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Nonintegrable many-body quantum systems typically thermalize at long times through the mechanism of
quantum chaos. However, some exceptional systems, such as those harboring quantum scars, break thermaliza-
tion, serving as testbeds for foundational problems of quantum statistical physics. Here, we investigate a class
of nonintegrable bond-staggered models that is endowed with a large number of zero-energy eigenstates and
possesses a non-Abelian internal symmetry. We use character theory to give a lower bound on the zero-energy
degeneracy, which matches exact diagonalization results and is found to grow exponentially with the system
size. We also show that few-magnon zero-energy states have an exact analytical description, allowing us to build

a basis of low-entangled fixed-separation states, which is stable to most perturbations found in experiments. This
remarkable dynamical stability of special states elucidates our understanding of nonequilibrium processes in

non-Abelian chaotic quantum models.

DOI: 10.1103/rsm1-hzc3

Introduction. The concept of nonintegrability is closely
associated with the thermalization of all eigenstates of a
many-body quantum system, alongside their complex chaotic
behavior [1-4]. At long times, the average properties of such
systems can be described using the microcanonical ensemble
of statistical mechanics, effectively erasing all information
about initial conditions to local observables [1,5,6]. Despite
this statistical description, nonintegrable models remain an-
alytically intractable [7-9]: Unlike integrable systems, they
lack an extensive set of local integrals of motion (see the
methodology of Ref. [10] and its subsequent applications
[11-13]), leaving numerical treatments our primary source of
understanding.

However, certain nonintegrable models have recently been
found to defy such a statistical description. Examples include
systems with many-body quantum scars [14-22], which are
atypical states within the spectrum that violate the eigenstate
thermalization hypothesis and sometimes can be constructed
exactly. Often these are characterized by low entanglement,
but sometimes occur with volume-law entanglement [23-26].
These out-of-equilibrium states are gaining interest as their
anomalous dynamics may provide useful resources for state
preparation, dynamical control, and quantum simulation on
programmable quantum platforms [27-30].
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Interestingly, the existence of degenerate manifolds can
also signify potential analytical tractability, with applications
spanning low-energy physics [31], the order by disorder
mechanism in frustrated magnetism [32-35], and fault-
tolerant quantum computation [36-38]. Specifically, zero-
energy degeneracy (ZED) plays a crucial role in topological
phases [37,39,40], where it informs about the dimension of the
ground-state manifold, thereby revealing the quantum infor-
mation capacity of the topologically protected state. Typically
arising due to symmetry, zero-energy eigenstates have been
recently studied in the celebrated PXP model in the context
of thermalization [17]. These PXP zero-energy states exhibit
several interesting properties, including area-law entangle-
ment [18], stability in experimental setups [41], and being
building blocks for quasiparticle excitations [18,42]. Further-
more, certain lattice gauge theory models are endowed with
constructible zero-energy many-body quantum scars [43—45].

This raises questions about whether zero-energy subspaces
in other models [46] might demonstrate analogous fascinating
characteristics. Of particular interest would be an exploration
of models with complex internal symmetries that have not
been studied before. In this Letter, we investigate a class of
nonintegrable bond-staggered (alternating) spin chains that
possesses a non-Abelian internal symmetry. These models
have attracted both theoretical [47—49] and experimental
[50,51] interest due to their connection to Haldane spin chains
and resemblance to the Su-Schrieffer-Heeger model. Here,
we employ character theory to obtain null-space degeneracies
within each symmetry sector, which we find to be scal-
ing exponentially with the system size. Through symmetry
considerations, we are able to construct a nontrivial exact
zero-energy basis, serving as a few-body scarred subspace.
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FIG. 1. (a) Spatial symmetries of the bond-staggered Heisenberg
chain of size L = 10: reflection symmetry o (blue) and translation
= (green). (b) Level statistics for L = 22, § =0, S7, = 0, showing a
chaotic behavior of the ratio of consecutive level spacings r (Gaus-
sian orthogonal ensemble distribution). Integrable models follow the
Poisson distribution. To improve the statistics, the results are gath-
ered for all constant momenta sectors 0 < k < . (c) Representation
theory of D,; for L = 16. Each representation labeled by integer
momentum « is coupled by the antisymmetry group .A (red and blue
lines).

This fixed-separation basis possesses low entanglement and is
remarkably stable to experimental perturbations. These results
push our current understanding of the dynamical stability of
special states in non-Abelian chaotic models.

Model. Consider a class of bond-staggered Heisenberg spin
chains defined on a periodic lattice of L sites,

L
H = Z(—l)" Si-Siy1 +V (1a)

i=1

1 .
=3 D (=1) sWaPG 41y + V., (1b)

where S; = (§7, S';', S§%) is the vector of spin-half operators and
V is any perturbation that preserves the symmetries of the
model, as defined below. The presence of the perturbation
term makes our results generic while allowing for investi-
gations of stability against external disruptions. The second
equality allows us to interpret the Hamiltonian as a collec-
tion of SWAP gates, which will prove useful in subsequent
analysis. The model is endowed with a non-Abelian SU(2)
total spin symmetry and the total spin conservation in any
direction [U(1) symmetry]; without a loss of generality, we
consider conservation of S, = ), S7. This forms the internal
symmetry group G. The Hamiltonian (1a) anticommutes with
the translation operator T and commutes with translation by
two sites, T2, and with bond-reflection symmetry, o . Together,
these form the spatial symmetry group of the model, the
dihedral group Dy, illustrated in Fig. 1(a). We term the Dy,
group generated by 7 and o the antisymmetry group .A.

Previous research [52,53] has implied that staggering the
interaction term is responsible for breaking the integrability
of the Heisenberg chain. We show this explicitly through level
statistics for the periodic model with V = 0 by resolving all its
symmetries. We write the Hamiltonian in the fixed momentum
magnon basis [54], which resolves S5, and 72. 8 is resolved
by comparing the spectra of two consecutive values of S,
while o is diagonalized directly. We then plot the distribution
of the ratio of consecutive level spacings r [55] in Fig. 1(b),
which we find to match the prediction for the Gaussian or-
thogonal ensemble (GOE) of random matrix theory [56]. This
implies the model is chaotic, strongly suggesting its noninte-
grability. Moreover, the distribution exhibits level repulsion at
r = 0, while if the model had some remaining symmetries or
was integrable, repulsion would be absent and the histogram
would resemble the Poisson distribution.

Zero-energy states enforced by the symmetry. Through
symmetry considerations, we calculate the lower bound
on the null-space dimension of the Hamiltonian and com-
pare the result with exact diagonalization. The intuition for
why the symmetry can inform about ZED is as follows. Con-
sider any Hamiltonian H that anticommutes with some unitary
operator A, thus implying a symmetric spectrum (E +— —E).
Suppose that A has only real eigenvalues, =1, with multiplici-
ties my and m_. In the eigenbasis of A, the Hamiltonian takes
ablock off-diagonal form, consisting of blocks of sizes (m x
m_). Consequently, H> = H'H becomes block diagonal, sep-
arating into two sectors of A, with dimensions (m x m) and
(m_ x m_), both necessarily of the same rank. If there is an
imbalance between m, and m_, then the null space of H>
(and consequently the null space of H) is at least |m, — m_]|
dimensional [57]. Note that ZED may be larger if both sectors
contain zero-energy states. However, if the model is chaotic,
the lower bound is expected to be saturated.

This idea is refined when the anticommuting operator is
part of a larger antisymmetry group. We find that the .4
sectors are paired by the action of H as (1) one-dimensional
irreducible representations labeled by momenta k = 0 and
k = m with the same reflection eigenvalue s = £1 and (2)
the two-dimensional irreps with momenta k and (7 — k),
with k = 2m« /L, where k = 1,...,L/2 — 1 [see Fig. 1(c)].
Hence, ZED is bounded by

L(L—2)/4]
Z2 ) imos—mipsl+2 Y Ime—mpl, ()
s=+1 k=1

where m, ; are the multiplicities of the antisymmetry repre-
sentation labeled by («, s), with the s label suppressed in the
second sum as it is forced by «. This is enhanced by internal
symmetries, which cause the computation to be performed in
each G sector separately.

We can calculate these symmetry-resolved multiplici-
ties using character theory [58,59]. The character function
Xp(g) = tr(p(g)) is a function that identifies a representa-
tion p. Specifically, we take the character function for the
representation on the full Hilbert space H and we use the
Schur orthogonality relations for the natural inner product:
The multiplicity of each irreducible representation within that
full representation is the inner product of the irrep character
and the character of the full representation. Due to the product
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TABLE I. Zero-energy degeneracy Z of the bond-staggered Heisenberg model as a function of total spin quantum number S and system
size L, from numerics. The numbers in parentheses are from the character theory (absent if theory matches numerics). Extra zero-energy states

are highlighted in bold font.

L $=0 1 2 3 4 5 6 7 8 9 10 11 Total

4 0 1 1 8

6 3 3 1 1 24

8 0 6(2) 2 1 1 44 (32)
10 10 10 7 7 1 1 144
12 2(0) 7 7 4 4 1 1 146 (144)
14 37 (35) 35 27 27 11 11 1 1 714 (712)
16 4(0) 14 14 14 14 6 6 1 1 516 (512)
18 126 126 102 102 52 52 15 15 1 1 3224
20 0 50 50 48 48 31 31 8 8 1 1 2208
22 462 462 390 390 225 225 85 85 19 19 1 1 14136

structure of the group we are interested in, we can write
this full character as a function of g € A and 6 € G. This
allows the inner product to be taken in two steps, first over
the spatial part to produce F; (0) = (X,;f‘s(g), X1 (g 0))A-
Note that X,fs(a”t“):d,(s” cos(2mku/L), where d, €
{1,2} is the dimensionality of irrep x (see the Supple-
mental Material [60]). Second, over the internal sym-
metry group to extract the multiplicity of an individual
representation,

M55 = (Xs(0), Fes(0)) g, 3

where § labels the total spin sector. Note that one does not
need to resolve Si,, as it only acts inside each SU(2) repre-
sentation.

Now, viewing g as a permutation of sites, we can use its
decomposition into cycles of sites,

[T twaz0) = ][t 0],

yecycles of g 1
“)

where ¢;(g) is the [-cycle index of g that counts the number
of cycles of length [ in g, see Supplemental Material [60].
The final trace appearing in Eq. (4) is over a system of size
[ (Hilbert space #;) and we call this the /-cycle character
function. Analogously to its use for the single-site translation,
we use T here to refer to the generator of the cyclic group
within each cycle.

At this point, we specialize to the main internal symmetry
of interest, SU(2). The character function for the irreducible
representation of spin S is XSSU(z)(Q) = sin[(2S + 1)0]/ sin b
[58], and this forms a basis for the space of character func-
tions. Pointwise operations on these produce a ring, known
variously as the character ring or representation ring, and are
equivalent to the fusion rules of SU(2) [61]. This equivalence
takes the tensor product of representations to pointwise mul-
tiplication of characters and direct sum to addition, producing
equations such as Xls/g(z) Xls/lé(Z) = )(g e 4 X 1s Y@ from the fu-
sion rules of SU(2). The character function for the / cycle
evaluates to

x1(8,0) =try g6 =

try(16) = 2 cos 16 = XIS/‘ZJ@)(@) - X;‘j?{(e). 5)

Finally, we perform polynomial-complexity arithmetic in this
ring, see Supplemental Material [60], and combine Egs. (2)—
(5) to compute the zero-energy degeneracies in any sector.

We compare the number of zero-energy eigenstates pre-
dicted by the character theory with the exact diagonalization
results for V = 0 in Table I and find an almost exact match, ex-
cept for a few extra zero-energy states for small system sizes,
see Supplemental Material [60]. This additional degeneracy is
most likely accidental, occurring due to small symmetry sec-
tor size, rather than from an unresolved symmetry, for which
we see no evidence. The degeneracy can be lifted with the
addition of a perturbation, suchas V = 1) (-1 )'S; - Siy3 for
a generic perturbation strength A, while respecting the symme-
tries. Another interesting finding is a correspondence between
multiplicities in sectors {S = L/2 — 2n, k, s} and {S — 1, 7 —
k, —s}, which we observe in character theory results across
all available system sizes (up to L = 42). We note, however,
that this correspondence is a mathematical property coming
from the arithmetic of the cycles in Eq. (5), and does not
imply the existence of a simple operator that maps states
between the two sectors.

We observe that the ZED grows exponentially with a rate
half that of the state space dimension, In Z ~ In(2%/?) (see
Fig. 2). Interestingly, a similar system size dependence has
been seen previously in the PXP model [17]. The significant
fraction of zero-energy states comes from the k = 0 and k =
7 sectors (the one-dimensional representations), which can
be shown to follow Z > 2L/2+1 see Supplemental Material
[60]. This simple prediction works especially well when L is
a power of 2, for in that case the character-theoretic zeros are
only found in these sectors. Similarly, as seen in the inset of
Fig. 2, for L = 4n, there are relatively few additional zeros,
while for L = 4n + 2, other sectors contribute substantially
more.

Exact zero-energy basis. This exponentially large null
space predicted by the character theory motivates our search
for special analytically tractable states. Remarkably, we find
that certain zero-energy states can be expressed in a closed
form. In the following, we demonstrate how to construct a
basis for two-magnon states, where the constant number of
magnonic excitations is Nmag = L/2 — S,. The case of zero
and one magnons is trivial, as there exists up to one zero-
energy state per symmetry sector.
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FIG. 2. Zero-energy degeneracy Z as a function of the system

size for the numerical results and character theory. The dashed line is

the state space dimension of 2, while the dotted line shows 25/2+1,
The inset shows Z/25/2,

We use the computational basis with defined magnon posi-
tions and assume the system size is divisible by 4. Using the
action of A, we partition this basis into orbits, Orb 4(r,) =
{g|ry) : Vg € A}. Each orbit comes from a representative ele-
ment |r,), where the magnons have a defined separation x > 1,
which uniquely identifies an orbit. Then within an orbit, we
can produce a basis for the one-dimensional representations
with character theory, creating symmetrized states

= MZx(g)glr )

6
A ©

7 X)
geA

Each orbit contains a so-called O representation denoted by
Xo, which sets x (t) = +1 and gives an orbit-dependent sign
for x (o). Every orbit, except for the orbit with separation
L/2, has a so-called m representation denoted x,, which
sets x(r) = —1 and again gives an orbit-dependent sign
for x(o). The reflection-parity signs are irrelevant for the
fixed-separation states, justifying suppressing them from the
notation.

Consider the action of H in the form of Eq. (Ib) with
V = 0 upon some representative element |r,,) with even sep-
aration, where n =1, ..., L/4. Applying a SWAP that is not
incident on either magnon leaves the representative invariant,
because there are just as many such positive and negative
SWAPS. Hence, (r2,; xo| H |r2,) = 0. If we use a SWAP to move
one of the magnons to the left, we increase the separation,
and for the other magnon, this happens if we SWAP it to the
right. Because their initial separation is even, these SWAPS
have opposite signs; hence, (rz,+1; xol H |r2,) = 0, since the
contributions will destructively interfere. A similar argument
can be used to show that odd separation representatives satisfy
(rans1s X | H [rang1) = 0 and (r2,42; x| H |r2p41) = 0. Com-
bining these results, we obtain

Hlrpxz) =0 forn=1,...,L/4, (7a)
H |ryuq15%0) =0 forn=1,..., [(L—-2)/4]. (7b)

Since the orbits are disjoint, this describes (L/2 — 1) mutu-
ally orthogonal zero-energy eigenstates. The final zero-energy
state comes from the uniform superposition in the computa-
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FIG. 3. (a) Entanglement entropy S,y for the states of constant
separation |r,; x ). (b) Loschmidt echo M (¢) for chain of size L = 32,
with magnon separations x = 2 (left) and x = 3 (right). The strength
of perturbation terms is A = 0.1 (dashed lines) and A = 1.0 (solid
lines).

tional basis, which is part of the maximum spin multiplet.
In conclusion, when L is a multiple of 4, we can construct
an exact basis for all L/2 zero-energy eigenstates in the one-
dimensional irreps of A.

Entanglement and stability of the fixed-separation ba-
sis. Given their analytical tractability, we inquire whether
these zero-energy states are endowed with interesting
physical properties, such as being interacting quantum scars.
We discover that the states with fixed magnon separation ex-
hibit an area-law von Neumann entanglement entropy scaling
[see Fig. 3(a)], see Supplemental Material [60], whose value
approaches In 2 in the infinite-volume limit. Conversely, if the
separation scales linearly with the system size, the entropy
behaves as expected for a generic state in a two-magnon
sector, i.e., ~InL.

Surprisingly, the proposed basis is exceptionally stable to
external perturbations. Consider the following terms that may
naturally arise in experimental setups [62—-66]: external field,
staggered field, Ising interaction, and extended Heisenberg
interaction. We assess the stability of each state by measuring
the Loschmidt echo at time 7,

M(t) = | (| HotHV ) gmiHo=2 V)0 |y 2 ®)

where V is the perturbation in question and A is its strength.
We use representative examples of even/odd separation states
to be those of x =2 and x = 3, respectively. In each class,
the qualitative behavior is the same. As shown in Fig. 3(b),
we find that the basis is remarkably stable: States of even
separations are only unstable to the staggered field and ) _, S; -
S:1», while odd-separation states are unstable to Heisenberg-
type interaction terms. This implies that one can form a
stable fixed-separation basis of zero-energy states, which can
be used to encode some initial quantum information. This
information is then preserved for a long period of time
if the strength of the destabilizing perturbations is small.
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Interestingly, the Loschmidt echo for the staggered field per-
turbation shows an unusually strong revival att ~ 1, A = 1.0,
implying that one can recover the initial state even if the
additional term generally destroys the coherence of the state.

Discussion. In this Letter, we have investigated a class
of bond-staggered Heisenberg models. Despite their rela-
tive simplicity as two-body Hamiltonians, they exhibit rich
physics, including a large number of zero-energy states.
Through symmetry considerations, we provided the lower
bound on the zero-energy degeneracy, showing that the null
space grows exponentially with the system size. Further-
more, we constructed exact analytical formulas for up to
two-magnon solutions using character theory. This fixed-
separation zero-energy basis exhibits low entanglement and
remarkable stability when subjected to perturbations that nat-
urally occur in experiments.

This research opens up several exciting future directions.
First, can a zero-energy basis composed solely of area-law
states be constructed? States formed using Bethe ansatz
methods usually exhibit low entanglement and are plausible
candidates [67,68]. Second, do exact constructions beyond
two-magnon states exist? So far, we see no immediate way
to extend the character-theory-based fixed-separation method
to a larger number of magnons. Most interesting would be
the existence of nontrivial closed-form states in the largest
symmetry sector, or with volume-law entanglement. Indeed,
the presence of exponentially large null space may signify a
hidden integrable structure, such as towers of states, possibly
amendable to complementary analytical treatments. Finally,
novel construction methods could be leveraged to build and
stabilize zero-energy states, such as adaptive circuits [69,70],

where repeated measurements may be utilized to project per-
turbed states back into the null-space manifold, mimicking the
topological protection in surface codes, and making them
valuable for fault-tolerant quantum computing.
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