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them very effective in reaching inaccessible areas, specially 
in the human body, but very difficult to visualize and track. 
Recently, microrobots have attracted a lot of attention due 
to their in-vitro and in-vivo applications such as in industry 
[3] and biomedical applications [4, 7]. Minimally invasive 
surgery and micro-object assembly can be exemplified for 
the biomedical and industrial applications, respectively.

Due to very small scale, microrobots cannot be actuated 
by a built-in power supply, and they need to be actuated 
from an external drive method such as magnetic, electric, 
optical, acoustic, chemical, and biological actuations (see 
Survey [7] for details). Hybrid actuation mechanism is also 
possible [7]. Among them, magnetic actuation has attracted 
much attention, specially in biomedical applications, due to 
deep tissue penetration and biological harmlessness [8] as 
well as invulnerability to environmental fluid [9].

Magnetic fields are typically generated by two ways: by 
permanent magnets and electromagnetic coils. Electromag-
netic coils have the major advantage that they can deliver 
varying fields without moving parts. However, permanent 
magnets can provide large fields without the use of large 
electrical currents, but they cannot be turned off with-
out moving the external magnets far from the workspace. 
Moreover, permanent magnets need additional mechani-
cal devices to control the rotation and movement, that is 

1  Introduction

Microrobots are defined as an autonomous or semi-autono-
mous systems [1] with dimension range from micrometers 
to millimeters [2]. Such properties of microrobots make 
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Abstract
This paper aims at predicting the behavior of untethered magnetic microrobotic swarm (MMS), which also include emer-
gent behaviors, from raw grayscale time-series image data. A fast dimensionality reduction algorithm for compressing 
image data set is proposed. Then based on the algorithm, an interpretable machine learning method which is based on 
Proper Orthogonal Decomposition (POD) and polynomial regression is proposed for feature extraction of compressed 
image data set and for further dimensionality reduction. The proposed method is reduced-order and purely data-driven 
not assuming any knowledge of the physics and/or interacting dynamics of MMS, which are extremely challenging to 
ascertain for systems of this nature and dimension. Finally, experimental results on several kinds of synthetic MMs show 
the effectiveness of the proposed method with less prediction error while using more dimensionality reduction than exist-
ing approaches in the literature.
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complex and may need larger spaces for operation. Thus, 
permanent magnets are not suitable for microrobot locomo-
tion in practice, whereas electromagnetic coils are practi-
cally suitable to do such task.

Electromagnetic coils can generate gradient, oscillating, 
or rotational magnetic fields to actuate magnetic microro-
bots (MMs) [10]. Gradient magnetic field can make static 
force to a MM [10], while it usually needs large magnetic 
field strength to make enough actuation force. On the other 
hand, rotational and oscillating magnetic fields are more 
efficient in actuating MMs by generating torque with low 
magnetic force strength [10]. In general, the actuated MM 
can be classified into two categories: tethered devices such 
as intravascular microcatheters and untethered devices such 
as helical swimmers [2]. Since an untethered MM must be 
powered and controlled in a wireless manner, it poses more 
challenges. Microrobots can also be classified as synthetic 
and bio-hybrid. In the former case, the microrobot is made 
of fully synthetic materials such as magnetic materials, sili-
con oxide, and metals, while in the latter case it is made of 
both biological and synthetic materials.

Microrobotics research is particularly interested in 
understanding and controlling swarm behavior [11]. From 
a practical point of view, simultaneously navigating a large 
swarm of micro/nanorobots is often of great importance, for 
example, in the delivery of therapeutic agents at appropri-
ate levels and then tracking them inside the body [12]. Dur-
ing locomotion, one MM may attach to others to form an 
unstructured larger cluster called a growing magnetic micro-
robot (GMM) whose size and dynamics are changing [13]1. 
Such behavior is called emergent behavior [1, 10, 14]. In 
this work we define behavior as the translational and rota-
tional motion of individual magnetically actuated particles 
and particle swarms, whereas emergent behavior refers to 
the structure of colloidal clusters that appear due to collec-
tive, coordinated interactions between particles and their 
surrounding environment. Hence, modeling and predic-
tion of spatio-temporal behavior of magnetic microrobotic 
swarm (MMS) in complex environments are still challeng-
ing [12, 15], while the development of automated algo-
rithms for microrobots is still an open and under-explored 
research topic [16].

An approach to predict the future behavior of microro-
botic swarm (or microswarm) is to discover the underlying 
interacting dynamics of all microrobots by using model-
based approaches. Nevertheless, since GMM dynamic 
behavior changes a lot frequently [13], such methods will 

1  We require to mention that an indeterministic state-observer based 
on micro-vision, where little information about GMM dynamic behav-
ior is needed, has been developed in [13] to track one GMM; however, 
we study MMS behavior which can include many or no GMMs with-
out any knowledge about GMM dynamic behavior.

provide prediction with more errors than what expected. 
Thus, data-driven methods are useful and practical methods 
to do so. Several investigators have probed data-driven [17, 
18] and hybrid (i.e., combined model-based and data-driven 
approaches) [19, 22] modeling of generic (i.e., macro or 
micro) multi-agent swarm where in their proposed method 
measuring position, velocity, and/or orientation of all agents 
is performed. The authors in [1] and [23] have considered 
data-driven modeling of emergent behavior of microrobots, 
where in their proposed method measuring position, veloc-
ity, and/or orientation of all microrobots is performed (note 
that in [23], velocities of MMs are calculated from a pre-
defined probability distribution).

However, it is still challenging to directly detect motion 
of one microrobot (or one GMM) since there is no onboard 
sensing, and the microrobot's movement is tracked and 
controlled by image-based, eye-to-hand (or better, eye-to-
microrobot) visual survey (called micro-vision) [13, 24–26]. 
Furthermore, dimension of such data increases dramatically 
due to very large number of microrobots in a small area. 
Recently, the authors developed a data-driven interpretable 
machine learning (ML) method in [27] to overcome such 
challenges where dimensionality reduction is performed to 
predict future time-series images. The method in [27] also 
crosses the reality gap (see [27] for details). The result in 
[27] needs each two-dimensional matrix datum to be con-
verted to one-dimensional vector datum (by concatenating 
all rows or columns of an image), and then Proper Orthog-
onal Decomposition (POD) [28, 30] is applied to the data 
matrix. The vector space model used in [27] computes 
Singular Value Decomposition (SVD) of the data matrix. 
However, the SVD computation restricts its applicability to 
matrices of small size [31].

Most existing ML methods take vector data for learning. 
If the data are in the other formats such as matrices, tradi-
tional ML methods need to convert them into vectors and 
then apply learning processes. However, this conversion can 
make serious issues: firstly, the converted vectorization data 
make vector-based methods suffer from curse of dimension-
ality for high-dimensional data [32]; secondly, it is well-
known that fast increase of number of free variables results 
in over-fitting of the learning model; thirdly, vectorization 
fails to utilize the spatial structure information embedded 
in pixels of the image [33]; fourthly, vectorization of high-
dimensional data increases computational complexity of a 
proposed learning algorithm; lastly (but not the least), the 
high-dimensional data usually contain many redundant or 
irrelevant features that can cause low efficiency and poor 
learning performance [34]. Upon review, since the result 
in [27] uses vectorization, it suffers from aforementioned 
issues as well as applicability to matrices of small size.
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Contributions  In this paper, we address the aforementioned 
issues that arise in the result in our previous work in [27]. 
Contributions of this work are summarized as follows:

	● We propose Lanczos-based Non-Iterative Gen-
eralized Low Rank Approximations of Matrices 
(Lanczos+NIGLRAM) by applying Lanczos algorithm 
[35]-[36, Subsec. 2.2] for obtaining most dominant ei-
genvectors to NIGLRAM [37] faster (related literature 
review is given in Subsection I.A below). This results 
in fast compression and feature extraction of high-di-
mensional image data set under which each datum is 
represented as a matrix and the collection of data is rep-
resented as a collection of matrices and can be applied to 
matrices of high size. Note that compression of original 
image data is not performed in [27].

	● We apply POD [28, 30] on the compressed image 
data sets to extract most dominant spatial basis func-
tions from even smaller number (compared to dimen-
sion of compressed images) of data. As mentioned in 
[31], the reconstruction (or training) error of General-
ized Low Rank Approximations of Matrices+SVD 
(GLRAM+SVD) or similarly GLRAM+POD (see Sub-
section II for details) is close to that of SVD, especially 
when the intermediate dimension in the GLRAM stage 
is large, while it has a smaller computation cost than 
SVD. Consequently, the training error of the result in 
this paper may be close to that of [27] while it has small-
er computation cost. Since we use Lanczos+NIGLRAM 
with POD on original images, the computation cost re-
duces more than that of GLRAM+SVD alone.

	● We combine polynomial regression (in time) and 
Lanczos+NIGLRAM with POD to predict the MMS be-
havior (which includes emergent behaviors) in a totally 
data-driven way without any knowledge about the phys-
ics and/or interacting dynamics of MMs.

	● We calculate both time complexity and space complex-
ity of the proposed algorithm here and those of the algo-
rithm in [27] and show that space complexity is signifi-
cantly reduced in the proposed algorithm.

	● We provide experimental results of three different syn-
thetic MMs (namely, ellipsoidal, cubic, and rod-shaped 
MMs) where the results present that the prediction error 
is less than that of our previous work in [27], while in 
some cases the training error is also less than that of [27] 
(see Examples 2–3).

1.1  Related work

There has been a dramatic increase in the availability and 
use of high-dimensional data set such as images, videos 
etc. Since direct operation on high-dimensional data set is 

computationally inefficient and in some cases impossible, 
dimensionality reduction (DR) has received much attention 
in areas such as ML and computer vision. DR has been an 
important technique to compress data representation. DR 
reduces the number of variables or features so that the under-
lying model requires fewer parameters to be represented.

Literature Review on DR of Two-Dimensional (2D) Data  The 
two-dimensional Principle Component Analysis (2DPCA) 
was proposed in [38] as an efficient technique to deal with 
2D images. A disadvantage of 2DPCA is that it can only 
work on one-sided linear transform which results in low 
compression ratio. (2D)2PCA method was developed in 
[39] which makes higher compression ration than 2DPCA. 
A disadvantage of (2D)2PCA is that it is susceptible to light-
ing intensity and shooting angles. GLRAM [31] performs 
double-sided dimensionality reduction and has higher com-
pression ration than 2DPCA and (2D)2PCA. A disadvantage 
of GLRAM is that it needs large computation due to itera-
tive procedure to compute the two-sided transformation. In 
this regard, several algorithms, briefly introduced next, have 
been proposed to reduce the large computation: 

1)	 NIGLRAM [37] where the two-sided transformation in 
GLRAM is obtained via non-iterative way by calculat-
ing some dominant eigenvectors. The authors of [37] 
did not suggest any methods to calculate eigenvectors. 
The authors of [42] noted that SVD is used in GLRAM 
to calculate eigenvectors.

2)	 Bilinear Lanczos Components (BLC) [36] where Lanc-
zos algorithm [35] to compute some dominant eigen-
vectors is used in GLRAM, where still the two-sided 
transformation is calculated in iterative way.

3)	 Thick-Restarted Bilinear Lanczos Components 
(TRBLC) [40] uses Ritz vectors to compute some domi-
nant eigenvectors to reduce outer iteration less than 
that of BLC. Thus TRBLC still calculates the two-sided 
transformation iteratively.

4)	 Simplified GLRAM (SGLRAM) [41] uses non-iterative 
algorithm to obtain the two-sided transformation in 
GLRAM by using SVD.

5)	 Randomized GLRAM [42] applies randomized SVD 
(RSVD) [43] to take place in the SVD of GLRAM, 
SGLRAM, and NIGLRAM. Since RSVD produces a 
good approximation when singular values of a matrix 
decay sufficiently rapidly, randomized GLRAM per-
forms well on such matrices. However, it still calculates 
the two-sided transformation in iterative way.

Upon review, only NIGLRAM and SGLRAM are non-iter-
ative. Since they use SVD (or Eigen-Value Decomposition 
(EVD)) for computing eigenvectors, the time complexity of 
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Algorithm 1  NIGLRAM [37].

Remark 1  The time complexity of NIGLRAM has 
been mentioned in [37] to be O(m(r × c) 3

2 ) with-
out justification/proof. But we believe that it is 
O(r3 + c3 + mc2l1 + mcrl1 + mr2c) that is still cubic 
with respect to r and c. Justification: it takes O(mr2c) time 
for computing NL and O(m(crl1 + c2l1)) time for comput-
ing NR (see also [31, Subsec. 3.3]). Since SVD is used in 
NIGLRAM for calculating eigenvectors (see [42, Sec. 1]) 
and time complexity of one SVD is cubic, it takes O(r3) 
time for computing eigenvectors of NR and O(c3) time for 
computing eigenvectors of NL. Therefore, the exact time 
complexity of NIGLRAM, with respect to r, c, and l1, is 
O(r3 + c3 + mc2l1 + mcrl1 + mr2c).

2.2  Lanczos algorithm [35]-[36, Subsec. 2.2]

Given a symmetric matrix Di ∈ Rn×n, n ∈ N, and 
an initial unit vector q1 ∈ Rn, the Lanczos algorithm 
builds an orthonormal basis of the order-k subspace, i.e., 
span{q1, Mq1, . . . , Mk−1q1}. The time complexity of the 
Lanczos algorithm is O(kn2).

Algorithm 2  The Lanczos Algorithm [36, Subsec. 2.2].

2.3  Proper orthogonal decomposition (POD) [28, 
30]

POD which is a powerful and elegant method of data analy-
sis aimed at obtaining low dimensional approximate descrip-
tions of high-dimensional processes. POD is also known as 

them is cubic, namely O(r3) where O represents big o, and 
r is the size of a square matrix. To reduce the time complex-
ity, we apply Lanczos algorithm [35]-[36, Subsec. 2.2] to 
NIGLRAM, that has not been proposed in the literature, to 
reduce the time complexity more than those of NIGLRAM 
and SGLRAM.

This paper is organized as follows. In Section 2, brief 
introduction of NIGLRAM, the Lanczos algorithm, and 
POD are provided. In Section 3, architecture of the micro-
vision platform used in this study and formulation of the 
problem considered are given. The Lanczos+NIGLRAM 
and the proposed method are presented in Seubsection 4.1 
and 4.2, respectively. Finally, the experimental results are 
provided in Section 5, followed by conclusions in Section 6.

Notations  R denotes the set of all real numbers. N denotes 
the set of all natural numbers. Rr×c represents the set of 
all real r ∈ N by c ∈ N matrices. (.)⊤ represents trans-
pose of a vector or a matrix. |.| represents absolute 
value.  span{a1, a2, . . . , am} denotes the set of all linear 
combinations of a1, a2, . . . , am. 0m represents the vec-
tor of dimension m whose elements are all zero. For any 
vector z ∈ Rn, ∥z∥2 =

√
z⊤z. Frobenius norm of a matrix 

A = [aij ] ∈ Rn×m is ∥A∥F :=
√∑n

i=1
∑m

j=1 a2
ij . In 

denotes Identity matrix of size n ∈ N.

2  Preliminaries

2.1  NIGLRAM [37]

Let {Ai}m
i=1, where Ai ∈ Rr×c, m ∈ N, r ∈ N, and 

c ∈ N, be the training data set. NIGLRAM aims to cal-
culate in non-iterative way two matrices L ∈ Rr×l1  and 
R ∈ Rc×l2 , l1 ∈ N, l2 ∈ N, with orthonormal columns and 
m matrices Mi ∈ Rl1×l2 , i = 1, . . . , m, such that LMiR

⊤ 
approximates Ai for all i, where l1 and l2 are two pre-spec-
ified parameters. In fact, L, R, and Mi solve the following 
optimization problem [31]:

min
{Mi}m

i=1,L,R

m∑
i=1

∥Ai − LMiR
⊤∥2

F

subject to L⊤L = Il1

; ; R⊤R = Il2

� (1)
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Y T Y . A computationally efficient technique to obtain the 
POD modes accurately has been developed in [44].

3  Architecture of micro-vision platform and 
problem formulation

3.1  Architecture of micro-vision platform

Similar to our previous work in [27], a micro-vision plat-
form shown in Fig. 1 (a) is developed to create MMS under 
fixed rotational magnetic field. The micro-vision platform 
contains the following parts: an inverted microscope with 
a camera, a magnetic field generator (MFG), and one PC 
performing real-time observation. The MFG system was 
controlled using custom MATLAB scripts.

The MFG system is utilized for generating rotational 
magnetic field and is composed of 8 asymmetrically 
arranged electromagnetic coils as shown in Fig. 1 (b). Simi-
lar to our previous study, the region of interest (ROI) (100 
milli-meter in diameter) is chosen at the center of the MFG 
system.

3.2  Problem formulation

Our formulation for vision-based learning of swarm behav-
ior of untethered MMs is the same as that of our previous 
work in [27]. We have a grayscale video (or time-series 
image) data set obtained from the camera for untethered 
MMs in fluid actuated by rotational magnetic field from the 
MFG system.

Precisely, we have time-series grayscale images 
Iti

∈ Rq×w, where q ∈ N and w ∈ N, captured by the cam-
era at time ti, i = 1, . . . , m, uniformly in the time interval 
[0, T], T ∈ R, namely ∆ti := ti+1 − ti, t1 = 0, tm = T, 
where ti+1 ≥ ti and ∆ti = T

m−1 , i = 1, . . . , m − 1.
The key difference between formulation of the problem 

here and that of our previous work in [27] is that image data 
are vectorized in [27], whereas they are directly used and are 
not vectorized in this paper. Under above consideration, the 
problem is to predict future images {Iti}m+P

i=m+1 for a fixed 
P ∈ N from available images {Iti

}m
i=1.

4  Main results

In this section, we propose Lanczos+NIGLRAM in Subsec-
tion 4.1, then based on the results in Subsection 4.1, we pro-
pose our method to predict MMS behaviors of untethered 
MMs from time-series image data in Subsection 4.2.

Principle Component Analysis, Karhunen-Loéve Decom-
position, Hotelling Transformation, Empirical Orthogonal 
Functions, and Singular Value Decomposition.

POD aims to decompose a function u(x, t) into a set of 
deterministic spatial functions ψk(x) modulated by time 
coefficients ak(t) so that

u(x, t) ≈
M̄∑

k=1

ak(t)ψk(x),� (2)

where M̄ ∈ N, with the reasonable expectation that 
the approximation becomes exact in the limit as M̄  
approaches infinity. The ψk(x) are the POD basis vectors 
or POD modes, and the ak(t) are their time coefficients. 
Let Y := [u1, . . . , um] ∈ Rn×m be a real-valued matrix, 
called data matrix, whose columns uj ∈ Rn, 1 ≤ j ≤ m, 
are called snapshots.

Lemma 1  [29, Theorem 3.3.1]. (POD basis) Let 
Y := [u1 , . . . , um] ∈ Rn×m  with rank d ≤ min{m, n} and 
n, m ∈ N. Moreover, let Y = ΨΣΦ⊤ be the singular value 
decomposition (SVD) of Y. Then for 1 ≤ r ≤ d, r ∈ N, the 
optimization problem

max
ψ̃1,...,ψ̃r∈Rn

r∑
i=1

m∑
j=1

|u⊤
j ψ̃i|2

subjectto ψ̃⊤
i ψ̃j = δij , ∀1 ≤ i, j ≤ r

� (3)

is being solved by the left singular vectors {ψi}r
i=1  where

δij :=
{

1, if i ̸= j.
0, otherwise.

Remark 2  Two common methods to calculate POD modes 
are via 1) SVD of Y and 2) (sorted) eigen decomposition of 

(b) Magnetic Field Generator (MFG)(a) Micro-vision platform

MFG

Camera

ROI

Lens 
region

Electro-
Magnetic
coil

Fig. 1  (a) Micro-vision platform, and (b) magnetic field generator used 
in this study
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Step 2: Predicting future compressed data in the com-
pressed domain

This step is similar to the method proposed in [27, Sub-
sec. 4.1] with one difference. The difference is that we uti-
lize the Lanczos algorithm to find leading eigenvectors here 
instead of EVD (or SVD) used in Algorithm 1 in [27].

Due to computational capacity of a processor, we are not 
able to store a compressed data matrix for any m ∈ N. Thus, 
we utilize moving window compressed data matrix for the 
prediction problem and consider small P, say 1 ≤ P ≤ 5. 
Let the processor be able to store a compressed data matrix 
of size n := l̃1 l̃2 by h, h ≤ m, h ∈ N. So our time-varying 
compressed data matrix at time ti is defined as

Xti
:= [Vti−h+1 , . . . , Vti

] ∈ Rn×h, i ≥ h,� (4)

where each compressed image M̃ti  is vectorized as 
Vti = [M̃⊤

ti,1, . . . , M̃⊤
ti,l̃2

]⊤ ∈ Rl̃1 l̃2  where M̃ti,j ∈ Rl̃1  is the 
jth, j = 1, . . . , l̃2, column of the matrix M̃ti

, i = 1, . . . , m.

Now we need to extract the most dominant basis (spa-
tial) functions of the time-varying compressed data matrix 
Xti  (defined in (4)) at time ti. Hence, according to Lemma 
1, we require to calculate r left singular vectors of Xti  
for a pre-selected r. To pre-select r, we select a threshold 
T ≥ 0, T ∈ R, on singular values of Xti , i.e., we only 
select those left singular vectors of Xti  whose correspond-
ing singular values are greater than T . Since singular values 
of both matrices Xti  and X⊤

ti
 are the same, computing the 

singular values can be efficiently performed by calculating 
square root of eigenvalues of X⊤

ti
Xti

∈ Rh×h. One way 
to select T  is T := ησti,1 for some pre-selected η ∈ [0, 1) 
where σti,1 is the largest singular value of Xti .

Once r is calculated, then we can compute the r left sin-
gular vectors of the time-varying compressed data matrix 
Xti  from Remark 2 in Subsection II.C. Precisely, the r left 
singular vectors of Xti  provide the most dominant spatial 
basis functions of the time-series image data in the time 
interval [ti−h+1, . . . , ti] in a totally data-driven way. To cal-
culate the r left singular vectors of Xti , we apply Algorithm 
2.

The SVD of Xti  is represented as Xti
= Uti

Σti
V ⊤

ti
. Let 

Ur
ti

∈ Rn×r, Σr
ti

∈ Rr×r, and V r
ti

∈ Rh×r be left r−trun-
cated of the matrices Uti

, Σti
, and Vti , respectively. Thus, 

Ur
ti

Σr
ti

V r⊤

ti
 approximates Xti . By making hypothesis that 

the solution of the underlying unknown PDE of the process 
can be written in the form of (2), we have that the jth row 
of Σr

ti
V r⊤

ti
, 1 ≤ j ≤ r, is samples of coefficient of the jth 

spatial basis (or jth column of Ur
ti

) at time ti.
It remains to predict the coefficients of the r most 

dominant spatial basis functions. One way is to utilize 

4.1  Lanczos+NIGLRAM

Algorithm 3  Lanczos+NIGLRAM
Lanczos+NIGLRAM is simply applying Lanczos algo-
rithm for computing eigenvectors in NIGLRAM. Since 
NIGLRAM is to compress the original image data set 
{Iti

}m
i=1 ∈ Rq×w to the lower dimensional space Rl̃1×l̃2 , 

we need to pre-specify l̃1 ≤ q, l̃1 ∈ N, and l̃2 ≤ w, l̃2 ∈ N. 
Lanczos+NIGLRAM aims to find two matrices L̃ ∈ Rq×l̃1  
and R̃ ∈ Rw×l̃2  with orthogonal columns and m matrices 
M̃ti ∈ Nl̃1×l̃2  such that L̃M̃ti

R̃⊤ approximate Iti . Note 
that M̃ti

= L̃⊤ItiR̃ is the compressed version of Iti  (see 
[31, Thm. 3.1] for proof). Therefore, we have Algorithm 3.

Time complexity of Lanczos+NIGLRAM  Based on Remark 1 
and Subsection II.B, time complexity of Lanczos+NIGLRAM 
is O(l̃1q2 + l̃2w2 + mw2 l̃1 + mwql̃1 + mq2w) 
which is in order of quadratic with respect to q and 
w, yet that of NIGLRAM is in order of cubic, i.e., 
O(q3 + w3 + mw2 l̃1 + mwql̃1 + mq2w).

Space complexity of Lanczos+NIGLRAM  It is the same as 
those of GLRAM and NIGLRAM, i.e., O(qw) (see also [31, 
Subsec. 3.3]).

4.2  The proposed method for predicting MMS 
behaviors

Our proposed method has three steps explained next.
Step 1: Compressing the data set
Before we compress the image data set 

{Iti
}m

i=1, we require to pre-specify the dimension of the 
compressed domain Rl̃1×l̃2 , namely we need to select 
l̃1 ∈ N, l̃1 ≤ q, l̃2 ∈ N, l̃2 ≤ w a priori. Then we apply 
Algorithm 3 to give the matrices L̃ and R̃. Consequently, 
{M̃ti

}m
i=1 where M̃ti

= L̃⊤ItiR̃ are the compressed ver-
sion of {Iti

}m
i=1, respectively.
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Algorithm 4  Proposed algorithm for predicting MMS behaviors

Step 3: Recovering the predicted future actual images 
from corresponding predicted compressed images

So far, we have been able to predict the future 
compressed images, i.e., {Mti+z }P

z=1 in Step 2. 
Ĩti+z

:= L̃Mti+z
R̃⊤, 1 ≤ z ≤ P  approximate Iti+z . The 

pseudo-code of the above method is given in Algorithm 4.

The schematic of our proposed method is similar to that 
of [27] (shown in Fig. 2 in [27]) by substituting Algorithm 4 
for Algorithm 1 in [27, Fig. 2].

Space complexity of Algorithm 4: Space complexity of 
Algorithm 4 is O(max{l̃1 l̃2h, qw}). The space complexity 
of Algorithm 1 in [27] is O(qwh) which is larger than that 
of Algorithm 4.

polynomial regression where we choose polynomial func-
tions up to degree Nj , 1 ≤ j ≤ r, (i.e., 1, t, t2, . . . , tNj ) for 
the jth column of the matrix Ur

ti
. Let Y j

ti
∈ R1×h be the jth 

row of Σr
ti

V r⊤

ti
, 1 ≤ j ≤ r. Then the polynomial regression 

problem for each Y j
ti

 is given by solving the following linear 
algebraic equations

Y j⊤

ti
=




1 ti−h+1 t2
i−h+1 . . . t

Nj

i−h+1
1 ti−h+2 t2

i−h+2 . . . t
Nj

i−h+2
...

...
...

. . .
...

1 ti t2
i . . . t

Nj

i







aj
1
...

aj
Nj+1


� (5)

for 1 ≤ j ≤ r where each aj
l , l = 1, . . . , Nj + 1, is the 

unknown coefficient of the polynomial tl−1 at time ti. Once 
(5) is solved, we can predict the coefficient of jth column 
of Ur

ti
 as

bj
ti+z

:=
Nj+1∑
l=1

aj∗

l tl−1
ti+z

, 1 ≤ z ≤ P, 1 ≤ j ≤ r,� (6)

where aj∗

l , l = 1, . . . , Nj + 1, are solutions of (5). Hence, 
the predicted compressed images at time ti+z, 1 ≤ z ≤ P, 
are calculated as

Ṽti+z
:=

r∑
j=1

Urj

ti
bj

t+z ∈ Rqw, 1 ≤ z ≤ P � (7)

where Urj

ti
 is the jth column of Ur

ti
, and Ṽti+z  need to be 

put in matrices Mti+z ∈ Rl̃1×l̃2 , 1 ≤ z ≤ P  (we use nota-
tion M for predicted compressed images M̃ti+z).
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+ qw(hl̃1 + hl̃2 + P l̃1) + l̃1 l̃2 (h2 + qh + hr + rP) + h3 + r 
max{Nj + 1}2 (h − max{Nj+1}

3 ) + max{Nj + 1}rP).

Time complexity of Algorithm 1 in [27] is 
O(h3 + qwh2 + qwhr + max{Nj + 1}2(h − max{Nj+1}

3 )

r + max{Nj + 1}rP + qwrP ) which seems to be smaller 
than that of Algorithm 4 where quadratic terms of q and w 
exist. This is the price that we need to pay for dimensional-
ity reduction in Step 1.

5  Experimental and simulation results

In this section, we apply Algorithm 4 to different kinds of 
untethered synthetic MMS in fluid to show the effective-
ness of the method to predict their swarm behaviors, spe-
cially emergent behaviors, with less prediction error than 
the method in [27], and in some cases less training error 
than that of [27] (see Examples 2–3).

Example 1  (Ellipsoidal MMs) In this example, we use the 
same data utilized in Example 1 in [27]. A droplet of 10 
µL (µ = 10−6, and L represents liter) of an ellipsoidal iron 

Time complexity of algorithm 4  From Subsec-
tion IV.A, time complexity of Algorithm 3 is 
O(l̃1q2 + l̃2w2 + hw2 l̃1 + hwql̃1 + hq2w). Since 
L̃⊤(Itj

R̃) has time complexity O(l̃1ql̃2 + qwl̃2), the first 
For loop’s time complexity is O(hl̃1ql̃2 + hqwl̃2). The 
second For loop’s time complexity is h. Time complex-
ity of calculating X⊤

ti
Xti  is O(h2 l̃1 l̃2). Since we need to 

compute all eigenvalues of X⊤
ti

Xti , the time complexity is 
O(h3). Calculating the singular value of Xti  (which are the 
square root of eigenvalues of X⊤

ti
Xti ) as well as the third 

For loop have time complexity of O(h). Time complexity of 
Algorithm 2 is O(rh2). Time complexity of Xti(V r

ti
Σr−1

ti
) 

is O(hr2 + l̃1 l̃2hr). The fourth loop has time complex-
ity r. Assuming Nj ≤ h, j = 1, . . . , r, (which is realistic 
assumption, see the examples), time complexity of the fifth 
For loop is O(r max{Nj + 1}2(h − max{Nj+1}

3 )) (see 
Table C.2 in [45] for QR factorization). Time complex-
ity of the sixth For loop is O(max{Nj + 1}rP ). Time 
complexity of seventh For loop is O(l̃1 l̃2rP ). Time 
complexity of the last For loop (where L̃(Mti+z

R̃⊤)) 
is O(P (qwl̃1 + l̃1 l̃2w)). Therefore, the time complex-
ity of Algorithm 4 is O(q2(l̃1 + hw)  +  w2(l̃2 + hl̃1) 

Fig. 2  Ground truth of first prediction 
image for Trial 1 in Example 1 (i.e., 301st 
image)
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and P = 5. We do not show the 1st, 100th, and 200th train-
ing images since they appear in [27, Figs. 3-4]. Note that 
∥Iti

∥F = ∥vectorized(Iti
)∥2. Therefore, error(z) here and 

in [27] are the same.
We consider two same trails as in [27], i.e., 

Trial 1 and Trial 2, where the results are simu-
lated by MATLAB R2023b. Training errors (i.e., 
E := 1

300
∑300

i=1 ∥Iti
− L̃M̃ti

R̃⊤∥2
F ) are shown in Tables 1 

and 2 for Trails 1 and 2, respectively. As seen in Tables 1 and 2, 
the training errors of the method in [27] are smaller than those 
of here. We use average (per pixel) Frobenius norm for calcu-
lating the error between ground truth image and the predicted 

one, i.e., error(z) := ∥It300+z −Ĩt300+z ∥F

1608×1608 , z = 1, . . . , 5. 
errors(z), z = 1, . . . , P, for Trails 1 and 2 are presented 
in Tables 3 and 4, respectively. We provide mean and 
standard deviation of the error {ei := ∥Iti

− Ĩti
∥F }305

i=301 
in Table 5. We also provide prediction error 
P := 1

5
∑305

i=301 ∥Iti
− L̃Ĩti

R̃⊤∥2
F  in Table 6. As seen from 

Tables 3-6, Algorithm 4 provides less prediction error than 
the method in [27] while space complexity is significantly 
reduced. We show the predicted images in Trails 1 and 2 
where z = 1 in Figs. 2-4 and 5-7, respectively. One reason 
to justify the results in Tables 1-6 is that vectorization of 

oxide Fe2O3 (or hematite), where the particles were sus-
pended in water, was sandwiched between two glass slides 
separated by a spacer (height=120 micro meter) at the temper-
ature of 71 degree Fahrenheit (or 21.66 degree Celsius). The 
ellipsoidal hematite particles have long axis and short axis 
lengths of 1.4 and 1 micro meter, respectively. The particles 
sediment to the surface of experimental chamber as they are 
density mismatched (ρhematite = 5.15 grams/centimeter3

=5.15 ×103 kg
m3 ) and the experimental observations are car-

ried out at the sedimentation plane. A circularly polarized 
external rotating magnetic field is applied in the x − y plane 
with magnitude B0=10 milli-Tesla and frequency f = 20 
Hertz, i.e., B = B0(cos(40πt)−→x + sin(40πt)−→y ) where t 
represents time. The hematite colloids experience a torque 
in the rotating magnetic field causing them to spin on the 
surface. The interactions between the spinning colloids are 
mediated by the fluid and the hydrodynamic interactions 
lead to emergent behavior, including the formation of large 
circulating clusters.

Dynamics of the active system are captured at 
20 frame per second using a CMOS camera, i.e., 
∆ti = 0.05, i = 1, . . . , 300, second. The size of images 
are q = 1608 by w = 1608 pixels, and the intensity of each 
pixel is between 0 and 1. We use h = 300 images for training 

Fig. 3  Predicted image at z = 1 by the 
proposed method where l̃1 = l̃2 = 50 for 
Trial 1 in Example 1. Ground truth image 
is shown in Fig. 2
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matrices makes over-fitting (see Section 1) and provides 
more error for prediction.

Example 2  (Cubic MMs) In order to demonstrate the gener-
ality of our modelling to different geometries of MMs, we 
fabricate cuboidal iron oxide colloidal particles (with length 
of one edge of the cube to be 1 micro meter) using a similar 
synthesis process as ellipsoidal particles [46]. An identical 
experimental set-up as Example 1 is used and a circularly 
polarized rotating magnetic field is applied in the x-y plane 
with magnitude B0 = 10 milli-Tesla and frequency f = 20 
Hertz. Similar to ellipsoidal particles, cuboidal particles 
form circulating clusters over time, but the formed clusters 
are smaller in size compared to ellipsoidal particles due to 
the difference in hydrodynamic interactions. Dynamics of 
the active system are captured at 10 frame per second using 
a CMOS camera, i.e., ∆ti = 0.1, i = 1, . . . , 300, second. 
The size of images are q = 1608 by w = 1608 pixels, and 
the intensity of each pixel is normalized to be between 0 
and 1.

Similar to Example 1, we use h = 300 images for train-
ing and P = 5. We show the 1st, 150th, and 301th images 
in Figs. 8-10 (note that due to slow evolution, we do not 
provide 300th image since it is very similar to the 300th 
image). Training error E , error(z), mean and standard devia-
tion of the Error {ei}305

i=301, and prediction error P  are 
shown in Tables 7, 8, 9, and 10, respectively. As seen from 
Tables 8-10, Algorithm 4 provides less prediction error than 
the method in [27] while space complexity is significantly 
reduced. For the case l̃1 = l̃2 = 500, the results show that 
both training and prediction errors are less than those of the 
results in [27]. We show the predicted images where z = 1 
in Figs. 11-13.

Example 3  (Rod-shaped MMs) As we have seen from 
Example 1 and 2, the collective dynamics of rotating mag-
netic colloidal systems is dependent on the geometry of the 
constituent particles. Using a variation of the synthesis pro-
cess used to fabricate ellipsoidal and cuboidal particles, we 

Table 1  Training Error of Trial 1 in Example 1
E  for l̃1 = l̃2 = 50 E  for l̃1 = l̃2 = 100 [27] (see [31, Thm. 2.1])

1.9271 × 104 1.7343 × 104 2.7687 × 103

Table 2  Training Error of Trial 2 in Example 1
E  for l̃1 = l̃2 = 50 E  for l̃1 = l̃2 = 100 [27] (see [31, Thm. 2.1])

2.3502 × 103 1.6413 × 103 1.3452 × 103

Table 3  error(z) of Trial 1 in Example 1 for η = 1
200  and 

Nj = 10, j = 1, . . . , r

z r = 4, l̃1 = l̃2 = 50r = 7, l̃1 = l̃2 = 100r = 112 in [27]

1 0.052 × 10−3 0.049 × 10−3 0.063 × 10−3

2 0.057 × 10−3 0.055 × 10−3 0.083 × 10−3

3 0.069 × 10−3 0.068 × 10−3 0.109 × 10−3

4 0.065 × 10−3 0.065 × 10−3 0.129 × 10−3

5 0.095 × 10−3 0.096 × 10−3 0.168 × 10−3

Table 4  error(z) of Trial 2 in Example 1 for η = 1
100  and 

Nj = 8, j = 1, . . . , r

z r = 7, l̃1 = l̃2 = 50r = 10, l̃1 = l̃2 = 100r = 23 in [27]

1 0.2100 × 10−4 0.2162 × 10−4 0.2448 × 10−4

2 0.2154 × 10−4 0.2352 × 10−4 0.2858 × 10−4

3 0.2171 × 10−4 0.2492 × 10−4 0.3222 × 10−4

4 0.2237 × 10−4 0.2724 × 10−4 0.3680 × 10−4

5 0.2317 × 10−4 0.2988 × 10−4 0.4164 × 10−4

Table 5  Mean and Standard Deviation of the Error {ei}305
i=301 in 

Example 1

{ei}305
i=301 l̃1 = l̃2 = 50 l̃1 = l̃2 = 100 [27]

Trial 1 176.09 ± 43.99 173.18 ± 46.25 287.08 ± 105.20
Trial 2 56.77 ± 2.16 65.76 ± 8.33 84.66 ± 17.41

Table 6  Prediction Error P  in Example 1

P l̃1 = l̃2 = 50 l̃1 = l̃2 = 100 [27]

Trial 1 3.2559 × 104 3.1704 × 104 9.1271 × 104

Trial 2 3.2267 × 103 4.3811 × 103 7.4110 × 103

Fig. 4  Predicted image at z = 1 by the proposed method where 
l̃1 = l̃2 = 100 for Trial 1 in Example 1 (see Table 3 for details). 
Ground truth image is shown in Fig. 2
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Fig. 6  Predicted image at z = 1 by the pro-
posed method where l̃1 = l̃2 = 50 for Trial 2 
in Example 1. Ground truth image is shown in 
Fig. 5

 

Fig. 5  Ground truth of first prediction image 
for Trial 2 in Example 1 (i.e., 301st image)
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Fig. 8  Ground truth of first training image in 
Example 2
 

Fig. 7  Predicted image at z = 1 by the pro-
posed method where l̃1 = l̃2 = 100 for Trial 2 
in Example 1 (see Table 4 for details). Ground 
truth image is shown in Fig. 5
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Fig. 10  Ground truth of 301st image in 
Example 2
 

Fig. 9  Ground truth of 150th training image in 
Example 2
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Again, we use an identical experimental set-up to Exam-
ples 1 and 2, and apply the same rotating magnetic field in 
the x-y plane with magnitude B0 = 10 milli-Tesla and fre-
quency f = 20 Hertz. However, unlike the case of ellipsoidal 
(Example 1) and cuboidal (Example 2) particles, we do not 
observe any cluster formation even after t = 300s. Closer 
observation reveals that while rotating rod shaped particles 
interact with each other hydrodynamically the two-particle 
coupling is much weaker than in the case of ellipsoidal and 
cube-shaped particles leading to sparse system without cir-
culating clusters.

Dynamics of the active system are captured at 
30 frame per second using a CMOS camera, i.e., 
∆ti = 1

30 , i = 1, . . . , 300, second. The size of images are 
q = 1608 by w = 1608 pixels, and the intensity of each 
pixel is between 0 and 1. Similar to Examples 1 and 2, we 
use h = 300 images for training and P = 5. We show the 
1st, 150th, and 301th images in Figs. 14-16 (note that due 
to slow evolution, we do not provide 300th image since it is 
very similar to the 301th 300th image).

Similar to Examples 1 and 2, training error E , error(z), 
mean and standard deviation of the Error {ei}305

i=301, and 
prediction error P  are shown in Tables 11, 12, 13, and 14, 
respectively. As seen from Tables 11-14, Algorithm 4 pro-
vides less prediction error than the method in [27] while 

fabricate rod shaped particles with long axis and short axis 
lengths of 1 micro meter and 0.25 micro meter, respectively. 

Table 7  Training Error in Example 2
E  for l̃1 = l̃2 = 300 E  for l̃1 = l̃2 = 500 [27] ([31, Thm. 2.1])

5.0118 × 103 1.3088 × 103 1.4695 × 103

Table 8  error(z) in Example 2 for η = 1
150  and Nj = 5, j = 1, . . . , r

z r = 9, l̃1 = l̃2 = 300r = 11, l̃1 = l̃2 = 500r = 13 in [27]

1 0.5315 × 10−4 0.0517 × 10−3 0.0518 × 10−3

2 0.5692 × 10−4 0.0570 × 10−3 0.0575 × 10−3

3 0.6101 × 10−4 0.0625 × 10−3 0.0634 × 10−3

4 0.6533 × 10−4 0.0683 × 10−3 0.0694 × 10−3

5 0.7000 × 10−4 0.0744 × 10−3 0.0759 × 10−3

Table 9  Mean and Standard Deviation of the Error {ei}305
i=301 in 

Example 2

l̃1 = l̃2 = 300 l̃1 = l̃2 = 500 [27]

{ei}305
i=301

158.45 ± 17.23 162.33 ± 23.19 164.40 ± 24.61

Table 10  Prediction Error P  in Example 2

l̃1 = l̃2 = 300 l̃1 = l̃2 = 500 [27]

P 2.5345 × 104 2.6782 × 104 2.7515 × 104

Fig. 11  Predicted image at z = 1 by the pro-
posed method in [27] in Example 2. Note that 
the ground truth image is shown in Fig. 10
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Fig. 13  Predicted image at z = 1 by the 
proposed method where l̃1 = l̃2 = 500 in 
Example 2. Note that the ground truth image is 
shown in Fig. 10

 

Fig. 12  Predicted image at z = 1 by the 
proposed method where l̃1 = l̃2 = 300. in 
Example 2. Note that the ground truth image is 
shown in Fig. 10
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Fig. 15  Ground truth of 150th training image 
in Example 3
 

Fig. 14  Ground truth of first training image in 
Example 3
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space complexity is significantly reduced. For the case 
l̃1 = l̃2 = 400, the results show that both training and pre-
diction errors are less than those of the results in [27]. We 
show the predicted images where z = 1 in Figs. 17-19.

6  Conclusions

In this paper, we considered the problem of predicting 
magnetic microrobotic swarm’s behaviors, including emer-
gent behaviors of untethered magnetic microrobots, from 
time-series image data. We proposed Lanczos+NIGLRAM 
algorithm for dimensionality reduction with lower time 
complexity than existing methods in the literature. Then 
we used the Lanczos+NIGLRAM algorithm to compress 
the image data set. Next we applied POD on compressed 
image data to extract the most dominant spatial basis func-
tions and predict the future compressed image data. The 
proposed approach is an interpretable ML method which is 
able to cross the reality gap. It is also reduced-order and 
totally data-driven without knowing any knowledge about 
the physics and/or interacting dynamics of MMs. Finally, 
several experimental results were provided in order to show 
the effectiveness of the result and its advantages.

Table 11  Training Error in Example 3
E  for l̃1 = l̃2 = 200 E  for l̃1 = l̃2 = 400 [27] ([31, Thm. 2.1])

2396.2 476.1 1659.0

Table 12  error(z) in Example 3 for η = 1
300  and Nj = 2, j = 1, . . . , r

z r = 59, l̃1 = l̃2 = 200r = 69, l̃1 = l̃2 = 400r = 73 in [27]

1 0.5856 × 10−4 0.5850 × 10−4 0.5850 × 10−4

2 0.5993 × 10−4 0.6001 × 10−4 0.6002 × 10−4

3 0.6147 × 10−4 0.6165 × 10−4 0.6166 × 10−4

4 0.6347 × 10−4 0.6372 × 10−4 0.6374 × 10−4

5 0.6438 × 10−4 0.6466 × 10−4 0.6468 × 10−4

Table 13  Mean and Standard Deviation of the Error {ei}305
i=301 in 

Example 3

l̃1 = l̃2 = 200 l̃1 = l̃2 = 400 [27]

{ei}305
i=301

159.17 ± 6.22 159.55 ± 6.58 159.58 ± 6.60

Table 14  Prediction Error P  in Example 3

l̃1 = l̃2 = 200 l̃1 = l̃2 = 400  [27]

P 2.5369 × 104 2.5492 × 104 2.5502 × 104

Fig. 16  Ground truth of 301st image in 
Example 3
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Fig. 18  Predicted image at z = 1 by the 
proposed method where l̃1 = l̃2 = 200 in 
Example 3. Note that the ground truth image is 
shown in Fig. 16

 

Fig. 17  Predicted image at z = 1 by the pro-
posed method in [27] in Example 3. Note that 
the ground truth image is shown in Fig. 16.
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