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Understanding charge transport in strongly correlated systems remains a central challenge in condensed
matter physics, while exact analytical results for finite-temperature transport remain rare. Here, we
investigate charge transport in the one-dimensional Hubbard model in the infinite-interaction limit. We first
construct the exact and explicit, i.e., beyond Bethe ansatz energy spectrum and eigenstates. Building on
these explicit eigenstates, we derive a closed-form analytical expression for the charge Drude weight at
arbitrary temperatures in the hole-dilute limit with a fixed number of doped holes, as well as analytical
expressions in the low- and high-temperature limits at fixed hole density. We further show that, at low
temperatures, the leading correction to the charge Drude weight is linear in T when the number of holes is
fixed, whereas it is quadratic in T when the hole density is fixed. This analytically controlled example
highlights the importance of identifying the underlying thermodynamic trajectory when interpreting finite-
size numerical studies of charge transport in more general models.
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Introduction—Since the experimental discovery of high-
temperature superconductivity (SC) in cuprates several
decades ago, a consensus on the underlying microscopic
mechanism has remained elusive [1–7]. One point of
agreement is that the answer lies in the solution to the
doped Mott insulator problem [3]. Central to this problem
is the dynamical generation of a charge gap in half-filled
band [3,8]. In this regard, the two-dimensional (2D)
Hubbard model [9–11] is viewed as the gold standard
for the copper-oxide layer. Other popular models include
the t-J model that approximates the dynamical physics of
the Hubbard model. However, these strongly correlated 2D
systems remain analytically intractable. Numerical simu-
lations also face severe limitations, such as the limited
system widths accessible to density matrix renormalization
group [12] or the sign problem in quantum Monte Carlo
simulation [13–22]. Additionally, we note recent develop-
ments utilizing neural quantum states [23–25].
An extreme limit of the t-J model is the J ¼ 0 case in

which the high-energy sector is completely decoupled. As
J is inversely related to the coupling constant in the
Hubbard model, J ¼ 0 can be viewed as the infinite-
interaction limit [26,27]. Even a single hole in this

background is a nontrivial problem and the resultant
transport properties remain unknown. For certain classes
of lattices (there are now generalizations to honeycomb and
diamond lattices [28]), the Nagaoka theorem tells us that a
fully polarized ferromagnetic state is the ground state [26].
Counterexamples to the Nagaoka theorem have also been
investigated on frustrated lattices, including the 120°
antiferromagnetic ground state on the triangular lattice
[29–31] and the exact resonating-valence-bond spin-liquid
ground state on the checkerboard lattice [32]. Besides these
analytical results, a number of intriguing phenomena have
been reported in this infinite-interaction limit, based on
numerical studies and experiments. These include kineti-
cally induced hole-magnon bound states [33–36] on the
triangular lattice and, remarkably, signatures of strange-
metal transport on the square lattice with a single doped
hole [37]. However, even in this infinite-interaction limit,
more general situations such as multiple doped holes
remain highly nontrivial and analytically challenging.
A natural starting point for analytically understanding

the physics of the 2D Hubbard model [9–11,38–48] is its
one-dimensional (1D) counterpart [49]. The 1D Hubbard
model is integrable and thus admits an exact solution via
the Bethe ansatz [50–57]. Despite this integrability, the
Bethe ansatz solutions are not explicit, and a comprehen-
sive analytical understanding of transport remains highly*Contact author: bernevig@princeton.edu
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nontrivial [58–68]. At half filling, the system is a Mott
insulator, and consequently the charge Drude weight
vanishes [69–72]. Away from half filling, the charge
Drude weight becomes finite [73–79]. Its exact expression
at zero temperature has been obtained in Refs. [73,74,80].
The leading finite-temperature correction was later derived
from the finite-size corrections to the thermodynamic Bethe
ansatz equations, yielding a T2 dependence [81]. However,
the full temperature dependence of the Drude weight
remains unknown, and no simple analytical expression
has been established. Consequently, much of the existing
understanding relies on numerical approaches [82–87].
In this Letter, we focus on the 1D Hubbard model in the

infinite-interaction limit. We first construct the exact but
more importantly explicit eigenstates and energy spectrum
of the Hamiltonian [see Sec. III of Supplemental Material
(SM) [88] ]. Our systematic construction in the occupation
basis captures the nontrivial spin-sector degeneracies and
corresponding boundary twists. Building on these explicit
eigenstates, we then derive an analytical expression for the
charge Drude weight at arbitrary temperatures with a single
doped hole (see Sec. IVof SM [88]), whose form becomes
particularly simple in the large-system-size limit [see
Eq. (15)]. The result can be straightforwardly generalized
to an arbitrary but finite number of doped holes (see Sec. IV
of SM [88]). In this hole-dilute limit, where the number of
holes nh is kept fixed as the large-system-size limit is taken,
the charge carriers propagate essentially independently.
Consequently, nh enters as an overall prefactor in the Drude
weight. Furthermore, for a fixed density δ of doped holes,
where δ ¼ nh=N is fixed in the thermodynamic limit
N → ∞, we derive analytical expressions for the charge
Drude weight in both the low- and high-temperature limits
(see Sec. V of SM [88]). We note that these explicit
eigenstates may also provide insight into other properties
of the present model, including spin transport [61,68].
More importantly, based on the analytical expression, we

further analyze the low-temperature scaling of the charge
Drude weight for both a single doped hole and a fixed
density of holes, as summarized in Table I. We find that the
leading temperature dependence of the Drude weight is
linear in T for a single doped hole, whereas it exhibits a T2

correction at a fixed hole density. The latter scaling is
consistent with the results in Ref. [81]; moreover, our
calculation provides the exact analytical expression for the
corresponding expansion coefficient.

The linear-in-T resistivity behaviors associated with
strange-metal phenomenology have been reported in
numerical studies of the 2D Hubbard model [37,100–
104] and in experiments on cuprate superconductors at
fixed doping [105–116]. We also note that Sachdev-Ye-
Kitaev-type models can produce linear-in-T resistivity in
the all-to-all interaction configuration [117–120], and
similar behavior has also been observed in twisted bilayer
graphene [121–124]. Although the present 1D infinite-U
Hubbard model is neither equivalent to the 2D Hubbard
model nor a realistic microscopic description of cuprate
materials, it provides an analytically controlled example
demonstrating that the fixed-hole-number and fixed-hole-
density thermodynamic limits can exhibit qualitatively
distinct charge-transport behaviors. Therefore, extreme
caution is required when extrapolating 2D finite-size
numerical results—especially those from exact diagonal-
ization (ED)—to finite-doping strange-metal phenomenol-
ogy (see Sec. VI of SM [88] for further details, including a
discussion of the respective limitations of ED, quantum
Monte Carlo, and density matrix renormalization group). In
such ED calculations, severely restricted cluster sizes often
inherently constrain the system to a fixed-carrier-number
trajectory rather than a true fixed-density limit. This
limitation further underscores the need for analytical
solutions.
Model and definition of optical conductivity—In this

Letter, we consider the 1D Hubbard model in the infinite-
interaction limit. The Hamiltonian is given by

Ĥ ¼ −t
X

σ¼f↑;↓g

XN−1

j¼0

�
c̃†jþ1;σ c̃j;σ þ c̃†j;σ c̃jþ1;σ

�
; ð1Þ

where c̃†j;σ ¼ ð1 − nj;σ̄Þc†j;σ denotes the projected creation

operator for a fermion with spin σ at site j and nj;σ̄ ¼
c†j;σ̄cj;σ̄ is the density operator for fermions with the
opposite spin σ̄, thereby enforcing the no-double-
occupancy constraint that encodes the strong-correlation
physics of the infinite-U limit and distinguishes the model
from a noninteracting system. The hopping amplitude t sets
the overall energy scale, and we set t ¼ 1 throughout this
Letter. We impose periodic boundary conditions, such that
c̃†N;σ ≡ c̃†0;σ, where N is the total number of lattice sites.
Moreover, we denote by nh the number of doped holes in
the system.

TABLE I. Analytical expressions for the charge Drude weight in different limits.

Case High-temperature limit Low-temperature limit

Single hole D1hðT → ∞Þ ¼ ð1=NTÞ D1hðT → 0Þ ¼ ð1=NÞð1 − T=4Þ
Fixed number of holes nh DnhðT → ∞Þ ¼ ðnh=NTÞ DnhðT → 0Þ ¼ ðnh=NÞð1 − T=4Þ
Fixed hole density δ ¼ nh=N DδðT → ∞Þ ¼ ½δð1 − δÞ�=T DδðT → 0Þ ¼ ½sinðπδÞ=π� − ðπT2=½24 sinðπδÞ�Þ
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The real part of the optical conductivity (see Sec. I of
SM [88]) can be expressed as

Re σðω; TÞ ¼ 2πDðTÞδðωÞ þ σregðω; TÞ; ð2Þ

where T is the temperature, ω the frequency, δð·Þ the Dirac
delta function, DðTÞ the temperature-dependent charge
Drude weight corresponding to the singular contribution
at zero frequency, and σregðω; TÞ the regular (finite-
frequency) contribution. Here, “regular” indicates that this
part does not contain a δðωÞ singularity at zero frequency.
The dc conductivity at zero frequency can be formally
decomposed as

σdcðTÞ ¼ 2πDðTÞδðωÞ þ lim
ω→0

σregðω; TÞ; ð3Þ

consisting of both the Drude weight contribution and the
contribution obtained by extrapolating the regular part to
ω ¼ 0. Note that although δðωÞ is singular at ω ¼ 0 and has
no ordinary pointwise value, we formally retain δðωÞ to
denote the zero-frequency Drude contribution; the physically
meaningful quantity characterizing its spectral weight is the
Drude weight DðTÞ. As a consequence, a nonzero Drude
weight implies an ideal conductor. Whether the Drude
weight is nonzero rests on the existence of conservation
laws, as can be seen from the Mazur inequality [78,125],

D ≥
β

2N

X
n

hĴQ̂ni2
hQ̂2

ni
; ð4Þ

where Q̂n is conserved. In typical notation [78], Q̂2 is
the Hamiltonian. We find that Ĵ commutes with the
Hamiltonian, implying a nonzero overlap on the rhs of
Eq. (4) and hence a finite Drude weight (see Sec. I of
SM [88]).
DðTÞ and σregðω; TÞ (see Refs. [73,87,126–129] or Sec. I

of SM [88] for a detailed derivation) are given by

DðTÞ ¼ 1

N

�
1

2
h−K̂i − 1

Z

X
m;n

Em≠En

e−βEn
jJmnj2

Em − En

�
; ð5Þ

σregðω; TÞ ¼ π
1 − e−βω

ωZN

X
n;m

e−βEn jJmnj2δðEn þ ω − EmÞ;

ð6Þ

respectively. In Eq. (5) the first term is the diamagnetic
response whereas the latter term is the paramagnetic
contribution, both of which enter the dc response. Since
the paramagnetic contribution is nonnegative, the diamag-
netic response provides an upper bound on the Drude
weight (see Sec. I of SM [88]). Note that the expression
for the regular part in Eq. (6) does not apply strictly at
zero frequency, as is clear from the derivation presented in

Sec. I [88]. Here β ¼ 1=T is the inverse temperature,
K̂ denotes the kinetic-energy operator, which coincides
with the Hamiltonian Ĥ in the present model (see Sec. I of
SM [88]), and h−K̂i ¼ Trð−K̂e−βĤÞ=Z denotes its thermal
expectation value, where Z ¼ Trðe−βĤÞ is the partition
function, En is the eigenenergy of the n th eigenstate jni of
the Hamiltonian Ĥ. The charge current operator Ĵ (see
Sec. II of SM [88]) is

Ĵ ¼ i
X

σ¼f↑;↓g

XN−1

j¼0

�
c̃†jþ1;σ c̃j;σ − c̃†j;σ c̃jþ1;σ

�
; ð7Þ

and its matrix elements in the eigenbasis of Ĥ are defined
as Jmn ¼ hmjĴjni.
Exact solutions of the energy spectrum—Inspired by the

frozen-spin structure, namely, the fact that the action of Ĥ
preserves the relative cyclic ordering of the spin-up and
spin-down fermions, we have obtained the complete set of
eigenstates and the energy spectrum explicitly. The detailed
derivations, including the explicit expressions for the
eigenstates for the cases with one hole, two holes, and
an arbitrary number of holes, are presented in Sec. III [88].
Below, we present only the energy spectrum with a single
doped hole.
In the fully polarized sector with Sz ¼ 1

2

P
jðnj;↑−

nj;↓Þ ¼ ��
N − 1

�
=2, corresponding to N − 1 spin-up fer-

mions (or N − 1 spin-down fermions), the energy spectrum
(see Sec. III [88]) is

EðmÞ ¼ 2 cos

�
2πm
N

�
; ð8Þ

where m ¼ 0;…; N − 1 labels the distinct eigenstates.
More generally, in the sector with Sz ¼ ðN − 1Þ=2 − n↓

and 0 < n↓ < N − 1, where n↓ denotes the number of spin-
down fermions, the energy levels take the form (see Sec. III
of SM [88])

Eðm;m↓Þ ¼ 2 cos

�
2πm
N

þ 2πm↓

NðN − 1Þ
�
; ð9Þ

with m ¼ 0;…; N − 1 and m↓ ¼ 0;…; N − 2. The degen-
eracy of each such energy level is 1=ðN − 1ÞðN−1

n↓
Þ. For

finite-size systems, additional eigenvalues not captured by
Eq. (9) may appear. However, as discussed in Sec. III [88],
the number of such states is negligible in the thermody-
namic limit and therefore does not affect the analytical
results for charge transport presented below.
We note that Eqs. (8) and (9) are consistent with the spin-

charge separation exhibited in the present model [57]: its
charge degrees of freedom can be mapped onto noninter-
acting spinless fermions. However, the spin degrees of
freedom affect the spectrum by effectively introducing
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twisted boundary conditions, as shown in Eq. (9) and
Sec. III of SM [88]; determining these boundary twists
explicitly is nontrivial. Moreover, because the explicit
many-body eigenstates retain the full information about
both the charge and spin degrees of freedom beyond that
captured by the noninteracting spinless-fermion model,
they may also provide insight into other properties, such as
spin transport [61,68].
Analytical expression for the Drude weight—In this

section, we present the analytical expression for the
Drude weight building upon the explicit energy spectrum
and eigenstates. We focus on the case of a single doped
hole, and also discuss the cases of an arbitrary fixed number
of holes and of a fixed density of holes.
First, we note that in the presentmodel the current operator

Ĵ commutes with the Hamiltonian Ĥ, i.e., ½Ĵ; Ĥ� ¼ 0 (see
Sec. II of SM [88]). By Eq. (4), the Drude weight must be
finite. This property is special to the infinite-interaction limit
and does not hold for the 1D Hubbard model with finite
interaction strength, where generally ½Ĵ; Ĥ� ≠ 0. As a conse-
quence, Ĥ and Ĵ share a common set of eigenstates jni, and
thus we have

jJmnj ¼ 0 when m ≠ n; ð10Þ
which is also true fordegenerate states (seeSec. IIofSM[88]).
Togetherwith K̂ ¼ Ĥ for the presentmodel, theDrudeweight
in Eq. (5) simplifies to

DðTÞ ¼ 1

2N
h−Ĥi; ð11Þ

and the regular part in Eq. (6) becomes

σregðω; TÞ ¼ π
1 − e−βω

ωZN

X
n

e−βEn jJnnj2δðωÞ: ð12Þ

Therefore, σregðω; TÞ vanishes at any nonzero frequency and
thus limω→0 σregðω; TÞ ¼ 0. Consequently, according to
Eq. (3), only the Drude weight shown in Eq. (11) contributes
to the dc conductivity for the present model.
Moreover, although Eq. (12) is not directly applicable at

strictly zero frequency, taking the ω → 0 limit of its
prefactor, i.e., limω→0ð1 − e−βωÞ=ω ¼ β, and dividing by
2π yields

DdiffðTÞ ¼
β

2ZN

X
n

e−βEn jJnnj2: ð13Þ

It is related to the Drude weight through

DdiffðTÞ ¼ DðTÞ −DmðTÞ; ð14Þ
that is, it measures the difference between the Drude weight
and the Meissner stiffness DmðTÞ [130,131]. In Sec. IV
[88], we have proven that DdiffðTÞ ¼ DðTÞ, i.e.,

DmðTÞ ¼ 0, consistent with the absence of SC in one
dimension. Furthermore, because Ĵ in Eq. (7) is itself
conserved, it can be chosen as a conserved charge in the
Mazur inequality [see Eq. (4)], which provides a lower
bound on the Drude weight [125]. With this choice, the
Mazur bound reproduces Eq. (13). Therefore, for the
present model, the Mazur lower bound coincides with
the exact charge Drude weight.
In the sector with a single doped hole, the analytical

expression for the Drude weight in the large-system-size
limit reads (see Sec. IV of SM [88])

D1hðTÞ ¼
β

N

�
1 −

I2ð2βÞ
I0ð2βÞ

�
; ð15Þ

where Ilð·Þ denotes the l th modified Bessel function of the
first kind, arising from the cosð·Þ energy spectrum shown in
Eqs. (8) and (9). We note that Eq. (15) is the same as that of
the noninteracting spinless fermion model due to the spin-
charge separation [57]. For a fixed number of doped holes
nh, in the thermodynamic limit, the Drude weight general-
izes straightforwardly by acquiring an overall multiplica-
tive factor of nh (see Sec. IVof SM [88]), reflecting the fact
that, in the hole-dilute limit, the holes propagate essentially
independently. Beyond this limit, this does not apply. The
analytical expressions obtained for the specific heat in
Sec. IV [88] also support this point. In the thermodynamic
limit, the hole density nh=N vanishes, and consequently the
Drude weight also vanishes, consistent with the Mott-
insulating nature of the system at half filling [69–72].
At finite doping with fixed δ, although we do not obtain

an analytical expression for the Drude weight DδðTÞ at
arbitrary temperatures, we derive analytical expressions for
the Drude weight in both the low- and high-temperature
limits (see Sec. V of SM [88]). The analytical expressions
for the Drude weight for a fixed number of holes nh and for
a fixed hole density δ in the high- and low-temperature
limits are summarized in Table I.
As shown in Table I, at zero temperature, D1hðT ¼ 0Þ ¼

ð1=NÞ and DδðT ¼ 0Þ ¼ ½sinðπδÞ=π�, both of which are
consistent with the Luttinger-liquid prediction ðKvs=πÞ,
where K ¼ 1=2 is the Luttinger parameter for the present
model [132,133], and vs ¼ ½dεðkÞ=dk�jk¼kF ¼ 2 sinðπδÞ is
the sound velocity. Note that with fixed nh, the Fermi
momentum scales as kF ∼ nh=N, and the corresponding
Fermi energy behaves as EF ∼ k2F ∼ n2h=N

2. Therefore, the
Luttinger-liquid description, which is valid as a low-energy
effective theory only for T ≪ EF, applies strictly only at
zero temperature.
Temperature scaling of the Drude weight—As summa-

rized in Table I, in the high-temperature limit, the Drude
weight scales as DðTÞ ∝ 1=T, irrespective of whether the
number or density of holes is held fixed. Previous studies of
the Hubbard model have reported robust high-temperature
scaling of charge-transport quantities [134,135]. More
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interestingly, at low temperatures as shown in Table I, the
single-hole Drude weight D1hðTÞ exhibits a linear-in-T
dependence, whereas DδðTÞ exhibits a quadratic-in-T
dependence [81]. This qualitative distinction calls for
caution when extrapolating conclusions from finite-size
numerical calculations. This issue is particularly relevant to
small-cluster ED studies in 2D, for which severe restric-
tions on accessible system sizes make the finite-density
thermodynamic limit difficult to reach.
We have numerically verified these two distinct scaling

behaviors using ED. To compare different system sizes, we
normalize the Drude weight by its zero-temperature value,
i.e.,DðTÞ=Dð0Þ. The results are shown inFig. 1. In Fig. 1(b),
corresponding to a single doped hole, the Drude weight
obtained from ED rapidly approaches the analytical pre-
diction [Eq. (15)] as the system size increases. In Fig. 1(a),
where the density of holes is fixed at δ ¼ nh=N ¼ 1=4, a
direct observation of the quadratic correction is limited by
the exponential growth of the Hilbert space. Instead, we fit
the numerical data using the form aþ bTc and find that the
extracted exponent c approaches the predicted value of 2 as
the system size increases. Therefore, the two ways of taking
the limit do not commute. As explained in Sec. IV [88], for a
fixed number of holes, the system remains in the hole-dilute,
nondegenerate regime, where the low-energy excitations are
controlled by the quadratic dispersion near the band mini-
mum. As a result, thermal averaging produces a linear-in-T
correction to the Drude weight. By contrast, at fixed hole
density, the system enters a degenerate Fermi-gas regime, in
which the low-energy excitations are governed by the
linearized dispersion near the Fermi points. In this case,
theSommerfeld expansionapplies andyields the standardT2

correction to the Drude weight.
Discussion and outlook—In conclusion, we have

obtained the explicit energy spectrum and eigenstates
(see Sec. III of SM [88]) of the one-dimensional
Hubbard model in the infinite-interaction limit and derived

a closed-form analytical expression for the charge Drude
weight in the hole-dilute regime at arbitrary temperatures,
as well as analytical expressions for the Drude weight
at finite doping in both the low- and high-temperature
limits (see Secs. IV and V [88]). The Drude weight we
find is consistent with the Mazur bound [Eq. (4)]. At low
temperatures, the leading correction to the Drude weight is
linear in T at infinitesimal hole concentration, whereas it is
quadratic in T at a fixed finite hole density. Nevertheless,
both limits exhibit the same high-temperature scaling.
The distinct temperature scalings of the Drude weight

revealed by our analytically controlled example highlight
the importance of identifying the underlying thermody-
namic trajectory when interpreting finite-size numerical
studies of charge transport in more general models. In a
finite system, the Dirac delta functions associated with both
the Drude and regular contributions in Eq. (2) should be
broadened to obtain a smooth conductivity. Consequently,
linear-in-T and quadratic-in-T corrections to the Drude
weight give rise to corresponding leading temperature
corrections to the regularized effective resistivity, as dis-
cussed in Sec. VI of SM [88]. This observation underscores
the need to distinguish between fixed-carrier-number
and fixed-carrier-density thermodynamic trajectories
before relating transport scaling obtained from finite-size
calculations to finite-doping phenomena, such as the linear-
in-T resistivity associated with strange-metal behavior
[105–116].
Although the present 1D model is neither equivalent to

the 2D Hubbard model, in which signatures of strange-
metal transport have been reported numerically [37,100–
104], nor a realistic microscopic description of cuprate
materials, where such behavior has been observed exper-
imentally [105–116], an interesting direction for future
work is to develop perturbative frameworks built on the
exact 1D solutions, with the goal of gaining analytical
insight into strange-metal transport. For example, a vanish-
ing Drude weight requires the overlap on the rhs of Eq. (4)
to vanish. Consequently, it is the lack of conservation of the
current that must be at the heart of T-linear resistivity in
strongly interacting models. As a result, expansions around
the conservation limit are a promising route to strange
metallicity. Another promising direction is to seek exact
solutions directly in the 2D Hubbard model [136] or in the
recently developed momentum-mixing variant of the
Hatsugai-Kohmoto model [137,138], for which combined
numerical and analytical approaches remain feasible, and
then to extract analytical insight from such solutions.
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Laliberté, O. Cyr-Choinière, J.-S. Zhou, S. Licciardello, S.
Wiedmann, N. Doiron-Leyraud, and L. Taillefer, Fermi-
surface transformation across the pseudogap critical point
of the cuprate superconductor La1.6−xNd0.4SrxCuO4, Phys.
Rev. B 95, 224517 (2017).

[114] N. Doiron-Leyraud, O. Cyr-Choinière, S. Badoux, A.
Ataei, C. Collignon, A. Gourgout, S. Dufour-
Beaus’eour, F. F. Tafti, F. Laliberté, M.-E. Boulanger,
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