such insulators must remain insulating no
matter the strength of the electric field. We illustrate this oc-
cupation function schematically in Fig. 3 for one dimension.
In the two-dimensional case, in each k⊥ sector, we essentially
have a one-dimensional problem. Reassured by the preceding
considerations, we expect this occupation function to be espe-
cially well-suited for charge-neutral systems with fully filled
bands.7 We point out that the combination E − eE r̄‖ is just

7For partially filled bands, the shift in Fermi surface depends on
scattering time and is not captured in our approximation. This can be
seen even in semiclassical Boltzmann transport.

the energy without the Stark energy contribution eE r̄‖. For
the Haldane model, we plot this combination at the bottom
of Figs. 2(b) and 2(d). Further discussion of the occupation
function appears in Appendix B.

Using Fermi’s golden rule, we now calculate optical ab-
sorption and emission at charge neutrality. Under exposure
to weak monochromatic radiation E rad with frequency ω > 0,
the stimulated absorption and emission coefficients are [99]

a(ω) ∝ ω
∑
a,b

|〈b|d̂|a〉|2δ(Eb − Ea − h̄ω) fa[1 − fb],

e(ω) ∝ ω
∑
a,b

|〈b|d̂|a〉|2δ(Ea − Eb + h̄ω) fb[1 − fa], (8)

where a and b are generic labels for states. Equation (8) is
derived in Appendix C. The net absorption coefficient is just
the difference between the two: α(ω) = a(ω) − e(ω). In prac-
tice, it is often α that is measured since disentangling between
pure emission and absorption can be difficult. In equilibrium,
α � 0, that is, absorption dominates. However, when a system
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FIG. 3. Schematic diagram of electron occupation in one dimension. The dashed blue line is the spatially dependent chemical potential
μ(x). States below μ(x) are filled (blue circles) and above are unfilled (red). Transitions from a filled lower (higher) energy state to an unfilled
higher (lower) energy state correspond to an absorption (emission) process. Yellow boxes define the unit cells.

is pushed away from equilibrium, α < 0 is possible; this is
the regime where the electronic platform amplifies the optical
field. Here, d̂ = er̂rad is the dipole operator projected into
the radiation’s oscillation direction. Taking advantage of the
two-dimensional nature of our problem, we have the freedom
to choose the direction and polarization of d̂ independently
of the static electric field. There is a subtlety in evaluating the
expectation values of d̂ when the states involved are extended.
When r̂rad = r̂‖, we simply have

〈n′, m′, k⊥| r̂‖ |n, m, k⊥〉

= i
∑

k‖

�
†
n′,m′ (k‖, k⊥)

∂

∂k‖
�n,m(k‖, k⊥). (9)

This is because along the parallel direction to the applied static
field, states are localized. Thus, the matrix elements of the
position operator are well-defined, even on the diagonal. How-
ever, when r̂rad = r̂⊥, the analogous procedure fails because
the perpendicular derivative of wave functions cannot always
be defined. We, therefore, adopt an alternative method [100]:

〈n′, m′, k⊥| r̂⊥ |n, m, k⊥〉 [En,m(k⊥) − En′,m′ (k⊥)]

= i
∑

k‖

�
†
n′,m′ (k‖, k⊥)

∂H0(k‖, k⊥)

∂k⊥
�n,m(k‖, k⊥). (10)

Clearly, this formula only works for nondegenerate states, but
that is all we need since degenerate states are eliminated from
the sum by the occupation functions. Therefore, Eq. (10) has
all the generality we require. For circularly polarized light,
we choose r̂rad = 2−1/2(r̂‖ ± ir̂⊥). Derivations of Eqs. (9) and
(10) are done in Appendix D.

For the Haldane model, we show optical absorption re-
sults for some representative values of the applied fields in

Fig. 4. For each field strength eEa‖ = 1.5 or 4.5, we plot
the net absorption spectra for linearly polarized radiation
parallel to (Fig. 4, top panels) and perpendicular to (Fig. 4,
middle panels) the static E field and for circularly polarized
radiation (Fig. 4, bottom panels). A few prominent peaks
are labeled, and their corresponding transitions in the en-
ergy spectra are indicated. Compared with the optical spectra
of Wannier-Stark ladders in one-dimensional semiconductor
superlattices, our spectra are considerably richer because
of increased dimensionality and prominent Zener tunneling.
Peaks that are replicated at frequency distances of integer
multiples of the Bloch frequency eEa‖, as shown in Fig. 4,
are transitions of the same pair of bands and momentum but
differ by the real-space separation of the states, i.e., same
m, m′, k⊥ but different n, n′. Not all peaks have prominent
replicas because some matrix elements decay quickly with
increasing rung separation. Just as in semiconductor super-
lattices, the existence of equally spaced peaks with separation
corresponding to integer multiples of the Bloch frequency can
be taken as a smoking-gun signature of the Wannier-Stark
regime.

In the large-field regime, we find that either absorp-
tion dominates or emission dominates depending on input
frequency. Interestingly, in moderate fields, both absorption-
dominated and emission-dominated regimes are also ob-
served. Taken at its face value, this result implies that the
lasing regime is achievable at reasonable electric fields in
moiré materials—a claim to be confirmed with further mi-
croscopic modeling. The emission-dominated regimes are due
to transitions from high-energy occupied states to low-energy
unoccupied states where the atypical spectral alignment is
maintained by the static electric field, as shown in Fig. 3.
This is similar to the operation of a quantum cascade laser
[101,102]. However, we emphasize a distinction: in moiré
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FIG. 4. Optical spectra for the Haldane model. The net absorption α is plotted for eEa‖ = 1.5 and 4.5 where the radiation field is linearly
polarized parallel to the static field (top panels), is linearly polarized perpendicular to the static field (middle panels), or is circularly polarized
(bottom panels). For both moderate and high electric fields, either absorption or emission dominates depending on input frequency. A few
prominent peaks and their corresponding transitions are numerically indicated. Many less pronounced peaks can be seen; their transition
pathways can be mapped to the band structure as well. To avoid clutter, we leave these unlabeled. In the inset band structures, occupied states
are black while unoccupied states are light gray. A few (not all) replica peaks separated by eEa‖ are indicated with orange arrows. Here, the
mesh sizes along the parallel and perpendicular directions are N‖ = 200 and N⊥ = 350, respectively, and the broadening factor of the Dirac δ

function is η = 0.003.

materials, the absorption-dominated frequency regime arises
from interband hybridization (i.e., Zener-tunneled gaps) as
well as from interladder-site hopping (i.e., the dominant
mechanism in semiconductor superlattices). Furthermore, we
find that peaks generically occur at frequencies corresponding
to transitions between band maxima and minima. Thus, the
most pronounced peaks inform us about the magnitude of
gaps.

V. DISCUSSION

The Haldane model is an appropriate low-energy effective
model for several moiré platforms, such as twisted transi-
tion metal dichalcogenide homobilayers [103–105]. In these
systems, the bandwidth is on the order of 10–100 meV, and
the superlattice constant is about 10–20 nm. Consequently,
the electric field scale E ∼ t0/ea needed to induce appre-
ciable Zener-tunneling is about 5–20 kV/cm, well within
experimental capacity. The resulting interband-hybridized

gaps are on the meV scale. They can be probed using THz
spectroscopy. Therefore, we present moiré materials as at-
tractive, realistic platforms to study optical absorption and
emission induced by applying a static electric field of mod-
erate to high intensity. Such a field causes an otherwise
continuous energy spectrum to form discrete Wannier-Stark
bands that encode both intraband quantum geometry in the
form of a band-projected winding number, and interband
quantum geometry manifested as Zener-tunneled gaps. The
possibility of stimulated emission dominating absorption for
various parameter regimes raised by our investigation is ex-
citing since it may have important implications for laser
technologies. However, we caution that our conclusions are
based on a simplified (but physically motivated [90,93–98])
assumption of the occupation of electrons that should be
verified using more sophisticated methods in future work.
Although we expect our qualitative conclusion on the possi-
bility of lasing to hold, those future investigations may lead
to other insights presently overlooked. Furthermore, Coulomb
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interactions may lead to qualitatively new physics in the
Wannier-Stark regime that warrants further scrutiny. For in-
stance, there may be symmetry-broken states that can be
stabilized by a non-negligible static electric field and probed
by optical spectroscopy.
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APPENDIX A: DETAILS ON THE HALDANE MODEL

The Haldane model is a prototypical model of a topological
insulator. Thus, it serves as an excellent example for the ex-
amination of topological signatures in Wannier-Stark spectra.
The primitive lattice vectors are

a1 = a(1, 0) and a2 = a

(
−1

2
,

√
3

2

)
. (A1)

We also define a3 = −a1 − a2. The primitive reciprocal-
lattice vectors are

b1 = 4π√
3a

(√
3

2
,

1

2

)
and b2 = 4π√

3a
(0, 1). (A2)

We clearly have ai · b j = 2πδi j . We furthermore define the
nearest-neighbor vectors

τ1 = a√
3

(0, 1), τ2 = a√
3

(
−

√
3

2
,−1

2

)
,

and τ3 = a√
3

(
+

√
3

2
,−1

2

)
. (A3)

Within a unit cell, we place the A sublattice at (0,0) and the B
sublattice at τ1. The Hamiltonian without an electric field is
given by

H0(k) =
[
−t1

3∑
i=1

cos (k · τ i )

]
σx +

[
t1

3∑
i=1

sin (k · τ i )

]
σy

+
[
−t2

3∑
i=1

sin (k · ai )

]
σz

= hx(k)σx + hy(k)σy + hz(k)σz. (A4)

TABLE I. Location of singularity.

Singularity of ... t2 > 0 t2 < 0

v
(I)
− K+ K−

v
(I)
+ K− K+

v
(II)
− K− K+

v
(II)
+ K+ K−

Using

B(b1) =
(

1 0
0 e− 2π i

3

)
,

and

B(b2) =
(

1 0
0 e+ 2π i

3

)
,

it is straightforward to verify that H0(k + bi ) = B(bi )H0

(k)B(bi )†. Under the assumption that the system is gapped
for all k, we can write h(k) = (hx(k), hy(k), hz(k)), λ(k) =
|h(k)|, ĥ(k) = h(k)/|h(k)|, and H0(k) = λ(k)ĥ(k) · σ. λ(k)
is precisely the magnitude of the eigenenergies, so λ(k) must
be periodic in k. The transformation property of ĥ(k) fol-
lows that of H0(k) : ĥ(k + bi ) · σ = B(bi )[ĥ(k) · σ]B(bi)†.
Explicitly, we have the following:

ĥz(k + bi ) = ĥz(k),

ĥx(k + bi ) + iĥy(k + bi ) = [ĥx(k) + iĥy(k)]e−ibi·τ1 . (A5)

One possible periodic gauge for the eigenvectors is

v
(I)
± (k) = 1√

2 ± 2ĥz(k)

(
ĥz(k) ± 1

ĥx(k) + iĥy(k)

)
,

λ±(k) = ±λ(k). (A6)

One notices that this gauge is numerically obtained by sim-
ply fixing the upper component of the eigenvectors to be
real. This gauge is smooth everywhere except at isolated val-
ues of k for which ĥz(k) = ±1. This can only occur when
ĥx(k) = ĥy(k) = 0, so k = K± = 4π

3a (±1, 0) at the Dirac
points (and its equivalents) in this specific model. At these
points, ĥz(K±) = ±sgn(t2). These singularities need to be
patched before we can take derivatives. To do so, we use
another possible periodic gauge for the eigenvectors,

v
(II)
± (k) = e−ik·τ1√

2 ∓ 2ĥz(k)

(
ĥx(k) − iĥy(k)

±1 − ĥz(k)

)
,

λ±(k) = ±λ(k). (A7)

Numerically, this gauge is obtained by fixing the lower
component of the eigenvectors to be real modulo e−ik·τ1 .
This gauge is also smooth everywhere except at values of
k for which ĥz(k) = ±1, similar to the previous gauge.
However, the locations of the singularity in each band has
been switched from K± to K∓, as shown in Table I. As
long as k‖ does not traverse both K+ and K−, this al-
lows us to choose either gauge I or gauge II to avoid
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the singularity depending of k⊥. For example, let us con-
sider E = E ŷ. Then, we have b‖ = b2, b⊥ = b1 − 1

2 b2 =
(2π/a, 0), a‖ = √

3a/2, and a⊥ = a. Our choice of Brillouin
zone is k‖ × k⊥ ∈ [0, 4π/

√
3a) × [0, 2π/a). To avoid the

singularities, we choose for t2 > 0,

V (k) =
{

(v(I)
− (k) v

(II)
+ (k)), for kx ∈ [0, π/a)

(v(II)
− (k) v

(I)
+ (k)), for kx ∈ [π/a, 2π/a),

(A8)
and for t2 < 0,

V (k) =
{

(v(II)
− (k) v

(I)
+ (k)), for kx ∈ [0, π/a)

(v(I)
− (k) v

(II)
+ (k)), for kx ∈ [π/a, 2π/a).

(A9)

In cases where k‖ does traverse both K+ and K−, the gauge
choices above cannot evade all the singularities simultane-
ously. Thus, we need to patch this specific case in a different
way. Both K+ = (k‖,+, k∗

⊥) and K− = (k‖,−, k∗
⊥) reside on

some critical k∗
⊥ and run along k‖. For k⊥ 	= k∗

⊥, either Gauge
I or II will suffice. Exactly at k∗

⊥, we employ a regularization
to make sure that the wave function is differentiable along the
k‖ direction (and only along the k‖ direction) using the wave
function in, for example, Gauge II. We divide the k‖ inter-
val into two disjoint sections S1 = [0, k∗

‖ ) and S2 = [k∗
‖ ,

2π
a‖

),
where k∗

‖ (which is either k‖,+ or k‖,−) is where the singularity
resides in Gauge II. Then, we define

v
(III)
± (k‖, k∗

⊥) =
{

+v
(II)
± (k‖, k∗

⊥)eik‖a‖/2, for k‖ ∈ S1

−v
(II)
± (k‖, k∗

⊥)eik‖a‖/2, for k‖ ∈ S2,

v
(III)
± (k‖,±, k∗

⊥) = lim
k‖→k‖,±

v
(III)
± (k‖, k∗

⊥). (A10)

This choice is inspired by the parallel transport procedure of
Bloch wave functions used to define hybrid Wannier functions
[78,79]. We have picked Gauge II to define Gauge III, but that
choice is arbitrary. We could have easily done the same using
Gauge I or some other quasicontinuous gauge. The important
point is the sign change going from S1 to S2. The exponential
eik‖a‖/2 has been inserted to ensure the correct boundary con-
dition. This factor is smooth in k‖, and therefore cannot alter
the regularity of the defined gauge. We now show that Gauge
III is indeed differentiable along k‖. It is enough to inspect the
differentiability of Gauge III around K±:

ĥx(K± + k) − iĥy(K± + k) = t1a

3|t2| (±kx − iky) + O(k2),

ĥz(K± + k) = ±sgn(t2)

∓ sgn(t2)
t2
1 a2

18t2
2

(
k2

x + k2
y

)
+ O(k3),

e−i(K±+k)·τ1 = 1 − ikya√
3

+ O(k2). (A11)

If t2 > 0 (t1 is always assumed positive without loss of gener-
ality), we have to smallest order in k

v
(II)
+ (K+ + k) =

(
kx−iky

|k|
|t1|a|k|

6|t2|

)
,

v
(II)
+ (K− + k) =

⎛
⎜⎜⎝

− at1(kx+iky )

|t2|
√

36− a2t2
1

t2
2

|k|2

1
6

√
36 − a2t2

1

t2
2

|k|2

⎞
⎟⎟⎠,

v
(II)
− (K+ + k) =

⎛
⎜⎜⎝

at1(kx−iky )

|t2|
√

36− a2t2
1

t2
2

|k|2

− 1
6

√
36 − a2t2

1

t2
2

|k|2

⎞
⎟⎟⎠,

v
(II)
− (K− + k) =

( −kx−iky

|k|
− |t1|a|k|

6|t2|

)
. (A12)

These eigenvectors are not properly normalized because the
Taylor expansion does not preserve the norm. This is unimpor-
tant at the moment since we only care about differentiability
here. Clearly, v

(II)
+ (K− + k) and v

(II)
− (K+ + k) are differen-

tiable at k = 0. However, v
(II)
+ (K+ + k) and v

(II)
− (K− + k)

are not differentiable: the upper, A component presents a 2π

phase singularity around k = 0 while the lower, B compo-
nent contains a cusp singularity due to the absolute value.
Both of these singularities are corrected along the k‖ direc-
tion by alternating the sign going from “left” to “right” of
the singularity. The analysis for t2 < 0 is almost exactly the
same; so we skip it. As an example, we consider E = E x̂.
Then, we have b‖ = 2b1 − b2 = (4π/a, 0), b⊥ = − 1

2 b2 =
− 2π√

3a
(0, 1), a‖ = a/2, and a⊥ = √

3a. We choose the Bril-

louin zone to be k‖ × k⊥ ∈ [0, 4π
a ) × [0,− 2π√

3a
). The Dirac

points are located at (k∗
‖,+, k∗

⊥) = ( 4π
3a , 0) and (k∗

‖,−, k∗
⊥) =

( 8π
3a , 0). A differentiable gauge chosen along the critical line

k∗
⊥ = 0 containing both Dirac cones is shown in Fig. 5. There,

we show the real and imaginary parts of both the lower and
upper components of the energy eigenvectors for positive and
negative t2. As one can visually inspect, all of these com-
ponents are without any discontinuity or kink and hence are
differentiable. Also, they are periodic in k‖, i.e., the values at
k‖ = 0 match those at k‖ = 4π/a. Thus, we can define a Berry
connection along k‖ using such a gauge. The above considera-
tions demonstrate that one can always choose a differentiable
gauge along one direction, which, in our problem, is set by the
electric field.

Next, we consider the energetics of the Haldane model as a
function of t2/t1. The numerically calculated bandwidth, band
gap, and band-gap-to-bandwidth ratio are plotted in Figs. 6(a)
and 6(c). Here, since both the conduction and valence bands
have the same bandwidth, we only measure the bandwidth of
one. For small t2, the bandwidth decreases from 3t1 to about
2t1. It then plateaus for intermediate values of t2/t1. After that,
the bandwidth increases with increasing t2/t1. The band gap is
zero at t2 = 0, increases linearly with t2, and plateaus around
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FIG. 5. Gauge fixing in the Haldane model. (a) Real-space representation of a hexagonal bipartite lattice with lattice vectors and nearest-
neighbor vectors indicated. (b) Reciprocal-space representation of the Haldane model. Example Brillouin zones for when E = E ŷ and E = E x̂
are shown. In the former case, the Brillouin zone is shaded in two different colors, orange and yellow, to suggest that those regions should
have different gauges to avoid a singularity at K±. In the latter case, a single quasismooth gauge can be chosen everywhere in the Brillouin
zone except along the line that runs through both K±. There, care must be taken to choose a differentiable gauge along the direction b‖. Such
a gauge is shown in panel (c) for different choices of parameters and for different bands.


ε/t1 = 1 upon reaching some critical t2. As a result, there
is an interval in t2 in which the band-gap-to-bandwidth ratio
is optimal. The evolution of the k-space energy of the valence
band as a function of t2 is shown in Fig. 6(d). As t2 increases,
the band maxima shift from � to K±. The evolution of the
Berry curvature distribution is also shown in Fig. 6(e), where
we observe the migration of the Berry curvature peaks from
the zone corners K± at small t2 to the M points at large t2.

Heuristically, the Berry curvature is concentrated near band
minima.

APPENDIX B: ASSUMED OCCUPATION FUNCTION

To calculate optical absorption, we only need matrix ele-
ments where m 	= m′. In this case, shifting both n and n′ by
the same amount does not change the matrix elements and the
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FIG. 6. Energetics and Berry curvature of the Haldane model. (a) Bandwidth, (b) band gap, and (c) gap-to-bandwidth ratio of the Haldane
model as a function of t2. (d) Energy and (e) Berry curvature of the valence band for three different sets of parameters.

difference of the associated energies En′,m′ (k⊥) − En,m(k⊥) =
En′+�,m′ (k⊥) − En+�,m(k⊥). Also, we choose the occupation
function in such a way that it respects translational symmetry
along the direction of the electric field. We assume that the
electron density is uniform on the unit-cell scale along b‖
even in the presence of an electric field because the system
is connected to metallic leads that can deposit and withdraw
electrons on the chain [90,93–98]. This choice of electron
density is also sensible from a symmetry point-of-view. Even
though the Hamiltonian does not manifestly respect trans-
lational symmetry due to our choice of gauge, a constant
time-independent electric field should look the same at every
point in space. This translational symmetry is manifest in
the temporal gauge where A(t ) = Et . Furthermore, although
probably not fully consistent, we continue to approximate the
occupation function by Fermi-Dirac statistics supplemented
by a spatially dependent chemical potential: μn,m(k⊥) =
μ + eE r̄‖,n,m(k⊥), where r̄‖,n,m(k⊥) = 〈n, m, k⊥| r̂‖ |n, m, k⊥〉
is the average position of the wave function. So the occupation
at each site is

f [En,m(k⊥)] = 1

1 + eβ[En,m (k⊥ )−μ−eE r̄‖,n,m (k⊥ )]
, (B1)

where β is inverse temperature. The chemical potential μ

is fixed by the number density. It is clear that this choice
of chemical potential respects f [En,m(k⊥)] = f [En+�,m(k⊥)]
for all � because En,m(k⊥) − eE r̄‖,n,m(k⊥) = En+�,m(k⊥) −
eE r̄‖,n+�,m(k⊥). The use of the Fermi-Dirac equilibrium oc-
cupation function does not imply that we are dealing with
an equilibrium system. In fact, the situation at hand is far
from equilibrium in the limit of large electric field. With these
assumptions, we can write the net optical absorption as

α(ω) = α0 h̄ω

e2N⊥

∑
k⊥,n′,m 	=m′

|〈n′, m′, k⊥|d̂|0, m, k⊥〉|2δ(En′,m′ (k⊥)

− E0,m(k⊥) − h̄ω){ f [E0,m(k⊥)] − f [En′,m′ (k⊥)]},
(B2)

where α0 = πe2/nrcε0a‖a⊥h̄ is an overall constant. Here,
state (0, m) is occupied and state (n′, m′) is unoccupied.

APPENDIX C: OPTICAL ABSORPTION

We consider shining monochromatic laser light at normal
incidence to a superlattice material. The Hamiltonian is now
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modified to include a time-dependent term

Ĥrad(t ) = eE rad(t ) · r̂, (C1)

where E rad(t ) is the radiation field, which, unlike the in-plane
static field, we assume to be weak. We choose propagation in
the z direction and the superlattice material is placed on the
x-y plane. Therefore, we write the radiation field as

E rad(t ) = Re[E radeikzz−iωt ], (C2)

where E rad = Erad,‖b̂‖ + Erad,⊥b̂⊥ is a complex two-
dimensional vector that encodes the amplitude and
polarization of the radiation field. By fixing the overall
phase to be zero, we choose the parallel component to be
purely real Erad,‖ and write the perpendicular component
explicitly with a phase φrad as Erad,⊥eiφrad . Then, we have

E rad = Erad(nrad,‖, nrad,⊥eiφrad ) = Eradnrad,

Erad =
√
E2

rad,‖ + E2
rad,⊥,

nrad,i = Erad,i

Erad
, nrad · n∗

rad = 1.

(C3)

The Hamiltonian is then

Ĥrad(t ) = eErad

2
(nrad,‖r̂‖ + nrad,⊥eiφrad r̂⊥)e−iωt

+ eErad

2
(nrad,‖r̂‖ + nrad,⊥e−iφrad r̂⊥)e+iωt . (C4)

To simplify, we define a complex dipole operator d̂ =
e(nrad,‖r̂‖ + nrad,⊥eiφrad r̂⊥) to write

Ĥrad(t ) = Erad

2
d̂e−iωt + Erad

2
d̂†e+iωt . (C5)

For linearly polarized light, φrad = 0. For circularly polar-
ized light, φrad = ±π/2 and nrad,i = 1√

2
. In general, we have

elliptically polarized light. Because Erad is considered small
(relative to some characteristic energy scale of the problem),
we can apply time-dependent perturbation theory to study
transitions between (quasi)stationary states. To lowest order,
the transition rate from state a to state b with Eb > Ea is given
by Fermi’s golden rule

Ra→b = 2π

h̄

E2
rad

4
|〈b|d̂|a〉|2δ(Eb − Ea − h̄ω) f (Ea)[1 − f (Eb)],

(C6)

where f (E ) is the occupation of a state at energy E . The
reverse process occurs with rate

Rb→a = 2π

h̄

E2
rad

4
|〈a|d̂†|b〉|2δ(Ea−Eb + h̄ω) f (Eb)[1− f (Ea)].

(C7)

Therefore, the net absorption rate per unit volume is defined
as Ra→b − Rb→a [99]:

R = 1

V

∑
a

∑
b

2π

h̄

E2
rad

4
|〈b|d̂|a〉|2δ(Eb − Ea − h̄ω)

× [ f (Ea) − f (Eb)], (C8)

where V is the volume of the absorptive material. This factor
has been inserted to make R intensive since the sum grows
with volume (it may look like there are two sums that grow
together like V 2, but this is not true since the occupation
functions and matrix elements together limit the domain of
the sums). The δ function enforces Eb − Ea = h̄ω, which, for
positive ω > 0, requires the transition to be from lower energy
to higher energy. R has units of inverse time (frequency) per
unit volume (which is area for two dimensions and length for
one dimension). The absorption coefficient α is defined as the
ratio of absorbed photons to incident photons

α(ω) = number of absorbed photons per unit time per unit volume

number of incident photons per unit time per unit area
. (C9)

The number of incident photons can be found using the time-
averaged Poynting vector. This gives the intensity, which is
power per unit area:

I = nrcε0E2
rad

2
, (C10)

where nr is the refractive index of the medium (the de-
pendence of which on ω is assumed weak, as usual, and
henceforth neglected), ε0 is the vacuum permittivity, and c
is the speed of light. The number of photons incident per
unit time per unit area is therefore I/h̄ω. Consequently, the
absorption coefficient is given by

α(ω) = π

nrcε0

[
ω

V

∑
a

∑
b

|〈b|d̂|a〉|2δ(Eb − Ea − h̄ω)

× [ f (Ea) − f (Eb)]

]
. (C11)

The absorption coefficient has dimension [length]2−D, where
D is the dimension of the absorptive material. We comment
in passing that the combination of fundamental constants
π/nrcε0 defines the units of Fig. 4 of the main text.
When D = 3, the absorption coefficient has units of inverse
length. When D = 2, the absorption coefficient is dimen-
sionless. Curiously, when D = 1, the absorption coefficient
has dimensions of length. As expected, α is independent of
the field amplitude. In numerical calculation, we broaden
the peaks by replacing the δ function with its Lorentzian
approximation

δ(Eb − Ea − h̄ω) → 1

π

η

η2 + (Eb − Ea − h̄ω)2 , (C12)

where η is a broadening factor. This broadening accounts for
some scattering that is inevitably present in an experiment.
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APPENDIX D: EVALUATION OF VARIOUS POSITION EXPECTATION VALUES

To compute the optical absorption, we need various position expectation values. Recalling that �(k) = L†(k)�(k) and
�(k) = V (k)†�(k), we can write �n,m(k‖, k⊥) = ∑

n′,m′ c(n,m)
n′,m′ (k⊥)ψn′,m′ (k‖, k⊥). Thus, in the band basis, the eigenfunctions

can be written explicitly as

�n,m(k‖, k⊥) = 1√
N‖

V (k‖, k⊥) exp

(
i

eE

∫ k‖

0
[D(k′

‖, k⊥) − D̄(k⊥)]dk′
‖

) ∑
n′,m′

c(n,m)
n′,m′ (k⊥)e−in′k‖a‖1m′ . (D1)

The associated states in the position basis are

|n, m, k⊥〉 = 1√
N⊥

∑
r,σ

eik⊥b̂⊥·(r+τσ )

⎡
⎣ 1√

N‖

∑
k‖

[�n,m(k‖, k⊥)]σ eik‖b̂‖·(r+τσ )

⎤
⎦ |r, σ 〉 , (D2)

where |r, σ 〉 = ĉ†
r,σ |0〉. The parallel position expectation value is

〈n′, m′, k′
⊥|r̂‖|n, m, k⊥〉 = δk′

⊥,k⊥

⎡
⎣i

∑
k‖

�
†
n′,m′ (k‖, k⊥)

∂

∂k‖
�n,m(k‖, k⊥)

⎤
⎦. (D3)

We observe that, because �n+�,m(k‖, k⊥) = e−i�k‖a‖�n,m(k‖, k⊥), we have following relations:

〈n′ + �′, m′, k⊥|r̂‖|n + �, m, k⊥〉 = i
∑

k‖

ei(�′−�)k‖a‖�
†
n′,m′ (k‖, k⊥)

∂

∂k‖
�n,m(k‖, k⊥) + �a‖δn,n′δm,m′δ�,�′ . (D4)

By using the band basis, Eq. (D3) has a nice analytic form of a Berry connection along the k‖ direction. However, there is
an alternative method to compute the parallel position expectation value that may be more computationally convenient. In this
approach, we write the parallel position operator directly in the ladder basis

r‖ = exp

[
− i

eE

∫ k‖

0
D(k′

‖, k⊥)dk′
‖

](
A‖(k‖, k⊥) + 1i

∂

∂k‖

)
exp

[
+ i

eE

∫ k‖

0
D(k′

‖, k⊥)dk′
‖

]

= − 1

eE D(k‖, k⊥) + Afull
L (k‖, k⊥) + 1i

∂

∂k‖
, (D5)

where Afull
L is the full non-Abelian Berry connection matrix in the ladder representation (which differs from AL since this only

contains the off-diagonal elements). Using Eq. (D5), the expectation values are computed simply as inner products with the
parallel position operator matrix. Although both are formally equivalent, the advantage of using Eq. (D5) over Eq. (D3) lies in
the fact that the former does not require the evaluation of a numerical derivative of �n,m(k‖, k⊥) that may necessitate a fine mesh
in order to capture possible fluctuations of the wave function in k‖.

We also need the perpendicular position expectation value. This calculation requires much more care since the en-
ergy eigenstates are plane waves in that direction, so their position expectation values might not be well-defined. We
restrict our attention to calculating only the expectation values between nondegenerate states. In general, we cannot use
i
∑

k‖ �
†
n′,m′ (k‖, k⊥) ∂

∂k⊥
�n,m(k‖, k⊥) because the wave functions have not necessarily been chosen to be continuous in that

direction. More fundamentally, if the bands are topologically obstructed, a gauge cannot be chosen that is smooth both in k‖
and k⊥. To circumvent this problem, we employ a familiar technique to calculate this position expectation value by replacing r̂⊥
with the commutation relation [r̂⊥, Ĥ] in Ref. [100]:

〈n′, m′, k′
⊥|r̂⊥|n, m, k⊥〉 = 〈n′, m′, k′

⊥|[r̂⊥, Ĥ]|n, m, k⊥〉
En,m(k⊥) − En′,m′ (k⊥)

. (D6)

The commutator is commonly evaluated as a derivative of the Hamiltonian in an appropriate representation. In our case,
[r̂⊥, Ĥ] = [r̂⊥, Ĥ0], where Ĥ0 is the Hamiltonian without the electric field, because the part containing the electric field is
proportional to r̂‖ that must commute with r̂⊥. In the orbital basis in momentum space, we have [r̂⊥, Ĥ0] = i∂k⊥H0(k‖, k⊥).
Consequently, we have

〈n′, m′, k⊥|r̂⊥|n, m, k⊥〉 = i

En,m(k⊥) − En′,m′ (k⊥)

∑
k‖

�
†
n′,m′ (k‖, k⊥)

∂H0(k‖, k⊥)

∂k⊥
�n,m(k‖, k⊥). (D7)
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Again, we have the following relation:

〈n′ + �′, m′, k⊥|r̂⊥|n + �, m, k⊥〉 = i

En,m(k⊥) − En′,m′ (k⊥) + (� − �′)eEa‖

×
∑

k‖

ei(�′−�)k‖a‖�
†
n′,m′ (k‖, k⊥)

∂H0(k‖, k⊥)

∂k⊥
�n,m(k‖, k⊥). (D8)

We note that Eq. (D7) would also work for r̂‖ by replacing ∂k⊥ with ∂k‖ , which can serve as a consistency check on these formulas.
However, Eq. (D3) is more general since it also works for computing the average parallel position of a single state.
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