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The fermionic Hubbard model, when combined with frustration, associated with the breaking of
particle-hole symmetry, harbors a rich phase diagram. Theoretical findings associatedwith the nature
of magnetism and metallicity across this phase diagram are now being actively investigated in
triangular Hubbard cold atom and solid-state (moiré) based emulators. Building on the theoretical
work ofHaerter andShastry,weexplore the impact of kinetically frustratedmagnetism, aphenomenon
where antiferromagnetic order emerges without any underlying magnetic interactions, at finite hole
density. We numerically study the infinite-U triangular Hubbard model using the density matrix
renormalization group algorithm and estimate the stability of the kinetically induced 120∘

antiferromagnetic state to hole doping. Beyond the Haerter-Shastry regime, we find an intermediate
phase with multimer (involving multiple correlated spins) stripes that eventually gives way to a
paramagnet. We also find evidence of gapless charge excitations (metallicity) throughout the phase
diagram for finite hole density. We discuss the implications at large, but finite, values of U/t, and
investigate whether kinetic magnetism and superexchange collaborate or compete.

Canmagnetismemerge in the absenceofmagnetic interactions?Theanswer
to this somewhat paradoxical question is now known to be “yes”—with the
mechanism rooted in the interplay of strong interactions and spin degrees of
freedom. Exemplifying this is the Nagaoka (or Nagaoka-Thouless)
ferromagnet1,2—on the square and other bipartite lattices (Even for non-
bipartite lattices, the conditions of the Nagaoka theorem are satisfied for
t < 0.) in the limit of extreme interactions, a single hole in a half-filled lattice
favors a ferromagnetic (FM) background as a way of minimizing its energy.

The framework for addressing these questions is the t − Jmodel3,

Ht�J ¼ �t
X
hi;ji;σ

ðPcyi;σcj;σP þ h:c:Þ þ J
X
hi;ji

ð~Si � ~Sj �
ninj
4

Þ ð1Þ

which is the low-energy limit of the Hubbard model4,

HHubbard ¼ �t
X
hi;ji;σ

ðcyi;σcj;σ þ h:c:Þ þ U
X
i

ni;"ni;# ð2Þ

where cyi;σ and ci,σ refer to the usual fermionic creation and annihilation
operators respectively, with spin σ = {↑, ↓} at site i, 〈i, j〉 refer to nearest-
neighbor pairs, and P ¼ Q

ið1� ni;"ni;#Þ is a projector eliminating states
involving double occupancy at any site. t is the hopping, U is the onsite

Coulomb repulsion, and J = 4t2/U is the effective Heisenberg exchange.
(Throughout this paper we will be concerned with t > 0 and often set it to
t = 1.) ForU/t =∞, J is exactly zero; hence, nomagnetic order is intrinsically
favorable to begin with; and any selection of magnetic order stems purely
from the kinetic term in Eq. (1). While the Nagaoka theorem (and its
extension5) serves as a guiding principle for such state selection, it typically
does not apply in situationswith geometric frustration, or formore thanone
hole. In such cases, the nature of the selected magnetic state is open-ended,
and thushas been the subject of considerable investigation (see, for example,
refs. 6–23 and references therein).

In this paper, we study the hole-doped infinite-U triangular Hubbard
model (ITHM for short) and map out its phase diagram using the density
matrix renormalization group (DMRG) algorithm24,25. Our analysis builds
on pioneering work by Haerter and Shastry (HS), who showed that a single
hole in the ITHMfavors a120∘ antiferromagnetic (AFM) spinbackground12,
in sharp contrast to the FM in the unfrustrated case. Note that a single hole
alone cannot destroymagnetic order associatedwithmacroscopicallymany
degrees of freedom in realistic conditions, whereU/t is large but finite.With
this motivation, we explore the case of finite hole densities and examine
what effects persist for large, but finite,U/t on the hole-doped side (see work
on the finite U/t phase diagram in refs. 21,26–31 and references therein).
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More generally, we expect the ITHMtobe a valid effectivemodel in the
intermediate temperature regime above themagnetic ordering scale butwell
below the HubbardU scale, where double occupancy physics is completely
suppressed, and kinetic effects dominate, i.e., t2/U≲T≲U32,33. But atT=0 it
is a priori not clear what aspects of the ITHMpersist to finiteU/t, especially
at lowdensity of holes.Ourwork clarifies the regimes inwhich thephysicsof
superexchange crosses over toHS kinetic frustration, andwemake concrete
predictions for its observation in future experiments. Our findings are
relevant to recently realized triangular Hubbard emulators (cold
atoms23,34–36, optical lattices22, and solid statemoiré systems37–40 created from
transition metal dichalcogenide layers) that have been studied for a wide
range of hole densities at finite temperature.

Results and discussion
Origin of antiferromagnetism on doping in the presence of
frustration
The origin of antiferromagnetic tendencies on doping can already be seen
on small local motifs of few sites; we provide exact solutions in “Meth-
ods”—“Exact solution for one hole on small motifs,” to support our asser-
tions below. Consider a single triangle with a single hole and two fully
polarized spins. The hole can hop to a neighboring site via two different
paths shown in Fig. 1a; the amplitudes associated with these two paths
interferedestructively, effectively reducing the energetic gain associatedwith
the delocalization of the hole; this has been previously identified as the
essence of kinetic frustration41. The ground state is twofold degenerate, with
energy−t. In contrast, on a square plaquette with three fully polarized spins
and one hole, the analogous interference is constructive and leads to a
unique ground state with energy −2t.

When the two spins on the triangle are opposite, there is no such
destructive interference, as they lead to two distinct configurations. In this
case, the ground state is non-degenerate; its energy is−2t, i.e., lower than the
FM state. This suggests that hole motion is enhanced by local anti-
ferromagnetic correlations, highlighting the role of frustration in reshaping
themagnetic responses todoping. For the case of 2up spins and1down spin
on the square plaquette, the energy is identical to that of the FM; SU(2)
symmetry dictates its wavefunction is S�∣FMi; and the result is consistent
with the Nagaoka condition. (The square plaquette is topologically
equivalent to a 4-site one-dimensional chain. Strictly speaking, Nagaoka’s

ergodicity condition, required for the Perron-Frobenius theorem, breaks
down in one dimension and thus it is not guaranteed that the ground state is
unique. We ignore this subtlety for the illustrative argument here.)

Now consider frustrating the square plaquette with diagonal bonds—
this corresponds to a 2 × 2 triangular unit cell with periodic boundary
conditions [Fig. 1b]. Foronehole and2up spins and1down spin (or 2down
spins and 1 up spin), there are three exactly degenerate ground states with
energy −2t. These correspond to states that resemble the three “dimer
coverings”of the 2×2 lattice—wehave shownspin-spin correlations for two
of these, and have not shown the covering where sites 1,3 and 2,4 pair up.
The exact solution reveals that each one of these is not a product state—
instead, it is a superposition of states where a singlet is formed on a pair of
sites, while the remaining up spin is delocalized on the other two sites. An
equally weighted linear combination of the two states shown results in spin
correlations that appear as a “diamond.” We show later that competing
tendencies from such degenerate states qualitatively carry over to the case of
hole density nh = 1/4 on bigger system sizes.

To understand the true nature of the antiferromagnetic state in the
thermodynamic limit, especially at small nh, requires looking beyond local
motifs. The case of a single hole on an extended triangular lattice was
addressedbyHS,whoderivedaneffective (non-local) spinHamiltonianand
then used exact diagonalization and a correspondence to the (local) trian-
gular Heisenberg antiferromagnet12. The results suggested the existence of a
“tower of states” in the many-body spectrum42, associated with symmetry
breaking, thereby providing evidence for the occurrence of the 120∘ AF
ground state. This was subsequently verified and developed furtherwith the
help of DMRG and interpreted within the framework of slave fermion
mean-field theory14. From the lens of a single hole effectively hopping in the
background of spins, the latter provide the necessary Berry phases for the
hole to lower its energy.

Magnetism due to kinetic frustration at finite hole density
To extend our analyses beyond a single hole, we have carried out large-scale
DMRG calculations for ITHM across various cylindrical geometries (see
“Methods”—“Analysis of geometry andfinite-size dependenceof numerical
results”) and for a wide range of hole densities nh ≡ Nh/N on top of half-
filling, forN sites andNh holes. Our main conclusions are based on width 6
cylinders with XC boundary condition (in which one edge of the triangles
runs parallel to the length (L) of the cylinder and the boundaries are zigzag
bonds), and we use bond dimensions for the underlying matrix product
state to be as large as m = 14,000, which ensures truncation error below
1.6× 10−5.We restrict our calculation to the Sz=0 sector for an evennumber
of holes and Sz = 1/2 for an odd number of holes. Typically, cylinder sizes
and boundary conditions that accommodate 120∘ AFM order were chosen.

We compute the spin structure factor in the ground state,

Sð~qÞ � 1
N

X
i;j

ei~q�ð~ri�~rjÞh~Si � ~Sji: ð3Þ

Tominimize boundary effects, we have used two different strategies. In the
first strategy, we cut out sites from the boundary, and assuming their
number is Nb, the N in the expression is replaced with N − Nb and the
summation is carried out only for the retained (“bulk”) sites.We refer to this
as “method 1.” In the second strategy (“method 2”), we consider a reference
site (χ) close to the center of the finite sample, and compute
Sð~qÞ � P

je
i~q�ð~rχ�~rjÞh~Sχ � ~Sji. For a completely translationally invariant

ground state, both strategies are exactly equivalent. We find them to be in
reasonable agreement despite the limitation posed by the cylindrical geo-
metry, with the notable exception of the case of very low hole density, as we
explain shortly and also revisit in “Methods”—“Analysis of anti-
ferromagnetic ordering in the Haerter-Shastry regime.” For the case of one
hole, we observe that Sð~qÞ peaks at ð4π3 ; 0Þ and other symmetry-related K
points, consistent with the 120∘ AFM order, confirming the findings of
previous work12,14.

Fig. 1 | Hole dynamics on the triangular Hubbard model. a Schematic of a single
hole hopping on a triangular plaquette in the classical ferromagnetic background via
two available routes, represented by green and orange arrows. The hole’s motion
along the two paths interferes destructively. b The 2 × 2 triangular unit cell with
periodic boundary conditions, where the connection between sites 2 and 4 is not
shown (left) and the absolute value of ground-state spin-spin correlations on the
bonds for three eigensolutions for one hole, two up spins and one down spin (right).
c Schematic showing available hopping pathways for the U = 0 and U = ∞ models.
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We also compute nσ ð~qÞ; the momentum space occupation of one spin
species of electron,

nσð~qÞ �
1
N

X
i;j

ei~q�ð~ri�~rjÞhcyi;σcj;σi: ð4Þ

Results of both quantities for representative hole densities are shown in
Fig. 2a, b. For comparison, we also show the non-interacting (U = 0) nσð~qÞ,
for the same density and cylinder in Fig. 2c.

In the low-density limit of holes, the HS picture of the 120∘ AFM
qualitatively holds; Sð~qÞ peaks at the K points, and the order parameter is
non-zero (see “Methods”—“Analysis of antiferromagnetic ordering in the
Haerter-Shastry regime”), consistentwith long-rangeAFM.Asnh increases,
the weight at the K points diminishes and spreads out, indicating the onset
of an intermediate phase, which breaks the six-fold rotational symmetry.
(The choice of cluster also breaks this symmetry, and so the precise location
and extent of this phase is sensitive to finite size effects). The six-fold
symmetry is then (approximately) restored at higher nh, where the role of
the interaction strength is less important, and a paramagnetic phase is
observed, characterized by a featureless Sð~qÞ [Fig. 2a]. To get the approx-
imate locations of these phases, we monitor the weight at other points and
look for where key features begin to change, e.g., S(K) ≈ S(M1) or
S(M1) ≈ S(M2). While this is rigorous (in the thermodynamic limit) for the
HS phase where S(K) is the order parameter, it only serves as a guide for
whether the putative intermediate phase exists. [While we can not rule out
that the intermediate andparamagnetic phases are related by a crossover,we
find their short-range real spin correlations to be strikingly different. We
discuss this observation shortly].

In Fig. 2d, we plot Sð~qÞ, using method 1, as a function of nh for
representativemomenta, for two systemsizes, to determine the approximate
location of the phase boundaries. The extent of the HS 120∘ AFM up to
nh≃ 0.2–0.3 is similar to that reported for the Nagaoka ferromagnet for the
square case43, where a commensurate “plaquette insulator” at nh = 1/4 has
been reported to lead to a region of phase separation for 0.2≤nh < 0.25. The
local motifs (square plaquettes) in this insulator each individually harbor a
Nagaoka FM state, each acting like an effective spin 3/2 moment, that are
weakly coupled to one another via effective AF interactions. This naturally
raises the question whether an analog exists for the ITHM, andwhether it is
at the core of the intermediate phase we see.

The spin structure factor is useful to infer global properties of the
magnetic state favored, but is relatively insensitive to local physics, which
can be in the form of singlet/valence bond formation. Thus, to gain further
insight, we view our findings in real space in Fig. 2e, f, where we focus our
attention on specific densities, nh = 1/4 and nh = 1/3, respectively. We plot
the spin-spin correlations in the ground state h~Si �~Sji with respect to a
reference site χ, themagnitude and sign on a site is indicated by the size and
color of the circle on that site (red is negative, blue is positive). We find a
rapid decay in the x- (long) direction and a sizable value in the y- (short)
direction. The Fourier transform of such a pattern of correlations is
essentially featureless along qx, yet confined to a small window of qy,
explaining our observations in Fig. 2a in the intermediate nh regime.

We also examine the real-space spin-spin correlations between
neighboring sites, whose strengths are indicated by the color intensity of the
red bonds, all of which are found to be antiferromagnetic, but with
important modulations. For presentational purposes and to highlight the
differences between stronger and weaker correlations, we have plotted the
cube of this value. We also eliminate the boundary spins and bonds to
highlight the bulk physics. For small nh the DMRG calculations are difficult
to converge to high precision, despite the large bond dimension employed,
leading to the appearance of trapped holes or modulated nearest-neighbor
correlations. While the physics associated with holes/charge degrees of
freedomwill be discussed extensively in the next section, we clarify here that
such behavior is not entirely unexpected—the motion of the holes is fru-
strated, they are heavy, and many competitive spin states exist in the low-
energy landscape.However, on average, the real space spin-spin correlations
are long-ranged and consistent with 120∘ order, which results in the struc-
ture factor pattern shown in Fig. 2a. A finite-size analysis of the order
parameter based on using S(K) further confirms the long-range nature of
the magnetic order (see “Methods”—“Analysis of antiferromagnetic
ordering in the Haerter-Shastry regime”).

Remarkably, for the case of nh = 1/4, the “diamond type” spin corre-
lations that we previously noted for a 2 × 2 cluster (see “Methods”—“Exact
solution for one hole on small motifs”) are robustly seen throughout the
entire cluster, as shown in Fig. 2e.While there is somemigration of particles
towards the left and right boundaries of the cylinder, the hole density in the
bulk is close to 1/4. The exact solution for one hole on the 2 × 2 triangular
cluster reveals an exact three-fold ground state degeneracy, of which the
diamond pattern corresponds to one possible linear combination; thus, it is

Fig. 2 | Magnetic and metallic properties induced
by hole doping in the triangular Hubbard model.
aGround state static spin structure factor Sð~qÞ, as in
Eq. (3), of the 72-site (XC-6 cylinder of lengthL=12,
restricted to sites in the bulk), triangular Hubbard
model for U/t =∞ across a representative sample of
hole densities nh. Ground state momentum space
fermionic occupation number of one spin species
nσ ð~qÞ, as in Eq. (4), forbU/t=∞ and cU/t=0. dBulk
static spin structure factor at representative
momentum space points [K, M1 and M2 shown in
(a)] as a function of nh. Real space profile of spin
correlations h~Si � ~Sji for e nh = 1/4 and f nh = 1/3, on
theXC-6 cylinder of lengthL=9, restricted to sites in
the bulk. The red color variation on the bonds
represents nearest-neighbor AFM correlations,
while the color (red, negative and blue, positive) and
size of the dots indicate the expectation value of the
spin-spin correlations with respect to a reference
site χ.
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conceivable that other patternsmaybe stabilizedonotherfinite systems.We
find that this is indeed the case—the nature of the spinmultimer stabilized is
sensitive to the system size and boundary conditions—in “Meth-
ods”—“Analysis of geometry and finite-size dependence of numerical
results,”we show some examples where other states are seen in the DMRG
calculations. In the case of nh = 1/3, as in Fig. 2f, we observe an overall
weakening of these nearest-neighbor antiferromagnetic correlations
throughout the cylinder, yet prominent additional modulations emerge.
Specifically, the diamond-type local spin correlations for nh = 1/4 persist
along the vertical direction in columns forming “stripes,” but the stripes
themselves are nowweakly correlated to one another in the x-direction. The
correlations with respect to a reference spin show similar short-range and
anisotropic character as the case of nh= 1/4, and thus from the point of view
of the structure factor, many features appear continuously related. Finally,
for largeholedensities, all correlations are significantlyweakened, consistent
with the onset of a paramagnetic phase.

Thus the overall emergent picture from our calculations is that the HS
120∘ AFM melts to a paramagnet via an intermediate phase, which is
characterized by localmulti-spin correlations. (A short-rangeAFMflanking
the long-range ordered 120∘ AFM has been previously suggested in the
framework of DMFT26 and DMRG calculations32 at finite, but large U/t—
however, its true nature remains unclear. In the current setup, super-
exchange is completely absent.) This intermediate phase melts by first
decoupling into stripes, which eventually melt internally as well, leading to
the paramagnet.

Metallic properties and energy renormalization
We now focus our attention to the properties of the charge carriers them-
selves. At low hole densities, the effective quasiparticles (if they exist) are
highly renormalized, arising from the kinetic obstructions for the holes.
Since superexchange is completely suppressed, the pathways for hole
delocalization are fewer, making them heavier. This manifests itself pro-
minently in Fig. 2b; themomentum space occupation forU =∞ at small nh
does not show a sharp signature of a Fermi jump, which is typically asso-
ciated with an insulator, a non-Fermi liquid (nFL) or a highly dressed FL, in
comparison to Fig. 2c of the occupation number at U = 0. At higher nh, the
visual similarity between theU =∞ andU = 0 limits is expectedly restored,
and the origin of the anisotropy of the Fermi surface is predominantly from
the choice of the shape of the cylinder chosen.

The extent of renormalization is precisely quantified with the quasi-
particle weight (residue) Z44,

Z ¼ nσð~qF � ð2π=L; 0ÞÞ � nσð~qF þ ð2π=L; 0ÞÞ ð5Þ

where~qF is the Fermi momentum for the corresponding non-interacting
tight-binding system. [In “Methods” (Determining quasiparticle weight),
we discuss howZwas extracted, with the help of some examples]. In Fig. 3a,
we showhowZ varies withnh, for three representative system sizes.While it
is clear that Z increases monotonically with increasing nh; it is difficult to
numerically establishwhether ornot it becomes zeroat some small, butnon-
zero, nh. Non-zero but small Z, at T = 0, in the ITHMwould mean a heavy,
but conventional, FLground state,whichmaycrossover to apotential nFLat
a small (on a scale of t) finite temperature. With reference to this
observation, we remark that recent work has shown numerical evidence for
T-linear resistivity, associated with nFL, on the infinite-U square lattice
Hubbard model at low hole density and low temperatures45. We expect the
essence of this phenomenon to carry over to the ITHM, but a systematic
investigation of the similarities and differences with the square case is left to
future work.

For larger nh, where FL is naturally expected, quantitative differences
still persist between the U =∞ and U = 0 cases [Fig. 2b, c]. At low electron
density, particles easily avoid each other, and the probability of double-
occupancy physics is suppressed in both cases. But as our cartoon picture in
Fig. 1c shows, the motion of the electrons is obstructed—processes that
would be allowed for U = 0 are now completely forbidden for U =∞. To a
very crude approximation, the effective kinetic energyof the electrons is now
directly proportionate to the density of holes—the kinetic energy of the
electrons is renormalized, i.e., the band is flatter, and this is reflected directly
in the trend seen forZ. Toquantify this further,we compare the ground state
energy atU=0 andU=∞on the samefinite cluster; the former is computed
exactly, and the latter is obtained by an accurate DMRG calculation. In
Fig. 3b, theU= 0 ground state energy is rescaled by nh, which gives the same
trend as the DMRG-computed energy at U = ∞, but is quantitatively
inadequate. Rescaling it by the numerically computed Z achieves an
excellent match, which supports the idea that there is metallic behavior
(possibly conventional FL) throughout the entire phase diagram of the
ITHMfornh> 0.Wefind it remarkable that this simple rescalingworkswell
in both hole-dominated and electron-dominated regimes.

Further evidence for gapless excitations for all phases of the ITHM is
obtained by analyzing the charge structure factor Nð~qÞ, defined as

Nð~qÞ ¼ 1
N

X
i;j

ðhninji � hniihnjiÞei~q�ð~ri�~rjÞ ð6Þ

One can learn about insulating versusmetallic behaviors from the scaling of
Nð~qÞ at small j~qj46. Nð~qÞ ¼ βj~qj2 is characteristic of systems with a charge
gap (i.e., insulators)47 whereas for systems with gapless charge excitations
(i.e., metals where the effective quasiparticle energy scales as j~qj) we expect,

Nð~qÞ ¼ αj~qj ð7Þ

Fig. 3 | Characterization of the metallic properties of the doped triangular
Hubbard model. a Quasiparticle weight (Z), as in Eq.(5), versus hole density (nh),
computed from the U/t = ∞ ground state wavefunction for three representative
system sizes, all of type XC-6, with lengthL. The difference in the largest and smallest
occupations in momentum space nσ ð~qÞ, as in Eq.(4), provides estimated upper and
lower bounds (est. bounds) on Z, which are used to obtain the uncertainty. (see
“Methods”—“Determining quasiparticle weight”). b Ground state energies for
U/t = ∞ (denoted by black dots) and U/t = 0 (red dashed line) versus nh, shown
separately for the XC-6 L = 6 and L = 12 cylinders. The dotted and black dashed lines
represent the U/t = 0 ground state energy rescaled by nh and Z (incorporating the
uncertainty in Z for nh > 0.1), respectively. c Ground state static charge structure
factor Nð~qÞ, as in Eq.(6), for qy = 0 on the 96-site (XC-4 L = 24) for U/t = ∞ for
nh = 0.1. The linear and quadratic fits close to qx→ 0 are shown. dMetallic weight, α,
derived numerically from the linear fits of theNð~qÞ, and as defined in Eq. (7), versus
nh for the same systems as in (a).
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where the proportionality factor α is referred to as themetallic weight30.We
clarify that in the context of DMRG, the (short) width direction does not
provide a sufficient number of points to conclusively determine this scaling
in that direction; instead, we show results only for the (long) length direc-
tion.A representative example for theXC-4L=24 cylinderwithnh≈ 0.1 (10
holes) is shown in Fig. 3c, showing an excellent fit to a straight line for small
∣qx∣, and considerable deviation from the quadratic form.

We have observed the linear scaling of Nð~qÞ with qx (fixing qy = 0) on
the ITHM across all nh > 0 that were studied, supporting the existence of
gapless charge excitations.We plot α as a function of nh in Fig. 3d. [Z should
not be confused with α—the former reveals the extent of the renormaliza-
tion of the quasiparticles, the latter is an indirect measure of their density.]
As shown, at small nh, α increases with increasing nh; which is consistent
with holes acting as charge carriers in the HS regime. On further doping, α
appears to saturate—showing an almost flat feature in the region
0.25 ≲ nh ≲ 0.6, which coincides (roughly) with the location of the inter-
mediate phase. Beyond this nh, α begins decreasing with increasing nh—
signaling the onset of the regime where the charge carriers are electrons,
expected in the paramagnetic regime.We note that recent results on doped
random (disordered) all-to-all connected t − J models show qualitatively
similar behavior48 butwith apeak feature atnh≈0.25–0.3. (Wealsonote that
in ref. 48, γ associated with the specific heat C(T), i.e., γ ¼ limT!0C ðTÞ=T
was studied as a function of nh. This should be qualitatively similar to the
metallic weight studied here, since both quantities are a reflection of the
density of low-energy gapless modes, and hence the charge carriers.) We
imagine that a high amount of frustration arising out of randomness and all-
to-all character destroys any potential intermediate phase in such models,
thereby leading to a sharp distinction between a hole-dominated and
electron-dominated regime. It will be interesting to explore further the
interplay of magnetism and metallicity in the intermediate phase, and to
determine what aspects of the observed features of α are generic, and which
are specific to the ITHM, and whether wavefunction-basedmethods can be
used to diagnose the nature of quasiparticles in this regime49.

Impact on the finite U/t Hubbard model
We now consider the case of finite, but large, U/t, at small nh with the
intention of connecting to realistic situations, and to determine the cross-
over scale betweenHS antiferromagnetism and superexchange physics.We

simulate the usual onsite Hubbard model, as in Eq. (2), directly for this
purpose, allowing for double occupancy. ForU/t≳ 10.6, the ground state is
known to be a 120∘ AFM ground state at exactly half filling50—this state
survives for a small, but finite, density of holes, as has been reported by
previous work26. (At half-filling, a metallic paramagnet exists for U/t ≲ 8.5
and in the region 8.5 ≲ U/t ≲ 10.6 a chiral spin liquid has been argued to
exist50). As U/t grows larger, the effective superexchange scale J decreases,
and eventually only the kineticmechanism is expected to be important. The
natural question that arises is—What impact does kinetic frustration have
on the observed finite U behavior?

At large U/t and small nh, there is a competition between spins and
holes. When double occupancy is negligible, the two terms in Eq. (1)
compete. On the one hand, the system lowers its total energy by delocalizing
holes (maximizing themagnitude of the kinetic energy), which comes at the
cost of additional quantum fluctuations to the spin background, which in
turn causes an effective reductionof local spinmoments andhence a smaller
contribution to the magnetic term. For finite nh, both these energetic costs
are macroscopically large. The associated loss of magnetic energy is not too
unfavorablewhen J is small or zero. Thus, in this parameter regime the holes
dominate, i.e., the spins adjust to provide the most conducive environment
for the holes to lower their total energy. When J increases (i.e.,U decreases,
t/U increases), the spins resist this movement of holes; correspondingly, the
nearest-neighbor AF spin correlations should increase in magnitude (i.e.,
become more negative to lower the overall energy). We refer to this regime
as “kinetic frustration-driven AFM” in Fig. 4.

Our intuitive and qualitative picture is borne out in the quantitatively
accurateDMRGcalculations, see Fig. 4a–c.Wehave shown two systemsizes
at similar hole densities for which the U/t = ∞ ground state lies in the HS
regime. We plot the expectation value of nearest-neighbor (NN) and next-
nearest-neighbor (NNN) spin-spin correlations in the ground state, as a
function of t/U. We have averaged over all pairs of sites that have the same
distance between them in real space (separately for theNNandNNNcases).
This averaging suppresses anisotropies associated with the fact that the
cylinder breaks translational symmetry in one direction, and the six-fold
rotational symmetry of the triangular lattice. We also plot the value of the
structure factor at the K point, S(K), expected to be large for the state with
120∘ AFM order. This calculation is done for several central reference sites
(each with method 2) and averaged. Error bars are obtained from the
standard deviation, reflecting the degree of inhomogeneity of the state that
was obtained in the DMRG. We find that on starting from t/U → 0, the
antiferromagnetic NN (Fig. 4a) and ferromagnetic NNN (Fig. 4b) correla-
tions increase inmagnitudewith increasing t/U, up to a certain scale that we
will soon associate with a crossover. S(K) shown in Fig. 4c exhibits similar
qualitative behavior as the local correlation functions.

To understand the trends observed numerically as t/U is increased
further, consider the situation from the lens of much lower (but still
appreciably large) U/t. In this parameter regime, the ground state has 120∘

AF order, but now due to superexchange. For these values of U/t, the t− J
model description is insufficient, since double occupancy is appreciable and
cannot be ignored; this is also strongly tied to the fact that there are beyond-
Heisenberg terms and these tend to destroy spin ordering tendencies31,50. As
t/U decreases, NNAF correlations strengthen because of the suppression of
these effective interactions and the reduction of double occupancy, leading
to the formation of stronger spinmoments. Thus, spinmoments strengthen
with loweringU/t starting from theHS limit, and they also strengthenwhen
increasing U/t in the superexchange-driven regime, due to suppression of
non-Heisenberg terms. This must lead to a maximization of spin ordering
tendencies at some U/t. We identify this as a crossover scale Uc/t.

In Fig. 4a–c, we find this scale to beUc/t≈ 50 for nh≈ 0.11, andwe have
marked the location of the feature in gray. Not surprisingly, the feature is
rather broad and thus our inferred valuemust be taken to be only a ballpark
estimate of this scale. We have also carried out additional calculations for
other values of nh whose U/t = ∞ ground state lies in the HS regime, and
found a similar crossover scale (see “Methods”—“Hole-density dependent
crossover from the Haerter-Shastry to superexchange regime”). The

Fig. 4 | Interplay between kinetic magnetism and superexchange at low doping.
a–d Ground state observables for nh ≈ 0.11 (for which the U/t =∞ ground state lies
within the Haerter-Shastry antiferromagnetic phase) as a function of t/U. a average
spin correlation for nearest-neighbor bonds of the triangular lattice, b average spin
correlation for next-to-nearest-neighbor bonds, c spin structure factor Sð~qÞ ¼P

je
i~q�ð~rχ�~rjÞh~Sχ � ~Sji computed for reference site χ, averaged over multiple χ, at

ordering vector~q ¼ K ¼ ð4π=3; 0Þ. Error bars are obtained from the standard
deviation (SD) of Sð~qÞ for several reference sites chosen near the center. The number
of reference sites—our sample size for obtaining the average value and SD—is 7 for
XC-6, L=6 and 10 for XC-6, L=12. dAverage onsite double occupancy compared to
a quadratic fit.
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variation in the quantities plotted with t/U becomes less prominent as nh is
increased. Qualitatively, this may be anticipated since the role of U is
effectively diminished when there is more room for the particles to
delocalize.

While the discussion above focused on spin correlations, signatures of
the crossover scale, though subtle, exist even in observables associated with
the charge degrees of freedom. For example, local charge fluctuations are
given by hn2i i � hnii2 ¼ hniið1� hniiÞ þ 2hni;"ni;#i. As can be seen from
the expression, these charge fluctuations are a direct measure of double
occupancy, which we plot as a function of t/U in Fig. 4d. In the small t/U
regime, perturbative arguments suggest a quadratic dependence of this
correlator on t/U.Wefind evidence for this numerically by viewing the same
curve on a log-log plot (not shown). The dotted curve shown corresponds to
a quadratic fit to our numerical data for small t/U. Then for t/U≳ 0.02, i.e.,
U/t ≲ 50, we observe a deviation from this quadratic dependence, which is
consistent with the breakdown of the plain vanilla t− J approach—we thus
associate this U/t with the crossover scale.

The scale of U/t ~ 50 for the case of low hole doping is large when
compared to estimates for other strongly correlated materials, such as the
cuprates51,52. However, we note that this parameter regime is extremely
relevant from the perspective of existing transition metal dichalcogenide
bilayer materials. For example, ref. 39 experimentally studied bilayer
MoTe2/WSe2 and estimated t ≈ 5 meV, J ≈ 0.25meV. This translates to
t/J≈ 20 andU/t≈ 80, which places the system in the kinetically drivenAFM
regime. Although the focus of ref. 39 was on spin polarons in a magnetic
field, it will be interesting to determine the nature of its magnetism and
transport in the zero-field case. We also note that this scale ofU/t lies in the
range of what has been realized in cold-atom-based platforms22, thus our
results should be testable in the near future.

Conclusions
In summary,wehave studied ground-statemagnetic andmetallic properties
of the infinite-U triangular Hubbard model (ITHM) at finite hole density,
and determined its impact on the case of realistic and finite U/t. Our
investigation was motivated by considerations of Haerter-Shastry (HS)
antiferromagnetism at U = ∞, arising from kinetic frustration, and its
interplay with superexchange physics. We have identified an intermediate
phase that is flanked by the HS 120∘ AFM on one side, and by the para-
magnet on the other. This phase is a result of the holes relieving frustration
—this results in the formation of short-range dimers or more general
multimers (multiply correlated spins), which also tend to organize them-
selves in stripe-like patterns. We also showed that the entire ITHM phase
diagram (across all hole densities) shows signs of metallic behavior, and we
used the metallic weight to observe the crossover from a hole-dominated
regime to an electron-dominated regime. Our investigations focused on the
case of zero temperature; however, it remains to be seen how the heavy FL at
low density, associatedwith theHS phase, potentially crosses over to an nFL
(T-linear) regime that has been recently argued to exist on the square
lattice45.

At lowholedensity,wehave identified a crossover scale between theHS
and the superexchange-driven AFM as U/t is tuned. Unlike the case of the
square lattice, the ground state stabilized on the triangular lattice by both
superexchange and kinetic frustration is qualitatively the same. We devel-
oped a physical picture for their competing tendencies and associated
crossover, supported by DMRG calculations, and we have also provided
several concrete predictions that should be testable in future experiments.
Our findings are somewhat complementary to a recent theoretical
proposal33 for explaining the increase in Curie-Weiss temperature with hole
doping in a triangular moiré material37. In fact, ref. 33 has suggested a
functional form for the magnetic susceptibility that modifies the Curie-
Weiss theory tohave simple additive contributions fromsuperexchange and
HS antiferromagnetism, in turn suggesting that the two phenomena colla-
borate. Our current study shows the situation is subtler than such a form
may suggest, and that further investigation is needed to understand the
interplay of the two effects at finite U/t.

Finally, our study focused only on onsite Hubbard interactions; it
would be interesting to extend our work to the case of long-range or
screened Coulomb interactions, as is common in many moiré materials53.
Such interactions stabilize insulators, e.g., charge-ordered states/generalized
Wigner crystals at fractional fillings 53–55; the impact of kinetic frustration on
the spin ordering of these phases56 remains to be seen. Another important
avenue would be to map out a thermal phase diagram to understand the
interplay of kinetic frustration and superexchange at intermediate
temperatures32,33, a scale that is now readily accessible across multiple
platforms34,57. Overall, we emphasize thatwhile there has been a tremendous
amount of effort devoted to the square lattice Hubbard model51,52,58, less is
known about the frustrated cases—our work shows that many surprises
potentially lie in store in this area.

Methods
Exact solution for one hole on small motifs
Single triangle. Consider the case of two up spins and one hole on a
triangle—the Hilbert space is three-dimensional. Define the three basis
states as ∣ "" 0

� � cy1;"c
y
2;"∣vaci, ∣ " 0 "� � cy1;"c

y
3;"∣vaci and

∣0 ""� � cy2;"c
y
3;"∣vaci. The two degenerate ground states, for t > 0, with

energy E = −t are,

1ffiffiffi
3

p ∣ "" 0
�� ω∣ " 0 "�þ ω2∣0 ""�� �

ð8aÞ

1ffiffiffi
3

p ∣ "" 0
�� ω2∣ " 0 "�þ ω∣0 ""�� �

ð8bÞ

and the excited state with energy E = 2t is,

1ffiffiffi
3

p ∣ "" 0
�� ∣ " 0 "�þ ∣0 ""�� �

ð8cÞ

Since the single triangle can be considered as a three-site ring, these states
are simplymomentum2π/3,−2π/3, and0 states, respectively. (Note that the
relative minus sign accompanying the ket in the middle is a result of the
fermionic normal ordering convention).

Next, consider the case of one up spin, one down spin, and one hole on
a triangle—the Hilbert space for the t− Jmodel (no double occupancy) is 6
dimensional. We find the ground state to be in the momentum zero sector,
which is two-dimensional. The symmetrized states in this sector are,

∣ai � 1ffiffiffi
3

p ∣ "# 0
�þ ∣0 "#�� ∣ # 0 "�� �

ð9aÞ

∣bi � 1ffiffiffi
3

p ∣ #" 0
�þ ∣0 #"�� ∣ " 0 #�� �

: ð9bÞ

The Hamiltonian in this basis is,

H ¼ 0 2t

2t 0

� �
ð10Þ

The lowest energy state, for t > 0, has energy E =−2t. The corresponding
wavefunction is 1ffiffi

2
p ∣ai � ∣bið Þ, which in terms of the basis states is,

1ffiffiffi
6

p ∣ "# 0
�þ ∣0 "#�� ∣ # 0 "�� ∣ #" 0

�� ∣0 #"�þ ∣ " 0 #�� �
ð11Þ

2 × 2 square unit cell. Consider the case of two up spins, one down spin,
and one hole on the 2 × 2 square plaquette. In units of the lattice constant,
we take site 1 to be located at (0,0), site 2 at (0,1), site 3 at (1,1), and site 4 at
(1,0). The single-body translation operators are such that Tx takes
1→ 4, 2→ 3, 3→ 4, 4→ 1 and Ty takes 1→ 2, 2→ 1, 3→ 4, 4→ 3. For
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the t− Jmodel, the Hilbert space for this finite cluster is 12-dimensional.
The convention for normal ordering follows the same scheme as earlier,
for example, ∣ "#" 0

� � cy1;"c
y
2;#c

y
3;"∣vaci and ∣ # 0 ""� � cy1;#c

y
3;"c

y
4;"

∣vaci. We use translational symmetry to make the 12-dimensional
Hamiltonian block diagonal, with each of the 4 blocks being
3-dimensional. The ground state is in the (π, π) sector. In this sector, we
write the three momentum-adapted states as,

∣ai ¼ 1
2

∣ ""# 0
�þ ∣ "" 0 #�þ ∣0 #""�þ ∣ # 0 ""�� � ð12aÞ

∣bi ¼ 1
2

∣ "#" 0
�þ ∣ #" 0 "�þ ∣0 "#"�þ ∣ " 0 "#�� � ð12bÞ

∣ci ¼ 1
2

∣ #"" 0
�þ ∣ "# 0 "�þ ∣0 ""#�þ ∣ " 0 #"�� � ð12cÞ

The order of kets in a given momentum-adapted state corresponds to the
actionofTi

xT
j
y on thefirst ket and in theorder (i, j) = (0, 0), (0, 1), (1, 0), (1, 1)

and the relative signs between kets emerge from both normal ordering and
spatial translations (phase factors frommomenta). The matrix form (using
ordering ∣ai; ∣bi; ∣ci) of the t − J Hamiltonian (with J = 0) in this
3-dimensional Hilbert space is,

H ¼ �t

þ1 þ1 0

þ1 0 þ1

0 þ1 þ1

0
B@

1
CA ð13Þ

For t > 0, the ground state has energy−2t and the corresponding state is

∣ψGS

� ¼ 1ffiffiffi
3

p ∣ai þ ∣bi þ ∣cið Þ ð14Þ

which is nothing but 1ffiffiffiffi
12

p
P

i∣Bi

�
where ∣Bi

�
refer to all allowed basis states,

for two up and one down spin.
This result should not come across as a total surprise—the Nagaoka

condition is satisfied for a square plaquette and the fully polarized ferro-
magnet is

∣FMi ¼ 1
2

∣ """ 0
�þ ∣ "" 0 "�þ ∣ " 0 ""�þ ∣0 """�� � ð15Þ

which lies in the (π, π) sector and has energy −2t.
Applying S�tot � S�1 þ S�2 þ S�3 þ S�4 ∣FMi gives the spin-lowered multi-
plet, the state in Eq. (14), with exactly the same energy as ∣FMi, a
consequence of SU(2) symmetry of the model.

2 × 2 triangular unit cell. Consider the case of two up spins, one down
spin, and one hole on the 2 × 2 triangular unit cell, with exactly the same
numbering as Fig. 1b. The unit cell has not been repeated, but this is
implicitly assumed. In this geometry, all four sites are connected by
hopping, and see each other twicewhenperiodic boundary conditions are
incorporated. (We count the hoppings between any two sites only once,
analogous to what we did in the square case). This particular config-
uration is of qualitative relevance to the case of nh = 1/4, and illuminates
the origin of our findings from DMRG on much bigger system sizes.

We use translational symmetry, defining “x” to be the horizontal
direction, and “y” to be the oblique direction at 60∘ with respect to the
horizontal. The single-body translation operators are such that Tx takes
1→ 3, 2→ 4, 3→ 1, 4→ 2 andTy takes 1→ 4, 2→ 3, 3→ 2, 4→ 1. Just like
the square case, the 12-dimensional Hamiltonian is block diagonalized by
momentum labels (kx, ky), with each ki = 0 or π, with each of the 4 blocks
being 3-dimensional. We find that there is one ground state in each of the
(0, π), (π, 0), and (π, π) sectors, and none in (0, 0).

In the (π, π) sector we write the three momentum-adapted states,

∣ai ¼ 1
2

∣ ""# 0
�þ ∣0 #""�� ∣ # 0 ""�� ∣ "" 0 #�� � ð16aÞ

∣bi ¼ 1
2

∣ "#" 0
�þ ∣0 "#"�� ∣ " 0 "#�� ∣ #" 0 "�� � ð16bÞ

∣ci ¼ 1
2

∣ #"" 0
�þ ∣0 ""#�� ∣ " 0 #"�� ∣ "# 0 "�� � ð16cÞ

Thematrix form (using ordering ∣ai; ∣bi; ∣ci) of the t− JHamiltonian (with
J = 0) in this 3-dimensional Hilbert space is,

H ¼ �t

�1 þ1 þ1

þ1 þ1 �1

þ1 �1 þ1

0
B@

1
CA ð17Þ

We find that the ground state, for t > 0, has energy −2t and the corre-
sponding eigenvector is given by,

∣ψgs

E
ðπ;πÞ

� 1ffiffiffi
2

p ∣bi � ∣cið Þ ð18Þ

which can be explicitly written out as,

∣ψgs

E
ðπ;πÞ

¼ ∣"#i�∣#"ið Þffiffi
2

p � ∣"0iþ∣0"ið Þffiffi
2

p

� ∣"0iþ∣0"ið Þffiffi
2

p � ∣"#i�∣#"ið Þffiffi
2

p
ð19Þ

This form is particularly illuminating—it shows that the wavefunction is
not a product state, but is a simple equal amplitude superposition of two
such states. It indicates thatwith equal probability, opposite spins on 1 and 2
form a singlet while the other up spin is delocalized on the other two sites (3
and 4), or, alternatively, opposite spins on sites 3 and 4 form a singlet while
the up spin is delocalized on sites 1 and 2.Wenote that the expectation value
of h~S1 �~S2i and h~S3 �~S4i are the only non-zero ones, and equal half the value
achieved in a perfect singlet, i.e.,−3/8, while for every other i≠jh~Si �~Sji ¼ 0.
This is precisely the pattern of spin correlations reported in Fig. 1b for one of
the solutions.

Since theHamiltonian for a 2 × 2 triangular cell is an all-to-all one, and
all pairs are equivalent, the other two solutions (in other momentum sec-
tors) correspond to the two other ways of “dimer covering” the triangular

Fig. 5 | Examples of XC and parallelogram cylindrical samples of the type used in
this study. Periodic boundary conditions are applied along one direction and open
boundary conditions are applied in the horizontal x- direction. The top two corre-
spond to the XC-6, length 6 and 10 cylinders, and the bottom one corresponds to an
18 × 3 parallelogram geometry. The length 10 XC-6 cylinder does not support the
120∘ AFM order, and hence does not accommodate the K and symmetry-related
points.
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unit cell.Wehave shownone of these coverings (1with 4, 2with 3) and have
not shown the covering; 1 with 3, 2 with 4. We clarify that an appropriate
linear combination of solutions yields the diamond pattern for spin corre-
lations in Fig. 1b.

Analysis of geometry and finite-size dependence of numerical
results
Asmentioned in the main text, we have carried out DMRG calculations on
multiple cylindrical geometries (see Fig. 5 for some examples), including
both XC and parallelogram geometries, in an effort to generalize our con-
clusions to the thermodynamic limit. To supplement ourDMRG results, we
have also carried out exact diagonalization (ED) for the ITHM for a wide
range of nh on a 15-site cluster, which was previously studied in ref. 32. Our
results for the hole density dependence of the spin structure factor are
consistent with the DMRG results and are shown in Fig. 6.

We showDMRG results for the length 6XC-6 cluster in Fig. 7 andfind
resemblancewith bigger system sizes (comparewith Fig. 2 of themain text).
The HS phase is stable up to nh ≃ 0.2, and the paramagnetic phase pro-
minently appears above nh≃ 0.5. The intermediate phase is associated with
the breaking of the six-fold rotational symmetry in Sð~qÞ (see panel a), and
more directly, in the real space spin-spin correlations which show the for-
mation of stripes and “diamond” configuration.Wehavenot established the
precise order parameter of the intermediate phase, and whether it is related
to the paramagnetic phase via a phase transition or crossover.

In themain text, we also remarked that the intermediate phase displays
signatures of the physics of nh = 1/4 and nh = 1/3. In this low hole density
regime, we anticipated close competition between different kinds of local
spin correlations, due to the three-fold degenerate ground states seen for the
one hole problem on the 2 × 2 triangular unit cell.

We show DMRG results on the 6 × 6 parallelogram geometry for
nh=0.22 andnh=0.33 in Fig. 8, and on the 9×6 parallelogramgeometry for
nh = 0.33 in Fig. 9. For both systems, we have eliminated boundary sites to
highlight the nearest-neighbor spin-spin correlations in the center of the
cluster. For the 6 × 6 case, we find that certain triangular motifs strengthen
along the vertical direction, giving the appearance of a “triangular stripe,”
whereas in the latter case we find the formation of a different kind of stripe
(“dimer” configuration). These results provide further evidence for the close
competition between different kinds of local spin correlations for densities
in the vicinity of nh = 0.25. We also plot the spin structure factor, which

Fig. 6 | Spin structure factor from exact diagonalization. Ground state static spin
structure factor Sð~qÞ, as in Eq.(3), for U/t = ∞ for the 15-site triangular geometry,
computed with ED, for representative hole densities, nh.

Fig. 7 |Magnetic andmetallic properties induced by hole doping in the triangular
Hubbardmodel on the length 6 XC-6 cylinder. aGround state static spin structure
factor Sð~qÞ, as in Eq.(3), for the 36-site (XC-6, length 6 cylinder, restricted to sites in
the bulk) forU/t=∞ for representative hole densities, nh. Ground-statemomentum-
space fermionic occupation number of one spin species nσ ð~qÞ, as in Eq.(4), for
b U/t =∞ and c U/t = 0. Real space profile of spin correlations h~Si � ~Sji at d nh = 1/4
and e nh = 1/3. The red color variation on the bonds represents the strength of
nearest-neighbor AFM correlations.

Fig. 8 | Magnetic properties induced by hole doping the triangular Hubbard
model on the length 6, width 6 parallelogramgeometry.DMRG results forU/t=∞
on the 36-site (6 × 6 parallelogram) cylinder for two hole densities nh = 0.222, which
corresponds to nh ≈ 0.25 when the boundary sites are eliminated, and nh = 0.333.
(top) Ground state static spin structure factor Sð~qÞ, as in Eq.(3). (bottom) Real space
profile of spin-spin correlations on nearest-neighbor bonds 〈i, j〉—the color is a
measure of ∣h~Si � ~Sji∣

3
.

Fig. 9 | Magnetic properties induced by hole doping the triangular Hubbard
model on the length 9, width 6 parallelogramgeometry.DMRG results forU/t=∞
on the 54-site (9 × 6 parallelogram) cylinder for nh = 1/3. The left and right panel
descriptions are the same as those presented for Fig. 8 (top and bottom).
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involves both short- and long-range correlations, and find that it does not
show any sign of magnetic ordering for nh = 0.33 in both cases.

Analysis of antiferromagnetic ordering in the Haerter-
Shastry regime
Previous work on the ITHMhas shown that a single hole on top of the half-
filled background favors 120∘AFMorder. It has also been argued that in the
thermodynamic limit, the spin correlations should correspond to the clas-
sical value14. In the absence of any symmetrybreakingon afinite-size cluster,
the ground state has definite S2—stabilizing a classical symmetry-broken
Neel statewould require explicit symmetry breaking, aswith application of a
magnetic field, or the presence of degenerate ground states. In the ther-
modynamic limit, this occurs spontaneously since the quasidegenerate
(Anderson) tower of states, each with definite S2, canmix to yield a classical
state42,59.

Following work by ref. 42, we examine the order parameter associated
with AFM ordering on the triangular lattice on a finite-sized lattice of N
sites–

MN �
ffiffiffiffiffiffiffiffiffiffiffiffi
2SðKÞ
N þ 6

r
ð20Þ

where S(K) is the spin structure factor at the K and symmetry-related
points, as defined inmain text.Additionally,we extrapolate our results to the
thermodynamic limit, assuming the functional form used for the
Heisenberg AFM on the triangular lattice,

MN ¼ M1 þ affiffiffiffi
N

p : ð21Þ

In either of the FM, paramagnetic, and short-range AFM states,M∞ should
be strictly zero. M∞ for the classical 120∘ state is exactly equal to 1/2.
However, it must be kept in mind that the fitting formmisses higher-order
corrections in inverse system size, and must be thought of as only
approximate in the range of sizes that we have studied here. It also assumes
that the ground state is homogeneous, i.e., translationally invariant, and thus
not strictly applicable for open cylinders. In cases where the extrapolation is
sensitive to the method of choice, our analysis at best provides only a
ballpark estimate of the order parameter.

Figure 10 shows that our DMRG results for the case of one hole are
consistent with classical 120∘ AFM ordering, though there is a small dis-
crepancywith the expected value. For the case of low hole density, which on

our system sizes corresponds to only a few holes, we find that our conclu-
sions are influenced by geometry-dependent effects. First, as mentioned in
the main text, there is some tendency for particles to migrate towards the
right or left edge of the cylinder, and so the bulk density may not exactly
correspond to nh—the issue is of most concern for small nh. Closely tied to
this issue is that the holes appear to localize easily when their density is low.
For example, fornh≈0.11, holes appear tobe “trapped” intodomains,which
makes the estimation of the order parameter less reliable compared to the
situation when the system’s response is homogeneous throughout the bulk,
as is the case at nh = 0.25. Taking the structure factor as definedwith respect
to spin-spin correlations involving only a single reference site (close to the
center of the cylinder) ameliorates this situation to some extent—while we
are unable to definitively determine the precise value—we conclude that the
order parameter is non-zero. The trends are consistent with the order
parameter decreasing continuously with nh; thus, we expect a second-order
quantumphase transition from theHSphase to the intermediate phase. The
order parameter for densities nh ≳ 0.3 appears to be small and consistent
with zero.

From the point of view of our numerical calculations, the selection of
inhomogeneous states at small nh is obviously undesirable and primarily
triggered by the short width direction, but it reveals some of the underlying
physics of the problem that is responsible for these features. The lowZ factor
means that the holes are heavy in the low-energy effective theory; equiva-
lently, the band is flat. This close competition between multiple states may
direct the DMRG optimization to choose states where holes tend to favor
AFM textures in domains.

Determining quasiparticle weight
In the main text, we discussed how the quasiparticle weight (residue) Z
varies with hole density nh.Zwas used to rescale the non-interacting (U= 0)

Fig. 10 | Finite-size scaling of the antiferromagnetic order parameter. Anti-
ferromagnetic order parameter MN �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2SðKÞ=ðN þ 6Þ

p
versus 1=

ffiffiffiffi
N

p
across a

representative sample of hole densities nh, extrapolated to the thermodynamic limit.
We calculate S(K) using Eq.(3) (left) and using Sð~qÞ ¼ P

je
i~q�ð~rχ�~rjÞh~Sχ � ~Sji for

representative reference site χ near the center(right).

Fig. 11 | Momentum space occupation and quasiparticle weight. Ground state
momentum space occupation numbern↑(qx, 0), as in Eq.(4), versus qx/2π forU/t=∞
for representative XC-6 cylinders of length L and hole densities nh. The quasiparticle
weight was determined from the size of the jump, as explained further in the text.
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ground-state energy, and it was shown that the ground-state energy (from
DMRG) for the ITHM was explained by such a procedure. Here we show
representative plots for how Zwas extracted from our DMRG ground-state
wavefunctions.

Figure 11 shows the occupation number nσð~qÞ computed in the
quantum ground state, for a particular spin species σ = ↑, as a function of
one-dimensional momentum qx, keeping qy = 0 fixed. Results for three
representative system sizes and four representative hole densities are plot-
ted. The agreement across systemsizes suggests that the observed trends and
conclusions drawn in themain text persist in the thermodynamic limit.We
obtained the Fermi momentum (~qF) for the non-interacting tight-binding
system on exactly the same lattice, by plotting nσ ð~qÞ and determining the
location of the jump. (We have ignored any small errors introduced by
open-shell effects.) This qFwas used as a reference to identify the interacting
one. However, due to the smearing out of the occupation for the interacting
case, there is some uncertainty in determining its exact location, which in
turn leads to an uncertainty in Z. Therefore, the Z values shown in themain
text correspond to an estimate. The difference in the largest and smallest
occupations provides upper and lower bounds on Z; this was used to obtain
the uncertainty shown in Fig. 3a of the main text.

Hole-density dependent crossover from the Haerter-Shastry to
superexchange regime
In the main text, we discussed the crossover between the kinetic AFM-
dominated regime and the superexchange regime for a representative value
of nh ≈ 0.11. In Fig. 12, we show additional results for two additional
representative nh for which the ground state atU→∞ lies in theHS regime.
We compute the average nearest-neighbor correlator and the structure
factor at theK point as a function of t/U using procedures identical to those
described in the main text. The error bars reflect the inhomogeneous state
obtained from DMRG. We focus here on the general trends of their aver-
age value.

We find that the crossover, characterized by the local maximum in the
magnitude of these quantities, occurs over a similar range of t/U throughout
the HS regime. Since crossovers are broad, it is difficult to pinpoint an exact
trend for themovement of this feature with increasing nh. On the one hand,
higher nh provides more channels for particles to avoid one another, which
means that even lowU potentially effectively mimics the effects of U→∞.
On the other hand, the energetic minimization achieved from local super-
exchange processes, which requires the existence of finite U, is made more
conducive by the lower density of particles at even largerU. The net result of
these competing tendencies appears to minimally affect the ballpark in
which the local maxima occur—this could sensitively depend on the
observable being examined. Notwithstanding this subtlety, the overall
magnitude of both quantities plotted decreases with increasing nh, sug-
gesting that AF correlations typically weaken on increasingnh. In particular,
the difference between the maximum value of S(K) and the U = ∞ result
decreases with increasing nh.

Data availability
The data as text files are openly available via GitHub at https://github.com/
stsherif/Data_for_HS_ITHM_kinetic. Requests for additional materials
should be directed to S.S. and H.J.C.

Code availability
The post-processing Python scripts used to generate the figures in the
present study are openly available viaGitHub athttps://github.com/stsherif/
Data_for_HS_ITHM_kinetic. The DMRG and ED calculations were car-
ried out using the open-source ITensor60 and QuSpin libraries61,
respectively.
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