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The nonlinear transport regime is manifested in the nonlinear current-voltage characteristic of the system. An
example of such a nonlinear regime is a setup in which current is injected into the sample and the measured
voltage drop is quadratic in the injected current. Such a quadratic nonlinear regime requires inversion symmetry
to be broken. This is the same symmetry condition as one needs to observe weak antilocalization, which can
be prominent in two-dimensional systems. Here, we study the effects of weak (anti)localization on second-
order nonlinear transport in two-dimensional systems using the semiclassical Boltzmann approach. We solve
for quasiparticle distribution function up to the second order in the applied external electric field and calculate
linear and nonlinear conductivity tensors for a toy model. We find that localization effects could lead to a sign
change of the nonlinear conductivity tensor—a phenomenon observed in transition metal dichalcogenide and
single-layer graphene devices.
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I. INTRODUCTION

The problem of nonlinear transport in systems lacking in-
version symmetry is long-standing [1]. A significant fraction
of recent progress in this field relied heavily on the use of
semiclassical Boltzmann approach [2–7]. Given the overall
advancement of the field, this approach left certain ques-
tions unanswered. Specifically, the question of the physical
origins of giant nonlinear conductivity in layered graphene-
based van der Waals heterostructures remains open. This
question was highlighted by an apparent discrepancy (up
to several orders in magnitude) between the theoretically
expected values of nonlinear conductivity and the experimen-
tally measured components of nonlinear conductivity tensor,
extracted both in Hall bar- [8] and disk-shaped [9] samples.
This enormous discrepancy strongly hints that our understand-
ing of the microscopic origins of nonlinear conductivity in
2D van der Waals heterostructures is incomplete and requires
reevaluation.

One of the possible reasons for such an incomplete under-
standing is the limitations in the theoretical treatment of the
problem. On the one hand, many theoretical calculations are
done using a semiclassical Boltzmann approach in the relax-
ation time approximation. Such an approach, while capable
of providing valuable insights into the phenomenology and
giving an intuitive understanding of the underlying physics,
is severely incomplete, as it averages out finer details of the
system and largely disregards important quantum effects. An
alternative to this is a full quantum kinetic equation and/or a
proper treatment of impurity scattering [10], which is tedious
and seems to provide an incremental understanding of the
microscopic effects driving the nonlinear current response of
the system. On the other hand, even certain quantum effects
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that can be qualitatively treated within the semiclassical Boltz-
mann approach are often disregarded.

In this work, we consider one such effect, namely, weak
localization and antilocalization, using a semiclassical Boltz-
mann approach [11–13]. While the Boltzmann approach is
overly simplistic to properly treat such quantum mechanical
effects [12–18], it is important to illustrate the consequences
of these effects even on the semiclassical level, as they could
play an important role in our understanding of nonlinear trans-
port in 2D systems. To make our point transparent, we limit
ourselves strictly to the effects of weak (anti)localization and
do not discuss the implications of corrections arising from
broken time-reversal symmetry. As such, we leave anomalous
velocity out of consideration. We also leave out of consid-
eration the question of changing local temperature, brought
up in, e.g., Refs. [11,19,20] and potential quantum geometric
effects.

From an experimental perspective, localization and an-
tilocalization effects in semiconductor heterostructures are
known to be present, and their interplay is dependent on the
strength of spin-orbit coupling, which can be thought of as
a measure of inversion symmetry breaking. For instance, top
gate voltage control was shown to move the system from weak
localization to a weak antilocalization regime in semicon-
ductor heterostructures with spin-orbit coupling [21,22]. The
same effect was also observed in single-layer graphene sam-
ples [23–25]. Displacement-field-influenced SOC was shown
to be present in first principles calculations of graphene
electronic band structure [26], as well as in experiments on
TMD-proximitized bilayer graphene [27] and single-layer
graphene flakes [25]. From the fundamental perspective, the
broken inversion symmetry is the necessary condition to
observe both nonlinear transport [28] and weak antilocaliza-
tion [29]; hence, without knowing the actual strength of the
quantum interference effects, one cannot immediately rule
them out of consideration.
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The key findings of this work are that the effects of weak
(anti)localization can lead to (i) a rise in magnitude and (ii) a
sign change of nonlinear conductivity in the absence of elec-
tronic transitions in the system. The nonlinear conductivity
sign change, as a function of electron density, can be seen in
the transport measurements data on transition metal dichal-
gocenides [30] and on single-layer graphene heterostructures
[8]. The significant rise in magnitude might be outside the
applicability range of our theory and requires further micro-
scopic treatment.

The structure of the paper is as follows. In Sec. II, we
introduce the Boltzmann equation formalism, taking into
account weak (anti)localization, and derive expressions for
linear and nonlinear conductivities in the relaxation time ap-
proximation. In Sec. III, we consider a minimal model as an
example and discuss how nonlinear conductivity is affected
by weak (anti)localization. We discuss experimental relevance
and conclude in Sec. IV.

II. KINETIC EQUATION AND CONDUCTIVITY TENSORS

To study the effects of weak (anti)localization on non-
linear conductivity, we employ the Boltzmann equation in
relaxation-time approximation but with time-nonlocal colli-
sion integral, following [11–13](

∂

∂t
+ ṙ · ∇r + ṗ · ∇p

)
f (p, r, t )

= − f (p, r, t ) − feq(p)

τ

+
∫ t

−∞
dt ′α

(
t − t ′)[ f (−p, r, t ′) − feq(p)], (1)

where the units are set such that h̄ = 1, f (p, r, t ) is the
nonequilibrium quasiparticle distribution function, feq(p) is
the equilibrium distribution function given by the Fermi-Dirac
distribution at zero temperature, τ is the relaxation time, and
α(t − t ′) is the time-nonlocal contribution that can be viewed
as a diffusion kernel [11,12] and in Fourier space is given by

α(ω) = ± C
πνF τ

∫ 1/l

1/lφ

d2q
(2π )2

1

Dq2 − iω
. (2)

Here νF is the density of states (DOS) at the Fermi level, D
is the diffusion constant, l is the mean-free path, lφ is the
phase-coherence length, and C is a numerical prefactor that
accounts for spin and/or isospin structure of the system. For
the standard spinful case, C = 1 for weak localization and
C = 1

2 for antilocalization [29]. However, the value of C for
the antilocalization case can differ from the expected 1

2 in
special cases [31,32]. The + sign in Eq. (2) corresponds to
weak localization, while − corresponds to weak antilocaliza-
tion [12]. As shown in [11–13], Eq. (1) recovers known results
for weak (anti)localization in the linear response regime. In
what follows, we will restrict ourselves to the spatially homo-
geneous case and assume f (p, r, t ) = f (p, t ).

We consider a system of electrons with broken inversion
symmetry. In such a case, weak antilocalization in the sys-
tem is allowed [29] and can lead to increasing conductivity
due to an increasing rate of forward scattering, in contrast

to the back scattering reducing conductivity for weak local-
ization. In contrast to [12], we will not take advantage of
time-reversal symmetry as we want to consider the case of a
minimal model, which mimics a single valley of graphene, as
an example. Performing the standard Fourier transformation
f (p, t ) = ∫ ∞

−∞ dω f (p, ω)e−iωt and using ṗ = eE allows us to
cast Eq. (1) into

(−iω + eE · ∇p) f (p, ω) = − f (p, ω) − feq(p)

τ

+ α(ω)[ f (−p, ω) − feq(p)],
(3)

which now will be solved perturbatively in powers of the
external electric field E. Specifically, we expand the nonequi-
librium distribution function in a series with f (p, t ) =
f0(p, t ) + f1(p, t ) + f2(p, t ), where fn ∼ (E)n. One can then
check by a direct substitution that up to the second order in E:

f0(p, ω) = 1

2

[
1
τ

− α(ω)

−iω + 1
τ

− α(ω)
( feq(p) + feq(−p))

+
1
τ

− α(ω)

−iω + 1
τ

+ α(ω)
( feq(p) − feq(−p))

]
, (4)

f1(p, ω) = −eE · ∇p

2

[
f0(p, ω) − f0(−p, ω)

−iω + 1
τ

− α(ω)

+ f0(p, ω) + f0(−p, ω)

−iω + 1
τ

+ α(ω)

]
, (5)

f2(p, ω) = −eE · ∇p

2

[
f1(p, ω) − f1(−p, ω)

−iω + 1
τ

− α(ω)

+ f1(p, ω) + f1(−p, ω)

−iω + 1
τ

+ α(ω)

]
. (6)

Assuming f (p, ω) = f (−p, ω), one recovers the result for
f1(p, ω) reported earlier in [11,13]. In the dc limit, which
we consider in this work, ω → 0+ and distribution functions
acquire a simple form

f0(p) =
1
τ

feq(p) + α(0) feq(−p)
1
τ

+ α(0)
, (7)

f1(p) = − eE · ∇p
1
τ

+ α(0)
feq(p), (8)

f2(p) = −
e2EβEγ

∂
∂ pβ

∂
∂ pγ

[
1
τ

feq(p) + α(0) feq(−p)
]

(− 1
τ

+ α(0)
)(

1
τ

+ α(0)
)2 , (9)

where λ, β, γ = x, y are spatial indices and α(0) is a con-
stant which, together with τ , we treat as a control parameter
of our theory. In the limit of α(0) → 0, one retrieves the
well-known results f1(p) = −eτEβ

∂
∂ pβ

feq(p) and f2(p) =
e2τ 2EβEγ

∂
∂ pβ

∂
∂ pγ

feq(p) [1,6,9].
Using the standard definition of dc current density for one

flavor of spinless fermions,

jλ = e
∫

d2p
(2π )2

vλ f (p),
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FIG. 1. Results for the minimal model and comparison with experiment: (a) Fermi surface contours for the minimal model for vD = 1, μ =
0.1. For the blue curve c = 0.03, whereas for the red curve c = 0.3. The momentum is measured in units of inverse lattice spacing. We set
the lattice constant a = 1. (b) Dependence of linear conductivity σ Eq. (13) on α = α(0) calculated for τ = 10. Two gray grid lines indicate
α = ±τ . Note that linear conductivity is not well defined for α < −0.1 here as it becomes negative. (c) Nonlinear conductivity σ̃ (α) [see
Eq. (14)] for the same value of τ . Note the two types of discontinuities: For α = −0.1, both linear and nonlinear conductivities diverge, while
for α = 0.1 only nonlinear conductivity is divergent. The discontinuity of σ̃ (α) for positive α (weak localization case) has a similar shape
to the Hall number discontinuity across the Van Hove singularity doping. Importantly, in the weak antilocalization regime α < 0, nonlinear
conductivity changes signs for intermediate values of α. In both plots, we used vD = 1, μ = 0.1, c = 3.3 × 10−2. (d) Linear conductivity
dependence on chemical potential for α > 0 (localization) and α < 0 (antilocalization) for C = 1, D = 1, and ln

lφ
l = 0.3. The unphysical

discontinuity in the antilocalization case at small μ is due to α � 1/τ . For such values of μ, our simplistic description clearly breaks down.
(e) Plot of ratio σ̃ /σ 2 as a function of chemical potential for the same values of C, D, ln

lφ
l . Note the sign change for μ ∼ 0.2, which is away

from the unphysical value regime of divergent linear conductivity. (f) Experimental data extracted from Refs. [8] and [30]. For data from [8]
(shown in blue), nonlinear voltage drop V 2ω

xx is divided by linear resistivity ρxx as a function of gate voltage Vg which controls electrochemical
potential in the system. As we show in Appendix D, V 2ω

xx /ρxx ∝ σ̃ /σ 2. The same data analysis procedure, but for voltage drop V 2ω
baa, is applied

to the data from Ref. [30] (shown in red). Note the sign change of the signal and the overall similarity of both curves’ shapes to the orange
curve in (e).

we calculate linear and nonlinear conductivity tensors:

σλβ = − e2

1
τ

+ α(0)
I (1)
λβ ,

σ̃λβγ = e3(
1
τ

− α(0)
)(

1
τ

+ α(0)
)2

[
1

τ
I (2,1)
λβγ + α(0)I (2,2)

λβγ

]
.

(10)

Here σλβ and σ̃λβγ are linear and nonlinear conductivity
tensors, respectively, and we introduced dispersion-specific
integrals

I (1)
λβ =

∫
d2p

(2π )2

∂εp

∂ pλ

∂εp

∂ pβ

∂ feq(ε)

∂ε
,

I (2,1)
λβγ =

∫
d2p

(2π )2

∂εp

∂ pλ

∂2 feq(p)

∂ pβ∂ pγ

,

I (2,2)
λβγ =

∫
d2p

(2π )2

∂εp

∂ pλ

∂2 feq(−p)

∂ pβ∂ pγ

, (11)

which explicitly depend on electronic dispersion εp of charge
carriers. From Eq. (10), one can immediately notice that σ̃λβγ

changes signs as a function of α(0) for a fixed τ . This happens

because in the relaxation time approximation, it is the odd in p
contribution to εp that gives rise to any nonlinear conductivity
(which is forbidden by symmetry if the rotation symmetry is
higher than threefold).

III. THEORETICAL RESULTS FOR A MINIMAL MODEL

To gain more insights on the role of weak (anti)localization
on nonlinear conductivity, we calculate linear and nonlinear
conductivity dependence on parameter α = α(0) for a mini-
mal model, which describes a spinless Dirac fermion with a
trigonal warping term, specified by a parameter c:

εp = vD|p| + c|p| cos 3θ. (12)

The presence of the trigonal warping term is crucial as it is
the cos 3θ contribution that leads to nonvanishing σ̃λβγ , as
can be verified by a direct calculation; see Appendixes. We
show two representative Fermi surfaces of the minimal model
in Fig. 1(a).

In this work, we consider the small trigonal warping limit,
i.e., c

vD
� 1. In such case, the anisotropy of the scattering

rate stemming from, e.g., the T − matrix approximation of
impurity scattering would be weak, thus validating the choice
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of an isotropic relaxation time. Accounting for the anisotropy
of the scattering time will provide only quantitative changes to
our results. The potential vanishing of σ̃ due to the anisotropic
corrections ∝ c

vD
to the scattering time is unlikely, owing to

the accidental origin of such a cancellation. Both statements
have been verified numerically.

We calculate I (1)
λβ , I (2,1)

λβγ , I (2,2)
λβγ for the model dispersion

Eq. (12) up to the second order in c
vD

expansion and obtain

σλβ = e2

1
τ

+ α(0)

[
μ

4π
+ 9μ

16π

(
c

vD

)2
]

(12×2)λβ, (13)

σ̃λβγ = e3c
[

5
τ

+ 11α(0)
]

16π
(

1
τ

− α(0)
)(

1
τ

+ α(0)
)2 (δλ,xτ3 − δλ,yτ1)βγ ,

(14)

where (12×2) is a 2 × 2 identity matrix, δλ,x, δλ,y are Kro-
necker δ − symbols, and τλ are Pauli matrices. Both (13) and
(14) respect threefold rotational symmetry of the model. We
plot linear and nonlinear conductivity tensor prefactors as a
function of α(0) in Figs. 1(b) and 1(c). Expectedly, linear con-
ductivity decreases for α(0) > 0 (localization) and increases
for α(0) < 0 (antilocalization). The divergence for α(0) < 0
is unphysical, as for that case |α(0)| = 1

τ
; hence, physical

systems cannot fall into that regime but might approach it.
Nonlinear conductivity as a function of α(0) shows an even
more interesting behavior: it also experiences an artificial
divergence in the antilocalization regime. Importantly, nonlin-
ear conductivity changes signs before hitting the unphysical
divergence in the antilocalization regime. The specific value
of α(0) at which the sign change occurs depends on specific
values of I (2,1)

λβγ , I (2,2)
λβγ . Nonlinear conductivity also diverges in

the localization regime, where linear conductivity is finite and
well defined. The sign change of nonlinear conductivity in the
localization regime occurs after the singularity is crossed.

To study how σλβ and σ̃λβγ depend on density, it is in-
structive to consider σ̃λβγ /σ 2

λβ as a function of α(0), as for
α(0) = 0 this ratio is independent of the scattering time. The
density dependence of α(0) can be estimated from Eq. (2):

α(0) = ±C
τ

4v4
D

πμ
(
4v2

D − 3c2
) 1

D
ln

lφ
l

, (15)

see Appendix C 4 for details. In Figs. 1(d) and 1(e), we show
the estimated density dependence of linear and nonlinear con-
ductivities for the case of weak localization (blue curves) and
antilocalization (orange curves) for our spinless model. The
unphysical divergence of linear conductivity at low density is
again due to |α(0)| = 1

τ
. Note, however, that in Fig. 1(e) the

sign change of nonlinear conductivity at low density occurs
way before the unphysical parameter range is reached.

IV. EXPERIMENTAL RELEVANCE AND DISCUSSION

To illustrate the main message of this paper, we consider
the nonlinear transport in single-layer graphene heterostruc-
tures, where inversion symmetry breaking comes from the
substrate. This system is chosen for a few reasons. First, there
are no observed phase transitions in single-layer graphene
in electronic transport; therefore, one doesn’t have to ac-
count for different electronic ground states, like in Bernal

bilayer graphene [9,33]. Second, in contrast to twisted
systems like twisted bilayer graphene, the effects of strain are
less pronounced. Hence, one is more justified to assume 3-fold
rotational symmetry is intact.

Recently, a systematic extraction procedure for nonlinear
conductivity has been developed for disk-shaped samples [9].
Since there is no data for linear and nonlinear conductivity
measurements in disk geometry for single-layer graphene, we
resort to using measurement data in Hall bar geometry [8] to
compare experiment with theory. In Fig. 1(f), we show data for
Device 4 from the SM of Ref. [8]. As detailed in Appendix D,
in the data extraction procedure of Ref. [8], V 2ω

xx /ρxx ∝ σ̃ /σ 2.
This allows us to compare the data with a theoretical curve for
the antilocalization case in Fig. 1(e). We observe that extracted
V 2ω

xx /ρxx changes sign as a function of gate voltage and satu-
rates at higher electron density, similar to the behavior of the
orange curve in Fig. 1(e). Such similarity might indicate that
weak antilocalization and localization effects could influence
nonlinear transport in 2D graphene-based heterostructures.

Within our minimal model, nonlinear conductivity σ̃

changes signs when 5
τ

+ 11α(0) = 0, as follows from
Eq. (14). This, together with Eq. (15), allows us to estimate
ln lφ

l :

10π2

11
DνF = C ln

lφ
l

.

We can estimate DνF at the density (or displacement field)
for which nonlinear conductivity changes sign in experiment
using

σ = e2

h̄
DνF .

For data from Ref. [30], nonlinear conductivity changes sign
at an electron density n � 0.5 × 1012 cm−2, for which linear
conductivity σ � 0.4 e2

h̄ . This leads to the logarithm estimate

to be C| ln lφ
l | = 3.6. Accounting for the spin (the minimal

model is spinless) would modify the density of states νF and
C. In the “best case scenario” one can estimate ln lφ

l = 1.8,
which is well within the realistic range [24]. For data from
Ref. [8] nonlinear conductivity sign change appears near Vg =
20 V, for which σ � 20 e2

h̄ . Even after accounting for spin and
valley degrees of freedom in νF (i.e., reducing it by a factor of
4 due to spin and valley degeneracy of graphene) would result
in, at least, | ln lφ

l | ∼ 45, which is rather unrealistic. However,
this estimate stems from our model-dependent analysis and
might change as a result of a more quantitative assessment.

It is important to mention that the effects of weak
(anti)localization in single-layer graphene have been iden-
tified mostly at higher carrier concentrations [23,24,34,35].
However, at such densities, there is a delicate interplay be-
tween the two effects, both of which are related to trigonal
warping. First, nonlinear conductivity is zero for Dirac elec-
trons in the absence of trigonal warping. Therefore, the
magnitude of the effect is stimulated by the significance of
trigonal warping and is expected to be more pronounced
at higher carrier concentrations, where trigonal warping is
more prominent. On the other hand, more prominent trigonal
warping leads to increased backscattering, which suppresses
weak antilocalization [15,35]. Therefore, it is currently not
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clear whether weak antilocalization effects will be suppressed
or pronounced in the nonlinear transport in single-layer
graphene devices. In this work, we conjectured that in re-
alistic systems that don’t experience phase transitions, like
single-layer graphene, the possible sign change of nonlin-
ear conductivity as a function of density may be related to
weak (anti)localization effects. Our conjecture is based on
a simplistic quasiclassical Boltzmann modeling and should
be checked with exact microscopic calculations for realistic
models, incorporating effects of the scattering rate anisotropy,
the substrate, and the perpendicular displacement field, which
is the subject of future work.
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APPENDIX A: BOLTZMANN EQUATION
AND ITS SOLUTION

The Boltzmann equation with weak (anti)localization cor-
rections for a distribution function f (p, r, t ) in the relaxation
time approximation is given by [11](

∂

∂t
+ ∂r

∂t
· ∇r + ∂p

∂t
· ∇p

)
f (p, r, t )

= − f (p, r, t ) − feq(p, r, t )

τ

+
∫ t

−∞
dt ′ α(t − t ′) [ f (−p, r, t ′) − feq(p, r, t ′)],

(A1)

where

α(t − t ′) = ± C
πνF τ

∫ 1/l

1/lφ

d2q
(2π )2

e−(Dq2 )(t−t ′ ). (A2)

The + sign in the definition above corresponds to the weak
localization case, whereas the − sign appears for weak antilo-
calization [12]; νF is the DOS at the Fermi level; the upper
and lower cutoffs are given by the mean-free path and the
phase-coherence length correspondingly, D is the diffusion
constant, and C is a numerical prefactor that accounts for
spin and/or isospin structure of the system. The equilibrium
distribution function feq(p, r, t ) is time independent but we
keep the redundant time index for the sake of bookkeeping.
We also set h̄ = 1 throughout this calculation.

In this work, we consider a spatially homogeneous case
with f (p, r, t ) = f (p, t ). For the applied external electric
field ṗ = eE, thus the Boltzmann equation takes the form(

∂

∂t
+ eE · ∇p

)
f (p, t ) = − f (p, t ) − feq(p, t )

τ

+
∫ t

−∞
dt ′ α(t − t ′) [ f (−p, t ′) − feq(p, t ′)]. (A3)

It is more convenient to solve equations like Eq. (A3) in the
frequency domain, therefore we introduce

f (p, t ) =
∫

dω′e−iω′t f (p, ω′)

and substitute it into Eq. (A3):∫
dω′e−iω′t(−iω′ + eE · ∇p

)
f (p, ω′)

= −
∫

dω′e−iω′t f (p, ω′) − feq(p, ω′)
τ

+
∫

dω′e−iω′t [ f (−p, ω′) − feq(p, ω′)]

×
∫ t

−∞
dt ′eiω′(t−t ′ ) α(t − t ′). (A4)

We introduce a partial Fourier transform

α(ω′) =
∫ t

−∞
dt ′eiω′(t−t ′ ) α(t − t ′), (A5)

multiply both sides of Eq. (A4) by eiωt

2π
, and integrate the whole

expression over t from −∞ to ∞ to obtain the frequency
domain representation of the Boltzmann equation

(−iω + eE · ∇p) f (p, ω) = − f (p, ω) − feq(p, ω)

τ

+ α(ω)[ f (−p, ω) − feq(p, ω)].
(A6)

The function α(ω) can be calculated explicitly:

α(ω) =
∫ t

−∞
dt ′eiω(t−t ′ ) α(t − t ′)

=
∫ t

−∞
dt ′eiω(t−t ′ )

(
± C

πνF τ

∫ 1/l

1/lφ

d2q
(2π )2

e−(Dq2 )(t−t ′ )

)

= ± C
πνF τ

∫ 1/l

1/lφ

d2q
(2π )2

∫ t

−∞
dt ′ e−(Dq2−iω)(t−t ′ )

= ± C
πνF τ

∫ 1/l

1/lφ

d2q
(2π )2

1

Dq2 − iω
, (A7)

if Dq2 > 0, which is manifestly true within the integration
range and renders this standard weak (anti)localization theory
integral being positive definite for ω = 0 [11]:∫ 1/l

1/lφ

d2q
(2π )2

1

Dq2
= 1

2πD
ln

lφ
l

, (A8)

where l is the mean-free path and lφ is the phase-coherence
length.
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We now proceed to solving Eq. (A6) up to the second order
in the external electric field E by expanding

f (p, ω) = f0(p, ω) + f1(p, ω) + f2(p, ω) + · · · ,

where fi(p, ω) ∼ (E)i. We make two important remarks here.
First, in this approach feq(p, ω) = 1

e
εp−μ

T +1
δ(ω) is given by

a (frequency-independent) Fermi function because the equi-
librium distribution function is time independent. Therefore,
even though the formal equilibrium solution of Eq. (A6)
for finite ω is given by a frequency-dependent f0(p, ω),
the δ function in feq(p, ω) effectively leads to f0(p, ω) =
feq(p, ω) = feq(p, 0), as we will see below. Second, in our
solutions we do not assume f (p, ω) = f (−p, ω) symmetry
of the distribution function.

1. Solution to order E0

We first solve for the distribution function f0(p, ω), which
is independent of the electric field. The Boltzmann equation at
zeroth order in E reads

−iω f0(p, ω) = − f0(p, ω) − feq(p, ω)

τ

+ α(ω)[ f0(−p, ω) − feq(p, ω)], (A9)

−iω f0(−p, ω) = − f0(−p, ω) − feq(−p, ω)

τ

+ α(ω)[ f0(p, ω) − feq(−p, ω)], (A10)

where the second equation was obtained using a p → −p
transformation. The two equations are to be considered
on equal grounds as, in general, f0(p, ω) 	= f0(−p, ω) and
feq(p, ω) 	= feq(−p, ω). By adding and subtracting the two
equations, we arrive at

f0(p, ω) + f0(−p, ω) =
1
τ

− α(ω)

−iω + 1
τ

− α(ω)

× [ feq(p, ω) + feq(−p, ω)], (A11)

f0(p, ω) − f0(−p, ω) =
1
τ

− α(ω)

−iω + 1
τ

+ α(ω)

× [ feq(p, ω) − feq(−p, ω)], (A12)

which immediately yields the solution for f0(p, ω):

f0(p, ω) = 1

2

[
1
τ

− α(ω)

−iω + 1
τ

− α(ω)
[ feq(p, ω) + feq(−p, ω)]

+
1
τ

− α(ω)

−iω + 1
τ

+ α(ω)
[ feq(p, ω) − feq(−p, ω)]

]
.

(A13)

One can check by a direct substitution that (A13) solves
Eq. (A11). Imposing feq(p, ω) = feq(−p, ω), we get

f0(p, ω) =
1
τ

− α(ω)

−iω + 1
τ

− α(ω)
feq(p, ω). (A14)

Given that within our approach the equilibrium distribution
function has meaning only for zero frequency, we set ω = 0

and recover the expected relation

f0(p, 0) = feq(p, 0). (A15)

2. Solution to order E1

At the linear order in E, the pair of equations we ought to
solve is

− iω f1(p, ω) + eE · ∇p f0(p, ω)

= − f1(p, ω)

τ
+ α(ω) f1(−p, ω), (A16)

− iω f1(−p, ω) − eE · ∇p f0(−p, ω)

= − f1(−p, ω)

τ
+ α(ω) f1(p, ω), (A17)

where the second equation was again obtained from the first
one with the p → −p transformation. Note the opposite signs
in front of the gradient terms in both equations. Adding and
subtracting the two equations leads to

f1(p, ω) + f1(−p, ω)

= − eE · ∇p

−iω + 1
τ

− α(ω)
[ f0(p, ω) − f0(−p, ω)], (A18)

f1(p, ω) − f1(−p, ω)

= − eE · ∇p

−iω + 1
τ

+ α(ω)
[ f0(p, ω) + f0(−p, ω)], (A19)

and, therefore,

f1(p, ω) = −eE · ∇p

2

[
f0(p, ω) − f0(−p, ω)

−iω + 1
τ

− α(ω)

+ f0(p, ω) + f0(−p, ω)

−iω + 1
τ

+ α(ω)

]
. (A20)

Importantly, the expression for the next-order distribution
function will retain the form of Eq. (A20).

Substituting expressions for f0(p, ω) and f0(−p, ω) into
Eq. (A20) and taking the limit of ω → 0, we arrive at the well-
known expression

f1(p, ω) = − eE · ∇p
1
τ

+ α(0)
feq(p). (A21)

Note that for weak localization α(0) > 0, which increases
scattering rate and, thus, reduces linear conductivity, as ex-
pected.

3. Solution to order E2

Finally, we solve for the distribution function f2(p, ω). At
the second order in E, the pair of equations that define the
distribution function is

− iω f2(p, ω) + eE · ∇p f1(p, ω)

= − f2(p, ω)

τ
+ α(ω) f2(−p, ω), (A22)

− iω f2(−p, ω) − eE · ∇p f1(−p, ω)

= − f2(−p, ω)

τ
+ α(ω) f2(p, ω), (A23)
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which has the same structure as in the linear in E case. Per-
forming exactly the same manipulations as at the order E, we
get

f2(p, ω) + f2(−p, ω)

= − eE · ∇p

−iω + 1
τ

− α(ω)
[ f1(p, ω) − f1(−p, ω)], (A24)

f2(p, ω) − f2(−p, ω)

= − eE · ∇p

−iω + 1
τ

+ α(ω)
[ f1(p, ω) + f1(−p, ω)], (A25)

and the solution reads

f2(p, ω) = −eE · ∇p

2

[
f1(p, ω) − f1(−p, ω)

−iω + 1
τ

− α(ω)

+ f1(p, ω) + f1(−p, ω)

−iω + 1
τ

+ α(ω)

]
. (A26)

Substituting solutions for f1(p, ω) and taking the limit of
ω → 0, we get

f2(p, 0) = −
e2EβEγ

∂
∂ pβ

∂
∂ pγ

[
1
τ

feq(p) + α(0) feq(−p)
]

(− 1
τ

+ α(0)
)(

1
τ

+ α(0)
)2 .

(A27)
Assuming independence of α(0) and τ , one can formally take
a quasiballistic limit of τ → ∞ and obtain

f2(p, 0) = −
e2EβEγ

∂
∂ pβ

∂
∂ pγ

[ feq(−p)]

(α(0))2 . (A28)

In this somewhat artificial case, we end up with a peculiar
result that for both signs of α(0) the resulting distribu-
tion function and, therefore, nonlinear conductivity tensor,
is given by the same expression. It could indicate that weak

localization and antilocalization effects in an extremely clean
system might give the same nonlinear conductivity tensor.

APPENDIX B: LINEAR AND NONLINEAR
CONDUCTIVITY TENSORS

To calculate linear and nonlinear conductivity tensors in
the dc limit, we employ the definition of current density

jλ = e
∫

d2p
(2π )2

vλ f (p), (B1)

where vλ = ∂εp

∂ pλ
is a component of the charge carriers’ ve-

locity, εp is the quasiparticle dispersion, and f (p) is the
distribution function.

1. Linear conductivity tensor

Linear conductivity tensor relates current density jλ and
linear in E contribution to distribution function:

jλ = e
∫

d2p
(2π )2

vλ f1(p)

= − e2

1
τ

+ α(0)

∫
d2p

(2π )2
vλ[E · ∇p feq(p)]

= − e2Eβ

1
τ

+ α(0)

∫
d2p

(2π )2
vλ

∂ feq(p)

∂ pβ

, (B2)

which allows us to introduce a linear conductivity tensor

σλβ = − e2

1
τ

+ α(0)

∫
d2p

(2π )2
vλ

∂ feq(p)

∂ pβ

= − e2

1
τ

+ α(0)
I (1)
λβ ,

(B3)
such that jλ = σλβEβ and

I (1)
λβ =

∫
d2p

(2π )2
vλ

∂ feq(p)

∂ pβ

=
∫

d2p
(2π )2

∂εp

∂ pλ

∂εp

∂ pβ

∂ feq(ε)

∂ε
.

(B4)

2. Nonlinear conductivity tensor

The quadratic in E contribution to current density in the dc limit reads

jλ = e
∫

d2p
(2π )2

vλ f2(p) = e
∫

d2p
(2π )2

vλ

[
−

e2EβEγ
∂

∂ pβ

∂
∂ pγ

[
1
τ

feq(p) + α(0) feq(−p)
]

(− 1
τ

+ α(0)
)(

1
τ

+ α(0)
)2

]

= − e3EβEγ(− 1
τ

+ α(0)
)(

1
τ

+ α(0)
)2

∫
d2p

(2π )2
vλ

[
∂

∂ pβ

∂

∂ pγ

[
1

τ
feq(p) + α(0) feq(−p)

]]

= e3EβEγ(
1
τ

− α(0)
)(

1
τ

+ α(0)
)2

[
1

τ
I (2,1)
λβγ + α(0)I (2,2)

λβγ

]
= σ̃λβγ EβEγ , (B5)

where we introduced two model-specific integrals

I (2,1)
λβγ =

∫
d2p

(2π )2

∂εp

∂ pλ

∂2 feq(p)

∂ pβ∂ pγ

, (B6)

I (2,2)
λβγ =

∫
d2p

(2π )2

∂εp

∂ pλ

∂2 feq(−p)

∂ pβ∂ pγ

, (B7)
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and the nonlinear conductivity tensor

σ̃λβγ = e3(
1
τ

− α(0)
)(

1
τ

+ α(0)
)2

[
1

τ
I (2,1)
λβγ + α(0)I (2,2)

λβγ

]
. (B8)

Using the chain rule and integration by parts, the expressions for the two integrals can be cast into the following form:

I (2,1)
λβγ =

(
∂ε(p)

∂ pλ

∂ε(p)

∂ pγ

∂ feq(ε)

∂ε

)∣∣∣∣∣
�

−
∫

d2p
(2π )2

(
∂ feq(ε)

∂ε

)(
∂2ε(p)

∂ pλ∂ pβ

)(
∂ε(p)

∂ pγ

)
, (B9)

I (2,2)
λβγ =

(
∂ε(p)

∂ pλ

∂ε(−p)

∂ pγ

∂ feq(ε)

∂ε

)∣∣∣∣∣
�

−
∫

d2p
(2π )2

(
∂ feq(ε)

∂ε

)(
∂2ε(p)

∂ pλ∂ pβ

)(
∂ε(−p)

∂ pγ

)
, (B10)

where � is the boundary of the integration region.

APPENDIX C: CALCULATION FOR A MODEL DISPERSION

In this work, we consider a low energy model dispersion which describes a free Dirac electron in the presence of trigonal
warping with the dispersion given by

εk = vD|k| + c|k| cos 3θk = vD

√
k2

x + k2
y + c

(
k3

x − 3kxk2
y

k2
x + k2

y

)
.

Here vD is the Dirac velocity and c controls the strength of trigonal warping. We use this model as a proxy for a realistic model
of graphene and omit all Berry curvature effects, as they are out of scope of this work. In our further calculations, we will find
useful the following expressions for derivatives of the dispersion:

∂εp

∂ px
= vD cos θ + 2c cos 2θ − c cos 4θ = vD

(
cos θ + 2

c

vD
cos 2θ − c

vD
cos 4θ

)
,

∂εp

∂ py
= vD sin θ − 2c sin 2θ − c sin 4θ = vD

(
sin θ − 2

c

vD
sin 2θ − c

vD
sin 4θ

)
,

∂ε−p

∂ px
= vD cos θ − 2c cos 2θ + c cos 4θ = vD

(
cos θ − 2

c

vD
cos 2θ + c

vD
cos 4θ

)
,

∂ε−p

∂ py
= vD sin θ + 2c sin 2θ + c sin 4θ = vD

(
sin θ + 2

c

vD
sin 2θ + c

vD
sin 4θ

)
,

∂2εp

∂ p2
x

= sin2 θ

k
(vD − 8c cos 3θ ) = vD

1 − cos 2θ

2k

(
1 − 8

c

vD
cos 3θ

)
,

∂2εp

∂ px∂ py
= − sin 2θ

2k
(vD − 8c cos 3θ ) = −vD

sin 2θ

2k

(
1 − 8

c

vD
cos 3θ

)
,

∂2εp

∂ p2
y

= cos2 θ

k
(vD − 8c cos 3θ ) = vD

1 + cos 2θ

2k

(
1 − 8

c

vD
cos 3θ

)
.

1. Density of states

At the Fermi level, the electronic DOS is given by

νF =
∫

d2p
(2π )2

δ(εp − μ) =
∫

dθ

(2π )2

k(θ )

|v(k(θ ))| , (C1)

where the Fermi surface and Fermi velocity for chemical potential μ are given by

|k| = k(θ ) = μ

vD + c cos 3θk
,

∣∣∇pεp
∣∣ = |v(k)| =

√
5c2 + v2

D + 2cvD cos 3θ − 4c2 cos 6θ.

Expanding the expression up to the second order in c
vD

and taking the integral, we get

νF = μ
4v2

D − 3c2

8πv4
D

. (C2)
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2. Linear conductivity tensor

We assume electron doping of the system; in such case μ > 0 and one can safely ignore the boundary term as the states at the
high momentum cutoff are empty. Working at T = 0, the integral I (1)

λβ can be rewritten as

I (1)
λβ =

∫
d2p

(2π )2

∂εp

∂ pλ

∂εp

∂ pβ

∂ feq(ε)

∂ε
= −

∫
d2p

(2π )2

∂εp

∂ pλ

∂εp

∂ pβ

δ(εp − μ) = −
∫

dθ

(2π )2

k(θ )

|v(k(θ ))|
∂εp

∂ pλ

∂εp

∂ pβ

. (C3)

Making use of the expressions above, we calculate

I (1)
xx = −

∫
dθ

(2π )2

μ

vD

1

1 + c
vD

cos 3θk

1

vD

√
5
(

c
vD

)2 + 1 + 2 c
vD

cos 3θ − 4
(

c
vD

)2
cos 6θ

∂εp

∂ px

∂εp

∂ px

= −
∫

dθ

(2π )2

μ

1 + c
vD

cos 3θk

(
cos θ + 2 c

vD
cos 2θ − c

vD
cos 4θ

)2√
5
(

c
vD

)2 + 1 + 2 c
vD

cos 3θ − 4
(

c
vD

)2
cos 6θ

� − μ

4π
− 9μ

16π

( c

vD

)2
(C4)

and

I (1)
yy = −

∫
dθ

(2π )2

μ

vD

1

1 + c
vD

cos 3θk

1

vD

√
5
(

c
vD

)2 + 1 + 2 c
vD

cos 3θ − 4
(

c
vD

)2
cos 6θ

∂εp

∂ py

∂εp

∂ py

= −
∫

dθ

(2π )2

μ

1 + c
vD

cos 3θk

(
sin θ − 2 c

vD
sin 2θ − c

vD
sin 4θ

)2√
5
(

c
vD

)2 + 1 + 2 c
vD

cos 3θ − 4
(

c
vD

)2
cos 6θ

� − μ

4π
− 9μ

16π

(
c

vD

)2

(C5)

up to second order in c
vD

. For off-diagonal components I (1)
xy and I (1)

yx , we get 0 in the similar way. Hence, for our model dispersion
the linear conductivity tensor reads

σλβ = − e2

1
τ

+ α(0)
I (1)
λβ = e2

1
τ

+ α(0)

[
μ

4π
+ 9μ

16π

(
c

vD

)2
]

(12×2)λβ, (C6)

where 12×2 is a 2 × 2 identity matrix.

3. Nonlinear conductivity tensor

As in the case of linear conductivity calculation, we assume electron doping and safely neglect the boundary term. In such
case, the two integrals we are after are

I (2,1)
λβγ = −

∫
d2p

(2π )2

(
∂ feq(ε)

∂ε

)(
∂2ε(p)

∂ pλ∂ pβ

)(
∂ε(p)

∂ pγ

)
=

∫
d2p

(2π )2

(
∂2ε(p)

∂ pλ∂ pβ

)(
∂ε(p)

∂ pγ

)
δ(εp − μ)

=
∫

dθ

(2π )2

k(θ )

|v(k(θ ))|
(

∂2ε(p)

∂ pλ∂ pβ

)(
∂ε(p)

∂ pγ

)
,

I (2,2)
λβγ = −

∫
d2p

(2π )2

(
∂ feq(ε)

∂ε

)(
∂2ε(p)

∂ pλ∂ pβ

)(
∂ε(−p)

∂ pγ

)
=

∫
d2p

(2π )2

(
∂2ε(p)

∂ pλ∂ pβ

)(
∂ε(−p)

∂ pγ

)
δ(ε−p − μ)

=
∫

dθ

(2π )2

k(θ )∣∣∇pε−p(k(θ ))
∣∣
(

∂2ε(p)

∂ pλ∂ pβ

)(
∂ε(−p)

∂ pγ

)
.

Note, that in the second integral the integration contour and DOS are given by

|k| = k(θ ) = μ

vD − c cos 3θk
,

∣∣∇pε−p
∣∣ =

√
5c2 + v2

D − 2cvD cos 3θ − 4c2 cos 6θ.

065413-9



DMITRY V. CHICHINADZE PHYSICAL REVIEW B 114, 065413 (2026)

Using the expressions from the beginning of this section and the parametrization for the Fermi surface, we can calculate the
first integral using the expansion up to the second order in c

vD
:

I (2,1)
xxx =

∫
dθ

(2π )2

μ

vD

1

1 + c
vD

cos 3θk

1

vD

√
5
(

c
vD

)2 + 1 + 2 c
vD

cos 3θ − 4
(

c
vD

)2
cos 6θ

(
∂2ε(p)

∂ px∂ px

)(
∂ε(p)

∂ px

)

=
∫

dθ

(2π )2

vD(1 − cos 2θ )
(
1 − 8 c

vD
cos 3θ

)(
cos θ + 2 c

vD
cos 2θ − c

vD
cos 4θ

)
2
√

5
(

c
vD

)2 + 1 + 2 c
vD

cos 3θ − 4
(

c
vD

)2
cos 6θ

� 5c

16π
. (C7)

The other nonzero terms have the same magnitude but the opposite sign and, when calculated using the expansion up to second
order in c

vD
, read

I (2,1)
yyx =

∫
dθ

(2π )2

μ

vD

1

1 + c
vD

cos 3θk

1

vD

√
5
(

c
vD

)2 + 1 + 2 c
vD

cos 3θ − 4
(

c
vD

)2
cos 6θ

(
∂2ε(p)

∂ py∂ py

)(
∂ε(p)

∂ px

)

=
∫

dθ

(2π )2

vD(1 + cos 2θ )
(
1 − 8 c

vD
cos 3θ

)(
cos θ + 2 c

vD
cos 2θ − c

vD
cos 4θ

)
2
√

5
(

c
vD

)2 + 1 + 2 c
vD

cos 3θ − 4
(

c
vD

)2
cos 6θ

� − 5c

16π
, (C8)

I (2,1)
yxy =

∫
dθ

(2π )2

μ

vD

1

1 + c
vD

cos 3θk

1

vD

√
5
(

c
vD

)2 + 1 + 2 c
vD

cos 3θ − 4
(

c
vD

)2
cos 6θ

(
∂2ε(p)

∂ py∂ px

)(
∂ε(p)

∂ py

)

=
∫

dθ

(2π )2

vD(− sin 2θ )
(
1 − 8 c

vD
cos 3θ

)(
sin θ − 2 c

vD
sin 2θ − c

vD
sin 4θ

)
2
√

5
(

c
vD

)2 + 1 + 2 c
vD

cos 3θ − 4
(

c
vD

)2
cos 6θ

� − 5c

16π
, (C9)

I (2,1)
xyy =

∫
dθ

(2π )2

μ

vD

1

1 + c
vD

cos 3θk

1

vD

√
5
(

c
vD

)2 + 1 + 2 c
vD

cos 3θ − 4
(

c
vD

)2
cos 6θ

(
∂2ε(p)

∂ px∂ py

)(
∂ε(p)

∂ py

)

=
∫

dθ

(2π )2

vD(− sin 2θ )
(
1 − 8 c

vD
cos 3θ

)(
sin θ − 2 c

vD
sin 2θ − c

vD
sin 4θ

)
2
√

5
(

c
vD

)2 + 1 + 2 c
vD

cos 3θ − 4
(

c
vD

)2
cos 6θ

� − 5c

16π
, (C10)

which is consistent with the threefold symmetry of the dispersion. In the same way, one can explicitly check that the rest terms
are zero.

Similarly, we can calculate the second integral

I (2,2)
xxx =

∫
dθ

(2π )2

μ

vD

1

1 − c
vD

cos 3θk

1

vD

√
5
(

c
vD

)2 + 1 − 2 c
vD

cos 3θ − 4
(

c
vD

)2
cos 6θ

(
∂2ε(p)

∂ px∂ px

)(
∂ε(−p)

∂ px

)

=
∫

dθ

(2π )2

vD(1 − cos 2θ )
(
1 − 8 c

vD
cos 3θ

)(
cos θ − 2 c

vD
cos 2θ + c

vD
cos 4θ

)
2
√

5
(

c
vD

)2 + 1 − 2 c
vD

cos 3θ − 4
(

c
vD

)2
cos 6θ

� 11c

16π
, (C11)

which also respects threefold rotational symmetry:

I (2,2)
yyx =

∫
dθ

(2π )2

μ

vD

1

1 − c
vD

cos 3θk

1

vD

√
5
(

c
vD

)2 + 1 − 2 c
vD

cos 3θ − 4
(

c
vD

)2
cos 6θ

(
∂2ε(p)

∂ py∂ py

)(
∂ε(−p)

∂ px

)

=
∫

dθ

(2π )2

vD(1 + cos 2θ )
(
1 − 8 c

vD
cos 3θ

)(
cos θ − 2 c

vD
cos 2θ + c

vD
cos 4θ

)
2
√

5
(

c
vD

)2 + 1 − 2 c
vD

cos 3θ − 4
(

c
vD

)2
cos 6θ

� − 11c

16π
, (C12)
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I (2,2)
yxy =

∫
dθ

(2π )2

μ

vD

1

1 − c
vD

cos 3θk

1

vD

√
5
(

c
vD

)2 + 1 − 2 c
vD

cos 3θ − 4
(

c
vD

)2
cos 6θ

(
∂2ε(p)

∂ py∂ px

)(
∂ε(−p)

∂ py

)

=
∫

dθ

(2π )2

vD(− sin 2θ )
(
1 − 8 c

vD
cos 3θ

)(
sin θ + 2 c

vD
sin 2θ + c

vD
sin 4θ

)
2
√

5
(

c
vD

)2 + 1 − 2 c
vD

cos 3θ − 4
(

c
vD

)2
cos 6θ

� − 11c

16π
, (C13)

I (2,2)
xyy =

∫
dθ

(2π )2

μ

vD

1

1 − c
vD

cos 3θk

1

vD

√
5
(

c
vD

)2 + 1 − 2 c
vD

cos 3θ − 4
(

c
vD

)2
cos 6θ

(
∂2ε(p)

∂ px∂ py

)(
∂ε(−p)

∂ py

)

=
∫

dθ

(2π )2

vD(− sin 2θ )
(
1 − 8 c

vD
cos 3θ

)(
sin θ + 2 c

vD
sin 2θ + c

vD
sin 4θ

)
2
√

5
(

c
vD

)2 + 1 − 2 c
vD

cos 3θ − 4
(

c
vD

)2
cos 6θ

� − 11c

16π
, (C14)

causing the other terms to vanish.
Using the two calculated integrals, we can write down an explicit expression for the threefold-symmetric component of the

nonlinear conductivity tensor in our model:

σ̃threefold = e3c

16π
(

1
τ

− α(0)
)(

1
τ

+ α(0)
)2

[
5

τ
+ 11α(0)

]
. (C15)

In the absence of weak (anti)localization effects, α(0) = 0 and the ratio σ̃
σ 2 is independent of the scattering time:

σ̃3-fold

σ 2
= 1

e

80cπv4
D(

9c2 + 4v2
D

)2
μ2

. (C16)

Note that the sign of this quantity doesn’t change with doping and depends only on the sign of c.

4. Estimation of σ̃

σ2 density dependence

Using Eqs. (A7) and (C2), we can estimate the density (chemical potential) dependence of σ̃
σ 2 to compare with experimental

data from literature. Assuming independence of scattering time and lφ on density, we can get an expression for α(0) as a function
of μ:

α(0) = ±C
τ

4v4
D

πμ
(
4v2

D − 3c2
) 1

D
ln

lφ
l

. (C17)

Substituting this expression into Eqs. (C6) and (C15), one can crudely estimate dependence of σ̃
σ 2 for μ > 0. Close to the Dirac

point, this expression will fail and provide diverging linear conductivity in the weak antilocalization case because of artificial
enhancement of α(0).

(a) (b) (c)

FIG. 2. Data analysis details: (a) Extracted ρxx vs Vg data from SM Fig. 5(d) of Ref. [8] (scatter points) and interpolation of the data

(continuous line). (b) Extracted σ̃xxx vs Vg data from SM Fig. 5(e) of Ref. [8]. (c) Calculated −V 2ω
x
ρxx

using raw data from (b) and values of
interpolation function from (a). (c) is presented in the main text.
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FIG. 3. Experimental data extracted from Ref. [36] following the
analysis procedure discussed in Appendix D.

APPENDIX D: DETAILS OF EXPERIMENTAL DATA
EXTRACTION AND ANALYSIS

To compare with experimental data, we extract values of
nonlinear potential V 2ω

x and of linear resistivity ρxx as a func-
tion of gate voltage Vg (a proxy to electron density) from
Supplemental Material of Ref. [8]. Specifically, we use data
for Device 4 from SM Figs. 5(d) and 5(e) for positive Vg,
which we attribute to electron doping of the system.

To plot σ̃xxx/σ
2
xx as a function of Vg, we need to express this

quantity via V 2ω
x and ρxx. To do that, we follow the procedure

described in the Methods section of Ref. [8]. There, the au-
thors used second harmonic voltage and linear voltage drops
to relate current densities at second harmonic frequency:

j2ω
x = σ̃xxx(E0)2,

j2ω
x = σxxE2ω

x ,

V0 = −E0L,

V 2ω
x = −E2ω

x L,

where E0 and V0 are the electric field and voltage at frequency
ω, j2ω

x and E2ω
x are current density and electric field at fre-

quency 2ω in the xdirection, and L is the linear dimension of
the sample. The measurement is performed for a fixed injected
current magnitude and at low ω, so the current is essentially
in the dc limit. From the equations above one can relate σ̃xxx

and σxx:

σ̃xxx = −σxxV 2ω
x L

V 2
0

, (D1)

which is the same expression as in Ref. [8]. Assuming perfect
threefold symmetry of the system, we use ρxx = 1

σxx
and

jωx = σxxE0

to express

σ̃xxx

σ 2
xx

= −σxxV 2ω
x(

jωx
)2

L
∝ −V 2ω

x

ρxx
. (D2)

Since we are after the mere shape of the curve and not the

exact magnitude, we plot −V 2ω
x

ρxx
as function of Vg. To make

sure that the values of σ̃xxx and σxx in the evaluation of σ̃xxx
σ 2

xx

correspond to the same Vg, we interpolate σxx(Vg) and calcu-
late σ̃xxx

σ 2
xx

using this interpolation function to evaluate σxx for
the same values of Vg as in the raw extracted dataset for σ̃xxx;
see Fig. 2.

Additional data from Ref. [36]

In Fig. 3 we show an additional set of data extracted from
Figs. 4(a) and 4(b) of Ref. [36] for T = 40 K, which is above
the Néel temperature TN ∼ 23 K. One can see a trend similar
to the one discussed in the main text.
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